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Motivation

Theorem (Riemann Mapping Theorem Pt 1)

Any simply connected region R ⊊ C may be mapped injectively and
conformally to the unit disk D.

R f
D

Theorem (Riemann Mapping Theorem Pt 2)

The families of functions mapping any simply connected region to the unit
disk are parametrized by 3 degrees of freedom.
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Automorphisms of the Unit Disk

Definition (Automorphism)

An automorphism ϕ of a region R of the complex plane is a one-to-one,
conformal mapping of R to itself. Boundaries of circles are mapped to
boundaries of circles.

R
ϕ

R

Theorem

All automorphisms of the unit disk are Möbius transforms.
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Möbius Transforms

Definition (Möbius transform)

A Möbius transform is a mapping of the form M(z) = az+b
cz+d with

z , a, b, c, d ∈ Ĉ, where Ĉ = C ∪ {∞} is the extended complex plane.

Key properties of M(z):

Circle Preservation: Maps circles to circles.

Conformal: Preserves angles.

Symmetry Principle: If two points are symmetric with respect to a
circle, then their images under a Möbius transform are symmetric
with respect the image circle.
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The Symmetry Principle

Definition (Symmetry / Inversion in a Circle)

Two points z and z ′ are symmetric with respect to the unit circle |z | = 1
if

z ′ =
1

z̄
.

So, if z is distance r from the center of the circle, its image z ′ after
inversion in the unit circle is distance 1/r from the center of the circle.
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The Symmetry Principle

The Principle

If z and z ′ are symmetric with respect to a circle C , then their reflections
M(z) and M(z ′) in a circle J are symmetric with respect to the reflection
M(C ) of C .
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Möbius Transforms

Theorem (The Fundamental Theorem of Möbius Transforms)

For any three pairs of points z1, z
′
1, z2, z

′
2, z3, z

′
3, there exists a unique M

such that M(z1) = z ′1, M(z2) = z ′2, M(z3) = z ′3.

Circle on Ĉ

z1

z2

z3

M(z)

Unit Disk D

z ′1

z ′2z ′3
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Deriving the General Automorphism

Goal: Find the most general Möbius transform M : D → D.

Strategy: Use the Symmetry Principle.

Let z0 ∈ D be the point mapped to the origin: M(z0) = 0.

The point symmetric to z0 with respect to the unit circle is 1/z̄0.

M(1/z̄0) must be symmetric to M(z0) = 0 with respect to D.

The Inverse Point

The point symmetric to 0 with respect to the unit circle is ∞. Therefore,
M(1/z̄0) = ∞.

General: M(z) = az+b
cz+d Constrained: M(z) = k z−z0

z−1/z̄0
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Deriving the Standard Form

Starting from M(z) = k z−z0
z−1/z̄0

, we simplify the denominator:

M(z) = k
z − z0
z̄0z − 1

Boundary Condition:

|z | = 1 =⇒ |M(z)| = 1

1 = |M(1)| = |k| |1− z0|
|z̄0z − 1|

= |k| =⇒ k = e iϕ

Standard Form for Möbius Automorphisms of the Unit Disk

Substituting k = e iϕ, we obtain:

Mϕ
z0(z) = e iϕ

z − z0
1− z̄0z
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3 Degrees of Freedom

The general form of the Möbius automorphism of the unit disk:

Mϕ
z0(z) = e iϕ

z − z0
1− z̄0z

This map is uniquely determined by 3 real parameters:

The point z0 ∈ D: A complex number representing the point sent to
the origin. (2 real degrees of freedom: Re(z0), Im(z0).)

The angle ϕ ∈ [0, 2π): A real number representing a rotation of the
disk. (1 real degree of freedom.)

Uniqueness: Given by the Fundamental Theorem of Möbius Transforms

Total: 3 Degrees of Freedom
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Degrees of Freedom in the Riemann Mapping Theorem

Theorem (The Riemann Mapping Theorem)

Any simply connected region R ⊊ Ĉ can be mapped injectively and
conformally to the unit disk D. The mapping is parametrized by 3 degrees
of freedom.

R D D
f

Conformal

M
Automorphism

g = M ◦ f

Every injective conformal map g : R → D takes this composition form.
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Result

Riemann mappings inherit

the 3 degrees of freedom!
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Thank You!

Special thanks to my DRP mentor, Michael Kielstra, and the Berkeley
Mathematics Directed Reading Program for organizing and funding

my reading!
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