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1. Introduction

The Sphere Packing problem asks, “How can one arrange non-overlapping balls
in Rn such that their density is maximized?” Although such a question appears
simple, even the three-dimensional version took mathematicians centuries to prove.
Proposed by Kepler in 1611, it was only fully proved by Hales in 1998. Even today,
only four main dimensions of the space are resolved: 1 (trivial), 2, 3, 8, 24 —
and the sphere packing problem remains a mystery in other dimensions. Yet, as I
will discuss in this paper, sphere packing underpins much of modern cryptography,
making it a worthwhile endeavor.

2. Lattice Basics

Lattices are a main source of sphere packing.

Definition 1. Let v1, . . . , vn ∈ Rm be a set of linearly independent vectors. The
lattice L generated by v1, . . . , vn is the set of linear combinations of v1, . . . , vn with
coefficients in Z:

L = {a1v1 + a2v2 + · · ·+ anvn : a1, a2, . . . , an ∈ Z}
A basis for L is any set of independent vectors that generates L. Any two such sets
have the same number of elements. The dimension of L is the number of vectors
in a basis. [3]

In a lattice sphere packing, each lattice point is the center of an n-ball. Each
ball has radius r = 1

2 minx∈L\{0} |x|, ensuring the balls touch but do not overlap.
The density of a lattice packing is the fraction of space filled by the balls. The

volume of a ball of radius r in Rd is πd/2rd

(d/2)! , and the number of balls per unit

volume is 1
Vol(Rd/L)

, where Vol(Rd/L) denotes the covolume — the volume of one

fundamental cell of the lattice. The packing density is therefore:

∆(L) =
πd/2rd

(d/2)! ·Vol(Rd/L)

[2]

2.1. Lattices and Cryptography. In the real world, lattices can be used to break
certain cryptosystems. By cryptographic design, lattices can also be used to build
secure systems, especially in post-quantum cryptography. The two core computa-
tional problems are as follows:

Definition 2 (Shortest Vector Problem (SVP)). Find a shortest nonzero vector in
a lattice L, i.e., find a nonzero vector v ∈ L that minimizes the Euclidean norm
∥v∥.
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Definition 3 (Closest Vector Problem (CVP)). Given a vector w ∈ Rm that is
not in L, find a vector v ∈ L that is closest to w, i.e., find a vector v ∈ L that
minimizes the Euclidean norm ∥w − v∥. [3]

3. Thue’s Theorem in Two Dimensions

Theorem 1 (Thue, 1910). The regular hexagonal packing is the densest circle
packing in the plane, with a density of π√

12
. [1]

Definition 4 (Saturated Packing). A circle configuration is saturated if no addi-
tional circle can be inserted without overlapping an existing one.

Proof. Step 1. We begin with a saturated circle configuration.
Delaunay Triangulation. Connects points into triangles so that no point lies
inside the circumcircle of any triangle. There always exists a Delaunay triangulation
for a saturated circle configuration.

Figure 1. A Delaunay triangulation of a saturated circle config-
uration [1].

Lemma 1. Let θ be the largest interior angle of a triangle ABC in a Delaunay
triangulation for a saturated circle configuration C. Then:

π

3
≤ θ <

2π

3

Proof. Lower bound: π
3 ≤ θ. Since the three angles of a triangle sum to π, the

largest angle must be at least π
3 .

Upper bound: θ < 2π
3 . Suppose θ ≥ 2π

3 . Let θ be the angle at vertex C, and let

A be the smallest angle. Since A+B + C = π and C ≥ 2π
3 :

A+B ≤ π

3
Since A is the smallest angle, A ≤ π

6 , and therefore:

sinA ≤ sin
(π
6

)
=

1

2
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By the Law of Sines, side BC (opposite to angle A) satisfies:

2R =
BC

sinA
≥ 2

1/2
= 4 =⇒ R ≥ 2

The circumcenter O is at distance R ≥ 2 from each of A, B, C. Thus, it is
possible to place a unit circle at O that would not overlap any existing circle → in
contradiction with the saturation assumption. □

Lemma 2 (Density of a Single Triangle). The density of a triangle △ABC in a
Delaunay triangulation for a saturated circle configuration is at most π√

12
.

Proof. Consider a triangle with a unit circle at each vertex. For vertex A, the area
of the circle sector inside the triangle is:

A

2π
· π(1)2 =

A

2

By the proof of vertex A, the same holds for vertices B and C. Adding them
together:

A

2
+

B

2
+

C

2
=

A+B + C

2
=

π

2

Thus the density is given by:

density =
circle area inside triangle

area(△ABC)
=

π/2

area(△ABC)

Density Bound. Let B be the largest angle, so B ≥ π
3 . The area formula gives:

area(△ABC) =
1

2
·AB ·BC · sinB

where BC · sinB gives the height from C perpendicular to AB.
Since circle centers cannot overlap, all sides are at least 2, so AB ≥ 2 and

BC ≥ 2. Since B is bounded by π
3 and 2π

3 , sin(B) is at least
√
3
2 . Plugging in the

minimum values:

area(△ABC) ≥ 1

2
· 2 · 2 ·

√
3

2
=

√
3

From above, the total sector area inside any triangle is always exactly π
2 . Thus:

density =
π/2

area(△ABC)
≤ π/2√

3
=

π√
12

Since every Delaunay triangle has density at most π√
12
, and the overall packing

density is a weighted average of triangle densities, we conclude:

∆ ≤ π√
12

Equality holds if and only if every triangle is equilateral with side length 2, which
corresponds exactly to the hexagonal lattice packing. Therefore the hexagonal
packing is optimal. [1]

□

□
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4. Dimensions 8 and 24

Before Viazovska’s work, the optimal sphere packing density was known only in
dimensions 1, 2, and 3. In one dimension, the problem is trivial: since space is just
a line, intervals can be placed end to end with no gaps, achieving density 1. In two
dimensions, optimality was established by Thue’s Theorem, as discussed above. In
three dimensions, Hales confirmed Kepler’s Conjecture using a computer-assisted
proof.

Dimensions 8 and 24 are remarkable exceptions.

Theorem 2 (Viazovska, 2016). The E8 root lattice achieves the optimal sphere

packing density in R8, namely π4

384 . [2]

Theorem 3 (Cohn, Kumar, Miller, Radchenko, and Viazovska, 2016). The Leech

lattice Λ24 achieves the optimal sphere packing density in R24, namely π12

12! . [2]

Why E8 is special. As discussed by Cohn [2], a hole in a lattice is a point in
space that is a local maximum for distance from the lattice. The lattice Dd, where
d is an arbitrary dimension, has two types of holes: shallow holes at distance 1
from the lattice, such as (1, 0, 0, . . . , 0), and deep holes at distance

√
d/4 from the

lattice, such as
(
1
2 ,

1
2 , . . . ,

1
2

)
.

As the dimension increases, the deep hole distance
√
d/4 grows, meaning the

gaps become large enough to fit additional spheres. This wasted space makes Dd

suboptimal in high dimensions.
However, in dimension 8, something special occurs. The deep hole distance√
8/4 =

√
2 equals exactly the distance between lattice points in D8. Thus, the

deep holes are precisely the right size to fit new spheres, allowing us to add spheres
to every deep hole without overlaps, preserving the saturated structure. We can
therefore construct E8 as the union of D8 and its translate:

E8 = D8 ∪
(
D8 +

(
1

2
,
1

2
, . . . ,

1

2

))
forming a new, denser lattice: the E8 root lattice.

An analogous result holds in dimension 24. Cohn, Kumar, Miller, Radchenko,
and Viazovska proved that the Leech lattice Λ24 achieves the optimal packing den-
sity in R24 using the same modular forms approach as Viazovska’s proof for E8

[2].
Connection to Cryptography. Lattice sphere packing is highly applicable in
modern cryptography. SVP corresponds to finding the minimum distance between
sphere centers, while CVP corresponds to finding the sphere center nearest to a
given point in space. In higher dimensions, SVP and CVP are foundationally NP-
hard problems in lattice-based cryptography, as they cannot be solved in polynomial
time [4].

In 2024, NIST standardized lattice-based cryptography, largely replacing older
security systems such as RSA and ECC. These lattice-based schemes are designed to
protect against security attacks from future quantum computers, which are capable
of breaking many current cryptographic algorithms [5].
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