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Abstract

The purpose of this project is to explain one basic transition in modern enumerative
geometry: embedded-curve counting is replaced by stable-map counting. The point is
that the naive space of smooth curves is noncompact. Curves may degenerate, and the
expected intersection count may fail. Gromov–Witten theory uses the compactified
moduli space

Mg,n(X,β),

whose points are stable maps

(C, p1, . . . , pn, f), f : C → X, f∗[C] = β.

Incidence conditions are imposed by evaluation maps, and the resulting virtual in-
tersection number is the Gromov–Witten invariant. The goal is to make this single
mechanism clear. A final short section explains why the same formula appears in the
A-model of string theory.
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1 Introduction

Classical enumerative geometry asks for numbers such as

#{curves in X satisfying given conditions}.

For instance,
#{lines in P2 through two general points} = 1.

More generally, for a smooth projective variety X one wants to fix a curve class

β ∈ H2(X,Z)

and count curves of class β satisfying incidence conditions.

The main difficulty is compactness. A family of smooth curves may have a singular or
reducible limit. For example,

Ct = {xy = tz2} ⊂ P2

is smooth for t ̸= 0. At the limit,

C0 = {xy = 0} = {x = 0} ∪ {y = 0}

is a union of two lines. Thus a compact theory must include such limiting objects.

The basic replacement is

embedded curves ⇝ stable maps.

The corresponding moduli space is
M g,n(X, β).

2 Curve classes and incidence conditions

Let X be a smooth projective variety. A complex curve has real dimension 2, so a curve in
X determines a homology class

[C] ∈ H2(X,Z).
In Gromov–Witten theory the curve class is fixed in advance:

β ∈ H2(X,Z).

2.1 The case of projective space

In P2,
H2(P2,Z) ∼= Z[ℓ],

where [ℓ] is the class of a line. A degree d plane curve has class

[C] = d[ℓ].

Thus in projective space the curve class is the homological version of degree.
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2.2 Conditions as cohomology classes

A geometric condition is encoded by a cohomology class. If

Z ⊂ X

is a subvariety, its Poincare dual is a class

[Z]∨ ∈ H∗(X).

Thus the condition “the curve meets Z” is represented cohomologically by [Z]∨.

For example, in P2 let H ∈ H2(P2) be the hyperplane class. Then

[pt]∨ = H2 ∈ H4(P2),

and ∫
P2

H2 = 1.

3 Failure of the naive moduli space

The naive space of smooth embedded curves of class β will be denoted informally by

Msmooth(X, β).

There are three basic problems:

non-compactness : smooth curves may have singular limits,

reducibility : irreducible curves may break into components,

wrong dimension : the actual dimension can differ from the expected one.

A robust count should remain unchanged under small deformations. Symbolically one wants

#(curves satisfying conditions)

to remain constant when the conditions vary generically. This requires a compactified moduli
space.

The compactification used in Gromov–Witten theory is a space of maps:

f : C → X.

This is the key point.
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4 Stable maps

Definition 4.1 (Stable map). Let X be a smooth projective variety. A stable map of genus
g with n marked points and class β is a tuple

(C, p1, . . . , pn, f)

such that
C is a connected nodal curve of arithmetic genus g,

p1, . . . , pn ∈ C are distinct smooth points,

f : C → X is a morphism,

f∗[C] = β ∈ H2(X,Z),
Aut(C, p1, . . . , pn, f) is finite.

The last condition means

Aut(C, p1, . . . , pn, f) = {ϕ : C → C | ϕ(pi) = pi, f ◦ ϕ = f}

is a finite group. For a contracted rational component,

f |C0 constant, C0
∼= P1,

stability forces
#{special points on C0} ≥ 3,

where special points are marked points or nodes.

The relevant moduli space is

M g,n(X, β) = {(C, p1, . . . , pn, f) : f∗[C] = β}/ ∼= .

The bar indicates compactification:

Mg,n(X, β) ⊂ M g,n(X, β).

5 Evaluation maps

Marked points make it possible to impose incidence conditions. For each i = 1, . . . , n define

evi : M g,n(X, β) −→ X

by
evi(C, p1, . . . , pn, f) = f(pi). (1)

If
γi ∈ H∗(X),
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then pullback gives
ev∗i (γi) ∈ H∗(M g,n(X, β)).

When γi = [Zi]
∨ is Poincare dual to a subvariety Zi ⊂ X, the pulled-back class represents

ev−1
i (Zi) = {(C, p1, . . . , pn, f) : f(pi) ∈ Zi}.

Thus
n∏

i=1

ev∗i (γi)

imposes all incidence conditions at once.

The two functorial operations used here are

f∗ : H2(C,Z) → H2(X,Z), ev∗i : H
∗(X) → H∗(M g,n(X, β)).

In words,

pushforward fixes the curve class, pullback imposes the condition.

6 The Gromov–Witten invariant

The expected complex dimension is

vdimCM g,n(X, β) = (1− g)(dimC X − 3) +

∫
β

c1(TX) + n. (2)

The actual space may be singular or have the wrong dimension, so one uses the virtual
fundamental class

[M g,n(X, β)]vir.

Definition 6.1 (Gromov–Witten invariant). For γ1, . . . , γn ∈ H∗(X), define

⟨γ1, . . . , γn⟩Xg,n,β =

∫
[Mg,n(X,β)]vir

n∏
i=1

ev∗i (γi). (3)

The invariant can be nonzero precisely when the degrees match the virtual dimension:

n∑
i=1

degC(γi) = vdimC M g,n(X, β). (4)

In the favorable case
[M g,n(X, β)]vir = [M g,n(X, β)],

the invariant is an ordinary intersection number. In general it is a virtual count:

⟨γ1, . . . , γn⟩Xg,n,β = #vir{stable maps satisfying the conditions γi}.
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7 The line through two points

Let
X = P2, β = [ℓ],

and let [pt] ∈ H4(P2) be the point class. Since

dimC P2 = 2,

∫
[ℓ]

c1(TP2) = 3,

we get
vdimC M0,2(P2, [ℓ]) = (2− 3) + 3 + 2 = 4.

Also
degC([pt]) + degC([pt]) = 2 + 2 = 4.

Thus the dimension count matches, and the invariant

⟨[pt], [pt]⟩P
2

0,2,[ℓ] = 1 (5)

recovers the elementary fact

#{lines through two general points in P2} = 1.

This example displays the general mechanism:

classical object : a line through two points,

stable-map object : (P1, p1, p2, f),

curve class : f∗[P1] = [ℓ],

conditions : f(p1) = q1, f(p2) = q2,

intersection number :
∫
[M0,2(P2,[ℓ])]vir

ev∗1[pt] ev
∗
2[pt].

8 Stable maps in the A-model string

The same stable-map space appears in the A-model of topological string theory. The basic
field of a nonlinear sigma model is a map from a Riemann surface, called the worldsheet, to
a target space:

ϕ : Σ −→ X.

Here Σ is the two-dimensional string worldsheet and X is the target geometry. The homology
class of the image is

ϕ∗[Σ] = β ∈ H2(X,Z).

Thus the physical sector labelled by β has the same curve-class label as Gromov–Witten
theory:

β = degree / curve class of the worldsheet image.
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In the A-model, the relevant maps are holomorphic:

∂̄ϕ = 0, ϕ∗[Σ] = β. (6)

The corresponding physical phrase is

worldsheet instanton of degree β = holomorphic map ϕ : Σ → X with ϕ∗[Σ] = β.

The naive moduli space of such maps is

Mhol
g,n(X, β) = {(Σ, p1, . . . , pn, ϕ) | ∂̄ϕ = 0, ϕ∗[Σ] = β}/ ∼= .

The compactification used on the mathematical side is

Mhol
g,n(X, β) ⇝ M g,n(X, β). (7)

This is exactly the compactified stable-map moduli space introduced above.

The A-model has observables labelled by cohomology classes of X:

γ ∈ H∗(X) ⇝ Oγ.

Insertion of Oγi at the marked point pi corresponds to the same pullback operation as before:

Oγi(pi) ⇝ ev∗i (γi).

The degree-β contribution to an A-model correlation function is therefore

⟨Oγ1 · · · Oγn⟩
A
g,β =

∫
[Mg,n(X,β)]vir

n∏
i=1

ev∗i (γi). (8)

Comparing with the definition of Gromov–Witten invariants gives

⟨Oγ1 · · · Oγn⟩
A
g,β = ⟨γ1, . . . , γn⟩Xg,n,β . (9)

The full A-model correlation function sums over all instanton sectors:

⟨Oγ1 · · · Oγn⟩
A
g =

∑
β∈H2(X,Z)

Qβ ⟨γ1, . . . , γn⟩Xg,n,β . (10)

Here Qβ is the Kähler weight. Physically it can be written schematically as

Qβ = exp

(
2πi

∫
β

(B + iω)

)
,

where ω is the Kähler form and B is the B-field.

For a Calabi–Yau threefold X, one has

dimC X = 3, c1(TX) = 0.
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Hence, for unmarked maps,
vdimC M g,0(X, β) = 0.

This gives numerical invariants

Ng,β =

∫
[Mg,0(X,β)]vir

1, (11)

which are interpreted physically as genus-g, degree-β worldsheet instanton contributions.

The stable-map construction has a direct string-theoretic meaning: it is the mathematical
form of summing over holomorphic worldsheets in the A-model.

9 Conclusion

The central definition of this project is

⟨γ1, . . . , γn⟩Xg,n,β =

∫
[Mg,n(X,β)]vir

n∏
i=1

ev∗i (γi).

The same expression has a physical interpretation in the A-model:

⟨Oγ1 · · · Oγn⟩
A
g,β = ⟨γ1, . . . , γn⟩Xg,n,β .

Equivalently,

holomorphic worldsheets Σ → X ⇝ M g,n(X, β) ⇝ Gromov–Witten invariants.

Thus the mathematical construction and the string-theoretic picture use the same geometric
object: a compactified moduli space of maps from curves into the target space.
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