FINAL PROJECT: AN INTRODUCTION TO GROUP THEORY

YIDING YUAN

ABSTRACT. This project presents a structured introduction to the fundamen-
tal concepts of group theory that I learned throughout this semester. The
exposition begins with the notion of a set equipped with a binary operation,
leading to the formal definition of a group through its defining properties:
associativity, identity, and inverses.

Building on this foundation, I learned subgroups, followed by the concepts
of left and right cosets and the index of a group. These ideas further lead to
the study of normal subgroups and quotient groups, along with the definition
of the kernel of a group homomorphism.

Then I further learned several key theorems including Lagrange’s Theorem,
as well as the notions of group homomorphisms, isomorphisms, and epimor-
phisms, and finally the universal property of the quotient group and the First
Isomorphism Theorem. Basic examples involving permutations are also in-
cluded to illustrate these abstract concepts.

In this project, I will be giving examples to help demonstrate each concept,
and these examples are based on practice questions I have done in this semester.
The overall goal is to provide a clear and logically organized set of notes that
can serve as a reference for beginners studying group theory.

1. RELATIONS

A relation R on a set X is a subset of X x X. We write aRb to mean (a,b) € R.

1.1. Properties of Relations.

Definition 1. Let R be a relation on a set X. We say R is:

reflexive if aRa for all a € X;;

symmetric if for all a,b € X, aRb = bRa;

transitive if for all a,b,c € X, aRb and bRc = aRc;
antisymmetric if for all a,b € X, aRb and bRa = a = b.

Definition 2. We say a relation R on a set X is an equivalence relation if it is
reflexive, symmetric, and transitive.

For a € X, the equivalence class of a is
[a] = {z € X | xRa}.

A partition of X is a collection of nonempty, disjoint subsets of X whose union
is X.

Lemma 3. Equivalence classes partition the set X. Conversely, every partition of
X comes from an equivalence relation. So giving an equivalence relation on X is
the same as giving a partition of X.
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Proof. Let R be an equivalence relation. Since aRa, each a lies in its own class
[a], so the classes cover X. Now suppose two classes [a] and [b] share an element
c. Then cRa and c¢Rb, so by symmetry and transitivity aRb, which gives [a] = [b].
Hence different classes are disjoint, and the classes form a partition.

Conversely, given a partition {X;}, define aRb if a and b lie in the same block.
This is reflexive, symmetric, and transitive, and its equivalence classes are exactly
the blocks X;. O

2. GROUPS

Definition 4. A group (G, ") is a set G together with a binary operation - satis-
fying:
(i) Closure: ab € G for all a,b € G;
(ii) Associativity: (ab)c = a(be) for all a,b, c € G;
)

(iii) Identity: there exists e € G such that ae = ea = a for all a € G;

(iv) Inverse: for all a € G there exists a~! € G such that aa~! 1

=a a=ce.
2.1. Examples.

Example 5. We consider some basic examples:

(1) (Z,+)

2) R,+)

(3) Symmetries of a square (Dy4). Here p is rotation by 90° and 7 is a reflection,
with p* = e and 72 = e. The group has 8 elements:

Dy = {67 Ps p27 ng T, PT, p27_’ pgT}'

3. SUBGROUPS
A subset H C G is a subgroup if:

eccH
e a,be H=abe H
eacH=a'cH

We write H < G. For example, Z > 27 > 47, and {e, p, p?, p*} < Dy.

4. COSETS
Let H <G and g € G.
Left coset:
gH ={gh|h e H}
Right coset:
Hg={hg|he H}

Proposition 6. The cosets of H partition G.

Proof. Define a ~ b if a='b € H. This is an equivalence relation: a 'a = e € H
(reflexive); if a='b € H then (a='b)~! = b7'a € H (symmetric); if a='b,b7'c € H
then a=tc = (a7'b)(b~1c) € H (transitive). The class of a is exactly aH, so by the
Lemma in Section 1 the cosets partition G. (]
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5. LAGRANGE’S THEOREM
The index [G : H] is the number of cosets of H in G.

Theorem 7. If GG is finite and H < G, then
G| =[G : H]- |H|.
Proof. The cosets partition G. Each coset gH has the same size as H, since the

map h + gh is a bijection from H to gH (its inverse is x — g~ 'z). So G is split
into [G : H] cosets, each of size |H|, giving |G| =[G : H] - |H|. O

6. NORMAL SUBGROUPS

A subgroup H is normal if
gHg ' =H forall geG,
where gHg™' = {ghg™' | h € H}. We write H < (. This is the same as saying
gH = Hg for all g € G.

7. QUOTIENT GROUPS
If H < G, define
G/H ={gH | g € G}
with operation
(9H)(kH) = (gk)H.
Proposition 8. If H < G, this operation is well defined and makes G/H a group.

Proof. We need the answer not to depend on which representatives we pick. Sup-
pose gH = ¢'H and kH = k'H, so ¢"'g € H and k¥'"'k € H. Then

(g'k) "M gk) =K'~ (g' " )k = (K71 (g" " g)k") (K'7'k).
Because H is normal, k¥'~1(¢'~'g)k’ € H, and ¥'~"1k € H, so the product is in H.

Hence (gk)H = (¢’k')H. The identity is eH and the inverse of gH is g~'H, so
G/H is a group. O

7.1. Example.
Z/32 = {[0}, [1], [2]}
with addition mod 3, for example [2] + [2] = [1].

8. GROUP HOMOMORPHISMS

Definition 9. Let (G, ) and (H, %) be groups. A function ¢ : G — H is a group
homomorphism if

d(a-b) = ¢(a) x p(b) for all a,b € G.

A homomorphism always sends the identity to the identity and inverses to in-
verses, that is ¢(eq) = ey and ¢(a™t) = ¢(a)~ L.

8.1. Example.

¢:Z—Zs, ¢(n)=mnmod 6.
Another example is the quotient map (or canonical surjection) 7 : G — G/N,
7m(g) = gN, for N < G. It is a homomorphism since 7(gk) = (gk)N = (gN)(kN) =
7(g)m(k), and its kernel is ker(7) = N. For instance 7 : Z — Z/6Z has ker(mw) = 6Z.
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9. TyPES OF HOMOMORPHISMS

Let ¢ : G — H be a group homomorphism.

9.1. Epimorphisms. A homomorphism ¢ is called an epimorphism if it is surjec-
tive, i.e.
Vh € H,3g € G such that ¢(g) = h.

9.2. Monomorphisms. A homomorphism ¢ is called a monomorphism if it is
injective, i.e.

?(g91) = ¢(g2) = 91 = go-

9.3. Isomorphisms. A homomorphism ¢ is called an isomorphism if it is bijective.
In this case G and H are said to be isomorphic, denoted

G=H.

This means that G and H have the same algebraic structure.

10. KERNEL AND IMAGE
Let ¢ : G — H be a group homomorphism.
10.1. Kernel. The kernel of ¢ is

ker(¢) ={g € G| d(g9) = en}.
Proposition 10. ker(¢) is a subgroup of G.

Proof. e Identity: ¢(eq) = em, so eq € ker(¢).

e Closure: if a,b € ker(¢), then ¢(ab) = ¢(a)p(b) = egen = en, so ab €

ker(¢).
e Inverse: if a € ker(¢), then ¢(a™!) = ¢(a)™! = ey, so a™! € ker(¢).
(I
Proposition 11. ker(¢) is normal in G.
Proof. Let g € G and k € ker(¢). Then
$lgkg™") = 6(9)o(k)e(g~") = d(g)end(9) ™" = en,
so gkg~! € ker(¢). This holds for every g, so ker(¢) < G. |
10.2. Image. The image of ¢ is
im(¢) = {h € H[3g € G, é(g) = h}.

Proposition 12. im(¢) is a subgroup of H.
Proof. We have ey = ¢leq) € im(¢). If ¢(a),p(b) € im(¢), then ¢(a)p(b) =
¢(ab) € im(¢) and ¢(a)™! = ¢(a™") € im(¢). O

10.3. Important Results.
e ¢ is injective if and only if ker(¢) = {e}.
e ¢ is surjective if and only if im(¢) = H.
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11. UNIVERSAL PROPERTY OF THE QUOTIENT GROUP

Let N < G and let # : G — G/N, 7(g) = gN, be the quotient map. Since
ker(m) = N, the map 7 exactly “kills” the elements of N (it sends them to the
identity). The universal property says that 7 is the most general way to do this:
any homomorphism that kills N factors through .

Theorem 13 (Universal property of the quotient). Let N 9 G and 7 : G — G/N
as above. If ¢ : G — H is a homomorphism with N C ker(¢), then there is a unique
homomorphism ¢ : G/N — H such that

(Z_S oM = ¢a

namely ¢(gN) = ¢(g).

Proof. (1) ¢ is a well-defined function. We set ¢(gN) = ¢(g), so we must check
the answer does not depend on the representative we choose. Suppose gN = ¢'N.
Then ¢'~'g € N, so we can write g = g'n for some n € N. Since N C ker(¢) we
have ¢(n) = ey, hence

¢(9) = ¢(g'n) = ¢(g")d(n) = d(g").
So é(gjy ) is the same no matter which representative we pick.
(2) ¢ is a homomorphism and satisfies ¢ o ™ = ¢.
S((gN)(g'N)) = 6((99')N) = d(99') = ¢(9)6(g') = d(gN)d(g'N),

and ¢(m(g)) = d(gN) = ¢(g), so pom = ¢.
(3) ¢ is unique. Suppose o : G/N — H is another map with awo 7w = ¢. Since
7 is surjective, every coset is of the form gN = 7 (g), so

a(gN) = a(n(g)) = ¢(g9) = ¢((g)) = ¢(gN).
Hence o = ¢. (Il



