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1 Introduction

This paper focuses on introducing key techniques to compute de Rham cohomology of smooth
manifolds, namely diffeomorphism invariance, homotopy invariance, and the Mayer—Vietoris
sequence. This corresponds roughly to the first two chapters of Bott and Tu [1]. We then
turn to our main object of interest: the complement in S® of an n-component link, whose
cohomology we compute using a Mayer—Vietoris decomposition into a tubular neighborhood
of the link and its exterior.

2 Background and fundamental results

We work throughout with smooth manifolds and the de Rham complex

0— QM) %S Q' (M) S Q2(M) % -

where QF(M) denotes the space of smooth k-forms on M and d is the exterior derivative.
Since d? = 0, we may form the cohomology
ker(d : QF(M) — QFFY(M))
Hijp(M) = - k-1 k :
im(d : QF1(M) — Qk(M))

A smooth map f : M — N induces a chain map f* : Q*(N) — Q*(M) via pullback, and
hence a homomorphism f*: H},(N) — H},(M) in cohomology.

Theorem 2.1 (Diffeomorphism Invariance). If f : M — N is a diffeomorphism, then
[ Hjp(N) — Hjp(M) is an isomorphism cohomology.

Proof sketch. The pullback f* commutes with d and with the wedge product by definition
and the inverse diffeomorphism f~! induces a chain map (f~!)* which is inverse to f* on
the level of forms, and hence on cohomology. Entire proof can be found in [1]. O
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Theorem 2.1 is useful since it allows us calculate the Cohomology of a line segment (any line
segment is diffeomorphic to R and the cohomology is easy to find since it is homotopic to a
point.

Theorem 2.2 (Mayer—Vietoris Sequence). Let M be a smooth manifold with open cover
M =UUV. Then there is a long exact sequence

¢ ¥ 5
c = Hyp(M) = Hip(U) & Hip(V) = Hyp(UNV) = Hyt (M) = -

where there exists connecting homomorphism &, as well as maps in cohomology ¢ and ¢ which
induced from linear maps in forms between the respective manifolds through the pullback.

Proof sketch. The long exact sequence is the standard one associated to a short exact se-
quence of cochain complexes; see Bott and Tu [1, §2]. The existence of § is obtained by
chasing the diagram: let [w] be a closed form class in H5,(UNV), so dw = 0. By surjectivity
of 1 at the level of forms, there exists a pair u = (, 8) € QF(U)®Q* (V) such that ¢ (u) = w.
Since 1 (dp) = dip(p) = dw = 0, the form dp € Q**HU)DQF (V) lies in ker 1. By exactness
at the middle term, there exists a unique global form v € Q¥1(M) with ¢(y) = du, that is,
vy = da and |y = dB. The form 7 is closed: applying ¢ to dvy gives d?u = 0, and ¢ is
injective. We define d[w] := [y] € HiEH(M).

[

Using only these two tools, we can calculate the cohomology of the circle S1. We compute
H}p(S") using the Mayer—Vietoris sequence. Cover S by two open arcs:

UV c St

where U is slightly more than the upper half of the circle and V' is slightly more than the
lower half, so that U UV = S'. Their intersection U NV consists of two disjoint open arcs,
one near each of the “east” and “west” points of the circle.

e U ~ {line segment}

e V =~ {line segment}

e UNV =~ {line segment} L {line segment }
Using Theorem 2.1, we know

R k=0
0 k>1,

R* k=0

H*(line segment) = { 0 k>1

H*(line segment LI line segment) = {

Note: the second claim is true due to the fact that the cohomology of disjoint manifolds is
the direct sum of the respective cohomologies.

The Mayer—Vietoris sequence for S = U UV reads
0 — HO(SY) — HOU) ® H'(V) 2% HOU N V) 2% HY(SY) — H'(U) @ H'(V) — - --
Substituting the known groups, and noting that H*(U) & H'(V) = 0, this becomes

0— H'SY) 5> ReR S R22 7Y(SY) — 0.
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Computing H°(S'). Since S! is connected, H(S*) = R.

Computing H'(S'). By exactness at R?,
ker(do) = im(tg) = R (the diagonal).

By exactness at H'(S!), the map dy is surjective (since the next term in the sequence is 0).
Therefore
H'(S') =2 R?/ ker(d) = R*/R = R.

Summary. We have computed

R k=01

0 otherwise.

HgR(Sl) = {

Theorem 2.3 (Homotopy Invariance). If f,g: M — N are smoothly homotopic maps, then
the induced maps f*,g* : Hjp(N) — Hjp(M) are equal. In particular, if M and N are
smoothly homotopy equivalent, then Hjp(M) = H}n(N).

Proof. We will not prove this as the proof is long, but can be found in [1]. O

As a first nontrivial application, we compute the cohomology of the torus 7% = S! x S!,
which will a central tool used in Section 3.

Theorem 2.4 (De Rham Cohomology of the Torus). The de Rham cohomology of the n-
torus T? is given by

HO(T?) =R, Hi(T?) = R?, and H3,(T?) = R.

Proof. We can compute Hr(T?) using the Mayer-Vietoris sequence. Visualize T? as the
surface of a donut, and cover it by two open “bent cylinders”:

UV cT?,

where U is an open neighborhood of the front half of the torus and V' is an open neighborhood
of the back half, each shaped like a bent cylinder (a tube curved into a half-loop). Their
union is all of 72, and their intersection U NV consists of two disjoint open bent cylinders,
one on the left and one on the right side of the torus, where the front and back halves overlap.
Up to homotopy:

e U ~ S! since a bent cylinder retracts onto its core circle.
o V ~ S! similarly.

e UNV ~ STUS!, two disjoint circles, since each component of the intersection is itself
a bent cylinder.



We know the cohomology of a S
H*(S") = {

The Mayer—Vietoris sequence is then

R k=01

0 else,

R2 k=0,1

0 else.

AU = {

0— HY(T?) — H(U)® H'(V) = H'(UNV) 2 HY(T?)

— H\(U)® H\(V) = H'(UNV) 2 H2(T?) - 0.
Substituting the known groups:

0— H(T?) > R&R B R2 2 FY(T?) 5 ReR 2 R?2 25 HX(T?) - 0.
Computing H°(T?). Since T? is connected, H°(T?) = R.

Computing H?(T?). Consider the following part of our sequence:
ReaR 2 R 2 HX(T?) 20,

By exactness at H*(T?), we have H*(T?) = ker(¢1) = Im(6y) = %. By exactness at

R?, we have
R2
Im(¢)
To figure out what exactly this map v is, we check where it sends a general element from
the previous cohomology. The map takes a form w from H'(U) and a form p from H'(V)
and sends it to their difference restricted to U N V. In other words,

H*(T?)

@/J(Wa M) = W|UﬂV - ,U|Umv

Moreover, U NV deformation retracts to two disjoint circles C; and Cy, so HY(U NV) =
H'(C))® H'(Cy) =2 R?, where the two generators are [df;] on C and [df] on Cy respectively.
We will write a general element as a pair (a,b) denoting the coefficients in front of these two
generators.

In order to determine 1, we can take a linear algebra approach and see where it sends the
generators of H'(U) & H*(V) 2 R @ R. Since the generator [df;] of H'(U) restricts to the
generator [df] on each of C; and Cy in U NV, and similarly for the generator of H!(V'), we
see that

%(170) = (17 1) and %(07 1) = _(17 1) = (_17 _1)'

Thus, with respect to the chosen bases, 1 is represented by the matrix

1 -1
1 -1/
The image of this matrix is spanned by (1, 1), so Im(¢);) = R. Hence
R? R?
H(T?) = —— =~ —
T ) T E
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Computing H'(7?). Consider the following part of our sequence:
R 2% R2 % gY(T?) & ReR 2 R2

By similar reasoning of computing exactness at each stage, we arrive at
2

Im ()

By the same reasoning as before, v is represented by the matrix

1 -1

1 —-1)”
whose kernel is spanned by (1, 1), so Ker(¢;) =2 R.
It remains to compute Im(¢g). The map v : H*(T?) — H°(U) ® H°(V) takes a class [f] to
([f|lu], =[flv])- Since T?, U, and V are all connected, each of these H”’s is R, with generator

the class of the constant function 1. Then vy(1) = (1,—1), so Im(¢y) is the antidiagonal
R - (1,—1) C R? which is a 1-dimensional subspace. Therefore

R2
Tm(10)

HY(T?)

I

@ Ker(1y).

= R.

Combining,
H' (T*) *R®R =R

Summary. We have computed
R £=0,2
HEL(T?)=(R? k=1

0  otherwise,

3 De-Rham Cohomology of n—link-complements

We will consider the complement in S® of an n-component link, by which we mean the
disjoint union of n pairwise-linked circles.

We begin by choosing an appropriate cover of the manifold S3, namely open sets U and V
such that one of the following sets is our desired link-complement:

Uu VvV, UnV, UUV =53

Let N(L,) C S® be an open tubular neighborhood of L,,, consisting of n disjoint open solid
tori, one around each component. We set

U= N(L,), V =5\ L,.

Then U and V are open, UUV = S2, and V is the link-complement we wish to compute. The
intersection U NV is the tubular neighborhood with the link itself removed, i.e. n disjoint
tori.



Homotopy types of U, V, U NV

By Theorem 2.3, the de Rham cohomology depends only on the homotopy type, so we
identify each piece up to homotopy equivalence.

e Each component of U is an open solid torus S* x D?, which deformation retracts onto
its core circle S'. Hence

e Each component of UNV is a solid torus with its core circle removed, i.e. S* x (D?\{0}),
which deformation retracts onto S* x S* = T2. Hence

UﬂVinlT2.
i=1

e The link complement V' is the space whose cohomology we are trying to compute;
we leave its homotopy type aside for now and treat H*(V') as the unknown in the
Mayer—Vietoris sequence.

Cohomologies of the known pieces

By Theorem 2.4 and the fact that cohomology of a disjoint union is the direct sum of the
cohomologies of the components, we record:

" R k=0,1
H*U) = Hk‘(i:|_1|51) - {0 oo

. R* k=0,2
H’f(UmV):Hk(|_|T2): R>™ k=1
=1 0 k>3
R k=0,3

0 otherwise.

HMS®) = {

The Mayer—Vietoris sequence

Applying Theorem 2.2 to the cover S* = U UV, we obtain the long exact sequence
o HNS?) = HYNU) @ HE (V) —» HYUNV) S HY(S3) — -

Substituting the known groups:

k= 0: 0RoR'e H(V) 5 R SR
k=1 — HY(S?) > R"® HY(V) = R*™ — H*(S?%)
k=2 —0-0@HA(V) >R SR — H(V) 0.



Computing H°(V) and H(V)
Computation of H°(V). The opening of the sequence is

0— H°(S* - H U)o H' (V) - H(UNV) = H(S*) - H (U)® HY(V) — - -
which becomes
0>R—-R'@H(V)=R"-0—-R"@H' (V) — -

since H'(S®) = 0. Since we know V is connected, and the zeroth cohomology of any
connected manifold is R, we have H(V) = R.

Computation of H'(V). Continuing the sequence with the connecting morphism into
H'(S3) =0, we get the exact segment

0 R"e HY(V) S R™ % H2(S) — - -
Since we know H?(S?) = 0, we have
0= R HY(V) S R™ -0

This pattern where two terms are ”squeezed” between 0’s imply that ¢ is an isomorphism
which then implies that H'(V) = R". However, this is formally derived from exactness at
the two terms.

Summary so far

We have determined
H'(V)=R, HY(V)=R"

and the remaining segment of the Mayer—Vietoris sequence to analyze is
0— H2(V) = HX(UNV) S HY(S?) = H¥V) = 0,
or, with the known groups substituted,
0— HX (V) 5 R" SR — H3(V) — 0.

The remaining task is to determine the connecting homomorphism ¢ : R” — R, from which
H?(V) and H3(V) will follow as its kernel and cokernel respectively.

Claim: J is surjective



Proof. To prove that ¢ is surjective, it is sufficient to show that some element in the previous
cohomology is sent to a non-zero element by §. Let w be an arbitrary generator of H?(U N
V) = R", where U NV deformation retracts to a disjoint union of 2-spheres around each
component of the link. We will show that d[w] # 0 in H3(S%) < R.

Recall the construction of the connecting homomorphism. Let {py, pv} be a partition of
unity subordinate to the cover {U, V'}, so that py + py = 1 on S?, with supp(py) C U and
supp(py) C V. By shrinking U NV to be arbitrarily thin around the link, we may take
pu =1lon U\ (UNV)and py =0 on V\ (UNV), with the transition occurring inside
U NV. The connecting homomorphism is then defined by

olw] = [d(pvw)] = [dpv A,

where the resulting 3-form dpy A w is supported in U NV and hence extends by zero to a
globally defined closed 3-form on S3.

To verify this class is non-zero in H?(S®) = R, we use the fact that this isomorphism is
realized by integration over S®. Compute

/ dpy A\ w.
S3

Since UNV can be taken arbitrarily thin around the tori and py, transitions from 0 to 1 across
this region, the integral of dpy is 1. Combined with the fact that w integrates non-trivially,
the total integral is non-zero, so d[w] # 0 in H?(S?). Hence ¢ is surjective. O

Since 4 is surjective, exactness at H3(S?) gives H3(V') = 0 (as the next map out of H3(S5?) has
trivial cokernel forcing H?(V') to be zero). Furthermore, by the rank-nullity theorem applied
to d : R" — R, we have ker(d) = R"!. By exactness at H*(UNV), H*(V) = ker(§) = R"~1.
In summary,

H(V)=R, HYV)=R", H*V)=R"' HV)=0.

Thus, combining all of the above computations, the de Rham cohomology of the complement
V = S3\ L of an n-component link L in S? is

(

R k=0,
R" k=1,
HYV) = SR | =2,
0 k=3,
0 k> 4.

\ -
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