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1 Introduction

Here I will provide a proof of Quadratic Reciprocity using number fields and
number rings. My goal is for this to be readable with concepts learned from
only one semester of abstract algebra. For the sake of time, I do not intend to
give a full proof of every concept, but rather give some detailed explanations
and leave some parts of the deeper field theory to further reading.

First, we must define the Legendre Symbol
(

n
p

)
=


0 if p | n
1 if n is a square mod p

−1 if n is not a square mod p
Now, we state the Quadratic Reciprocity Theorem for odd primes p,q:(

2
p

)
=

{
1 p ≡ ±1 (mod 8)

−1 p ≡ ±3 (mod 8)(
p
q

)
=


(

q
p

)
p ≡ 1 or q ≡ 1 (mod 4)

−
(

q
p

)
p ≡ q ≡ 3 (mod 4)

Let us provide some definitions to establish some understanding of number fields
and their behavior.

Definition 1. A number field is a subfield of C having finite degree over Q.
Every such field is representable as Q[α] for some α ∈ C

Definition 2. α ∈ C is an algebraic integer if it is a root of some monic
polynomial over Z

It is left to the reader to verify that the set of all algebraic integers forms a
subring A ⊂ C. Given any number field, the subring of algebraic integers within
it is A ∩Q[α].

2 Prime Decomposition of Ideals

To prove quadratic reciprocity, we will examine how prime ideals ’split’ in
quadratic fields. This will be formalized later. In order to understand this,
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we must first establish what it means to factor an ideal into its prime decompo-
sition. To do this we must restrict our attention to specific rings called Dedekind
domains. Then, we will see all number rings are Dedekind domains, so this dis-
cussion on prime factorization will apply to proving quadratic reciprocity. We
start with a definition.

Definition 3. An integral domain R is a Dedekind domain if

1. Every ideal I ⊂ R is finitely generated

2. Every nonzero prime ideal in R is maximal

3. R is integrally closed in its field of fractions

The first condition is also sometimes stated as R is a Noetherian Ring. A
useful alternative definition of a Noetherian ring is that every non empty set of
ideals has a maximal member that is not necessarily unique. The last condition
means that for each a ∈ Frac(R) with a being the root of a monic polynomial
over R, a ∈ R.

We need one theorem that will help prove unique factorization in a Dedekind
domain.

Theorem 1. Given a Dedekind domain R and any ideal I ⊂ R, there exists
some other ideal J ⊂ R such that IJ is a principle ideal. To prove this we first
need to establish two lemmas:

Lemma 1. In a Dedekind domain R, every ideal contains a product of prime
ideals.

Proof. Suppose otherwise. Then the set of ideals not containing a product of
primes is non empty so it has a maximal member by the alternate definition of
Noetherian ring, denote this ideal M. M is not prime as it does not contain a
product of primes. Then, by the definition of prime ideals, there are elements
a, b ∈ R − M such that ab ∈ M . Consider the ideals M + (a),M + (b). Both
strictly contain M, so they cannot be in the set of ideals that contain no product
of primes, so both ideals contain a product of primes. Then the ideal (M +
(a))(M + (b)) obtained by their product must contain a product of primes.
When we foil this product we see M + (a)M + (b)M + (ab) ⊂ M giving a
contradiction.

Lemma 2. Given the Dedekind domain R and the proper ideal A ⊂ R with a
field of fractions Frac(R) = K, there exists r ∈ K −R such that rA ⊂ R.

Proof. Fix nonzero a ∈ A. Using the previous lemma we know the principle
ideal (a) contains a product of prime ideals. Fix P1 · · ·Pr ⊂ (a) such that r
is minimized. Since A is proper, the exists some maximal ideal containing A.
Maximal ideals are prime so we can fix prime ideal P ⊃ A. Then P ⊃ P1 · · ·Pr.
Fix elements ci ∈ Pi−P and consider c1 · · · cr ∈ P . We know then some ci ∈ P ,
so the corresponding Pi ⊂ P . Without loss of generality we say P1 ⊂ P . Now
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by the second condition of Dedekind domains, we know all prime ideals are
maximal, so P = P1. Since (a) cannot contain an ideal that is the product of
fewer than r prime ideals, we know there exists some b ∈ P2 · · ·Pr − (a). Let
r = b

a and consider an arbitrary element b
adg ∈ rA where d ∈ A, g ∈ R. If

d ∈ (a) ⊂ A, then clearly b
adg ∈ A. If d /∈ (a) recall d ∈ A ⊂ P = P1, so

db ∈ P1 · · ·Pr ⊂ (a). Thus b
adg ∈ A, so we conclude rA ⊂ R.

Proof. Now using these lemmas we prove Theorem 1. For nonzero a ∈ I, define
J = {b ∈ r | bI ⊂ (a)}. We can see from the definition that IJ ⊂ (a), and
we will prove the other direction of inclusion. Consider the set A = 1

aIJ .
IJ is an ideal so and 1

aIJ ⊂ (a) ⊂ R so we can see that 1
aIJ is an ideal.

If A = R, then IJ = R(a) = R. Suppose A ⊂ R is a proper ideal, then
applying lemma 2 we find some r ∈ K − R such that rA ⊂ R. Note that
since a ∈ I, rJ ⊂ rA ⊂ R. Then (a)rA = rIJ ⊂ (a)R = (a), so by the
definition of J , we see rJ ⊂ J . J is finitely generated as an ideal in a Dedekind
domain, so fix a generating set (b1, ..., bm) = J . Expressing rbi as a linear
combination of b1, ..., bm with coefficients in R, we obtain the matrix equation

r

 b1
...
bm

 = M

 b1
...
bm

 for some m by m matrix M over R. From this we obtain

the matrix equation (r(Id) − M)

 b1
...
bm

 = 0, where Id denotes the m by m

identity matrix. Noting that the generating set b1, ..., bm has nonzero elements
we see the matrix r(Id) − M) has nontrivial kernel and thus is not injective.
Therefore this matrix is not invertible so it must have a determinant of zero.
Taking the determinant of r(Id)−M , we obtain a monic polynomial with r as
a root. Recall the third condition for a Dedekind domain that R is integrally
closed in K to see that we must have r ∈ R. This gives a contradiction with
our assumption that r ∈ K − R. Thus A = R, so IJ = (a) and we finish the
proof.

Coming directly from our first theorem we obtain two important corollaries
that will help to prove unique factorization.

Corollary 1. For ideals A,B,C in a Dedekind domain R, if AB = AC, B = C.

Proof. Find ideal J ⊂ R such that AJ = (a) is principle. Then we can see that
(a)B = (a)C so B = C.

Corollary 2. For ideals A,B in Dedekind domain R, A | B if and only if
A ⊃ B

Proof. If A | B, there exists ideal C with B = AC ⊂ A. If A ⊃ B, find ideal
J ⊂ R such that AJ = (a) is principle and a ∈ J . Define the set C = 1

aJB.
First note that AC = A 1

aJB = 1
a (a)B = B. Then note since a ∈ J , 1

aJB ⊂ R.
Then we conclude A | B.
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Now we are prepared to prove unique factorization.

Theorem 2. Every Ideal in Dedekind domain R is uniquely representable as a
product of prime ideals.

Proof. First we show existence. Suppose not every ideal is representable as a
product of primes. Then the set of such ideals is non empty and has a maximal
member by the alternate definition of Noetherian ring. Clearly M is not prime,
and by convention we call R the empty product, so M ̸= R. Then since M is a
proper ideal,M ⊂ P for some maximal and therefore prime ideal P . Then by the
second Corollary, there exists ideal I such that M = PI. Thus I | M , so I ⊃ M .
This inclusion is strict since otherwise would imply that PI = PM = M = RM
and the first corollary would give us the obviously false conclusion that P = R.
Since I is strictly larger than M , I is representable as a product of primes, but
I ⊃ M , so M is too which gives a contradiction. Now we prove uniqueness.
Suppose P1 · · ·Pr = Q1 · · ·Qs where Pi, Qi are prime ideals. Corollary 2 shows
us that P1 ⊃ Q1 · · ·Qs. Then P1 ⊃ Qi for some i. The second condition
of Dedekind domains gives us P1 = Qi. Without loss of generality we say
P1 = Q1. Using the first corollary we obtain P2 · · ·Pr = Q2 · · ·Qs. Repeating
this process we can see that r = s and Pi = Qi for all i.

To finish the discussion of prime factorization, we state without formal proof
the fact that all number rings are Dedekind domains. instead we offer a rough
sketch of why numbers fields satisfy each of the three conditions to be a Dedekind
domain. First, number rings are additively free abelian groups of finite rank,
meaning they are isomorphic to a the direct sum of finitely many copies of
the integers. Since ideals are additive subgroups, they too are free abelian
groups of finite rank so all ideals are finitely generated by any Z basis. Second,
for any number ring R and prime ideal P, R/P can be proven to be a field
so P is maximal. The third condition is satisfied by seeing that roots of monic
polynomials are already algebraic integers so R is integrally closed in its number
field.

3 Splitting Primes in Quadratic Extensions

In order to build to this result, we will have to examine some field theory. First
we will begin by looking at how primes in the ring Z act in field extensions
of Q. For this section, let K denote a number field and R = A ∩ K be the
corresponding ring of algebraic integers.

We need some terminology to relate prime ideals in R to primes in Z.

Definition 4. We say prime ideal Q ⊂ R lies over the prime ideal generated
by p in Z if any of the following equivalent conditions holds.

(i) Q | pR

(ii) Q ⊃ pR
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(iii) Q ⊃ (p)

(iv) Q ∩R = (p)

(v) Q ∩K = (p)

For shorthand we will say p lies under Q or Q lies over p.
To study these prime ideals in R, we need two tools at our disposal. Consider

the prime decomposition pR = Qe1
1 · · ·Qer

r into r distinct prime ideals raised to
integer powers. The ramification index of a prime Q over p, denoted e(Q | p),
is just the exponent of Q in the prime factorization of pR. Thus e(Qi | p) = ei
using the notation as above. To define our second tool, we consider the fields
Z/(p) and R/Q. We know these quotients are fields since all prime ideals are
maximal in a Dedekind domain. The containment Z ⊂ R allows us to restrict
the natural quotient to the ring homomorphism Z → R/Q. Here the kernel is
R ∩ Q = (p) from the definition above. Then we can obtain an injective map
Z/(p) → R/Q. The degree of the R/Q over Z/(p) is the inertial degree and will
be denoted f(Qi | p).

Now we must prove a fundamental relationship between the ramification
index and inertial degree before we can examine how primes split in quadratic
extensions. We will need one lemma.

Theorem 3. Let n = [K : Q] be the degree of a number field K over Q.
Let R = A ∩ K be the corresponding number ring. Let (p) be a prime ideal
of Z and Q1, ..., Qr be the prime ideals of R lying over (p). Let e1, ..., er
and f1, ..., fr denote the corresponding ramification indices and inertial degrees.
Then

∑r
i=1 eifi = n.

Lemma 3. For ideals I, J ⊂ R, Let ∥I∥ = |R/I| be the index of the quotient.
∥IJ∥ = ∥I∥∥J∥.

Proof. Start with I, J co-prime. Then I + J = R and I ∩ J = IJ . Then by the
Chinese Remainder Theorem, we obtain an isomorphism R/IJ → R/I × R/J .
This isomorphism gives ∥IJ∥ = ∥I∥∥J∥ in the co-prime case. Now consider
∥Pm∥ for some prime ideal P ⊂ R. We have a chain of ideals R ⊃ P ⊃
· · · ⊃ Pm. For k ∈ {1, ...,m − 1} fix some a ∈ P k − P k+1. Note there is an
isomorphism R/P → aR/aP given by multiplying cosets of R/P with a. Now
since a ∈ P k, we have aR ⊂ P k which allows us to restrict the quotient map to
the homomorphism aR → P k/P k+1. Examining this map, we see the kernel is
aR ∩ P k+1 and the image is (aR+ P k+1)/P k+1. As a quick aside, note that in
a Dedekind domain, we define gcd(I, J) = I + J and lcm(I, J) = I ∩ J .We can
see lcm(aR, P k+1) = aP by noting that aR ⊂ P k, so aP ⊂ P k+1 and aP ⊂ aR.
Then we know the kernel of our homomorphism is aP . Similarly, we know that
P k is the greatest divisor of P k−1, so P k ⊃ aR implies P k | aR which gives
us gcd(aR, P k+1) = P k. This shows our homomorphism is surjective. Thus
we can apply the first isomorphism theorem to get an isomorphism aR/aP →
P k/P k+1. Now combining this with our previous isomorphism we get ∥P∥ =
|P k/P k+1|. Now we see ∥Pm∥ = |R/P ||P/P 2| · · · |Pm−1/Pm| = ∥P∥m. Thus
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in combination with our first result about co-prime ideals, we can use the prime
factorization of any two ideals to get ∥Pm1

1 · · ·Pmr
r ∥ = ∥P1∥m1 · · · ∥Pr∥mr which

proves the theorem.

Proof. ∥pR∥ = ∥Qe1
1 · · ·Qer

r ∥ = ∥Q1∥e1 · · · ∥Qr∥er . Since p ∈ Z, we know
∥pR∥ = pn. Combining These results and examining the exponents proves
the theorem.

Now we are ready to talk about quadratic extensions. Let K = Q[
√
m] for

squarefree m. R = A∩K is the ring of algebraic integers in the quadratic field.
Given some p ∈ Z, we are interested in the prime factorization of the ideal pR ⊂
R. The past theorem shows us there is only three options given a quadratic field

is a degree 2 field extension over Q. pR =


Q2 f(Q | p) = 1

Q f(Q | p) = 2

Q1Q2 f(Q1 | p) = f(Q2 | p) = 1

.

We are interested in the cases where pR remains prime or where pR factors into
two distinct primes. The second case is given the name pR ’splits completely’.
We break the following theorem into cases when prime p is odd or when p = 2
in order to prepare to prove the corresponding cases of quadratic reciprocity.

Theorem 4. We will use the same the notation from above. If m is odd and

p = 2, then 2R =

{
(2, 1+

√
m

2 )(2, 1−
√
m

2 ) m ≡ 1 (mod 8)

prime m ≡ 5 (mod 8)

If p is odd and p ∤ m, then pR =

{
(p, n+

√
m)(p, n−

√
m) m ≡ n2 (mod p)

prime otherwise

for some n ∈ Z

Proof. We will first prove the more general case where p is odd and p ∤ m.
Supposing m ≡ n2 (mod p), we examine the ideal (p, n +

√
m)(p, n −

√
m)

and intend to show double inclusion. First we foil the ideal to get (p2, p(n −√
m), p(n +

√
m,n2 − m). Then we write the last generator as n2 − m = pk

for some k ∈ Z. Now since each generator is clearly contained in pR we have
our first direction of inclusion. Now we will call upon a non trivial fact that R

has a Z basis of {1,
√
m} or {1, 1+

√
m

2 } depending on if m ≡ 2, 3 (mod 4) or if
m ≡ 1 (mod 4) respectively. Using this it is sufficient to show that the elements

p, p
√
m, p 1+

√
m

2 are all contained in the ideal to prove equality. Starting with p,

we add p(n−
√
m)+ p(n+

√
m) = 2pn. Then since gcd(2n, p) = 1, there exists

a, b ∈ Z such that 2na + pb = 1. Now we see 2npa + p2b = p(2na + pb) = p.
Using a similar strategy, we subtract p(n+

√
m)− p(n−

√
m) = 2p

√
m. Then

we multiply p(p(n +
√
m)) = p2n + p2

√
m. Noticing −np2 is in the ideal, we

conclude that p2
√
m is in the ideal. Now, since gcd(2, p) = 1, we fix a, b ∈ Z

such that 2a+ pb = 1. The same trick allows us to recover 2ap
√
m+ bp2

√
m =

p
√
m(2a + pb) = p

√
m. The final recovery is left to the reader using the same

approach as before.
Now we consider the case where m is not a square mod p. We want to show that
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the residue field R/pR is not isomorphic to Zp which implies f(pR | p) = 2. To
see this we look to the minimal polynomial x2 −m which has a root in R so it
must have a root in R/pR but by the assumption that m is not a square mod p
has no root in Zp. Since the inertial degree is 2, theorem 3 shows that no other
ideals can possibly show up in the prime decomposition, so pR remains prime.
Moving on to the special case where p = 2 and m is odd, suppose m ≡ 1

(mod 8). We examine the ideal (2, 1+
√
m

2 )(2, 1−
√
m

2 ) = (4, 1+
√
m, 1−

√
m, 1−m

4 ).
For the first inclusion direction, we want to show that each generator is contained
in 2R. We can use our assumption to write 1−m

4 = 2k for some k ∈ Z. Then
clearly both (4), ( 1−m

4 ) ⊂ 2R. To see this for the other two generators we note
that here the Z basis for 2R is {2, 1+

√
m}. For the second inclusion direction we

will recover {2, 1+
√
m} from the ideal. This is done clearly with the generators

1 +
√
m and 1−

√
m.

Now to final case where p = 2 and m ≡ 5 (mod 8). We again want to show
that the residue field R/2R is not isomorphic to Z2. To see this we examine the
minimal polynomial x2 − x + 1−m

4 . This polynomial has a root in R so it has
a root in R/pR. From our assumption we write 5 − m = 8k for some k ∈ Z.
Then 1 − m = 8k − 4, so 1−m

4 = 2k − 1 is odd. Then we see this polynomial
has no roots in Z2. Then by our previous argument the inertial degree must be
2 so 2R remains prime.

4 Some Galois Theory

Before continuing further we must introduce some basic Galois theory. We define
the Galois group of field extension L over K to be the group of automorphisms
of L that fix K point wise. Formally, Gal(L | K) = {σ : L → L | σ(α) =
α,∀α ∈ K}. This is clearly a group with the operation being composition of
automorphisms. For each subgroup H ⊂ G = Gal(L | K) there is a fixed
subfield of L associated with H defined as LH = {α ∈ L | σ(α) = α,∀σ ∈
H} ⊂ L. For any prime Q in L lying over P in K we define the decomposition
subgroup as D = D(Q | P ) = {σ ∈ G | σ(Q) = Q}.
We will exploit some non trivial facts about the Decomposition subgroup that
need to be stated here. First, if D(Q | P ) is a normal subgroup of G, then P
splits into r distinct primes in LD, where r = [LD : K]. Second, LD is the largest
intermediate field between L and K such that e(Q | P ) = f(Q | P ) = 1 for each
Q in LD over P. These facts will not be proven here, but an interested reader
can refer to the reference book for a more detailed exposition of the underlying
field theory.
Putting these to use, we prove a crucial theorem about the decomposition group.

Theorem 5. If D(Q | P ) is a normal subgroup of G, then P splits completely
in intermediate field K ′ iff K ′ ⊂ LD.

Proof. If P splits completely, then e(P ′ | P ) = f(P ′ | P ) = 1 for each P ′ ⊂ K ′

lying over P. Then by our second fact K ′ ⊂ LD. If K ′ ⊂ LD, then since our
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first fact tells us that P splits completely in LD, it must also split completely
in K ′.

To conclude our section on Galois theory we look at the cyclotomic fields
and their associated Galois groups. Let ω = e2πi/m, then the mth cyclotomic
field is Q[ω]. Another useful piece of Galois theory we will leave unproven is
the fact that the Galois group of the mth cyclotomic field is isomorphic to the
multiplicative group of integers mod m Z∗

m of orderm−1. The proof follows from
showing that all ωk are conjugates of ω, where gcd(k,m) = 1, and 1 ≤ k ≤ m.

5 Final Steps

Now we are able to prove a result connecting the splitting of primes in extensions
to the legendre symbol.

Theorem 6. Let ω = e2πi/p for odd prime p. G = Gal(Q[ω] | Q). 2 divides p-1
so there exists a fixed field F2 corresponding to the subgroup of G with order 2.

Let q be any prime not equal to p, q is a square mod p,
(

q
p

)
= 1, if and only if

q splits completely in F2.

Proof. q splits into r distinct primes in Q[ω]. We use the fact that the inertial
degree f = p−1

r is the same for each prime above q and is the order of q in the
multiplicative group Z∗

p. As a cyclic group, the 2nd powers for a subgroup of

order p−1
2 consisting of elements whose orders divide p.−1

2 . Thus if q is a square

mod p, then f = p−1
r divides p−1

2 . Then it is clear that 2 | r so we must have
a subfield relation F2 ⊂ Fr. Finally since the decomposition field has degree r
over Q, we see that Fr is the decomposition field. Thus since F2 is a subfield, q
splits completely in F2.

We need one more fact about the pth cyclotomic field.

Lemma 4. F2 ⊂ Q[ω] is either Q[
√
±p] with + if and only if p ≡ 1 (mod 4).

The proof involves the discriminant operator which I have decided to omit the
definition of for the sake of time.

Theorem 7. Quadratic Reciprocity:(
2
p

)
=

{
1 p ≡ ±1 (mod 8)

−1 p ≡ ±3 (mod 8)(
p
q

)
=


(

q
p

)
p ≡ 1 or q ≡ 1 (mod 4)

−
(

q
p

)
p ≡ q ≡ 3 (mod 4)

Proof. From theorem 6 we have
(

p
q

)
= 1 if and only if p splits completely in

F2 = Q[
√
±q].

Lemma 5.
(

−1
p

)
= 1 if and only if p ≡ 1 (mod 4).
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Proof. Suppose p ≡ 1 (mod 4), then p−1
2 is even. Consider generator ⟨g⟩ = Z∗

p,

then gp−1 = (g
p−1
2 )2 = 1. Then since g must have order p-1, g

p−1
2 ≡ −1

(mod p). Since the exponent is even, we know there exists some b ∈ Z∗
p such

that b2 ≡ −1 (mod p), so
(

−1
p

)
= 1. Now suppose

(
−1
p

)
= 1, Then b2 ≡ −1

(mod p) for some b ∈ Z∗
p. Starting again with the generator, we find that

b = g
p−1
4 , so p− 1 = 4k for k ∈ Z so p ≡ 1 (mod 4).

Lemma 6.
(

a
p

)(
b
p

)
=

(
ab
p

)
for integers a and b not divisible by p.

Proof. Suppose
(

a
p

)
=

(
b
p

)
= 1. Then a2 = n (mod p), b2 = m (mod p), so

(ab)2 = nm (mod p), so
(

ab
p

)
. Suppose

(
a
p

)
=

(
b
p

)
= −1. Let ⟨g⟩ = Z∗

p,

gn = a, gm = b where n and m are both odd. Then ab = gmn where nm is even

so
(

ab
p

)
= 1. Without loss of generality suppose

(
a
p

)
= 1,

(
b
p

)
= −1. Then

with the same generator, ge = a, go = b where e is even and o is odd. Then

ab = geo where eo is odd so
(

ab
p

)
= −1.

Now continuing with the proof, suppose p ≡ 1 (mod 4), then F2 = Q[
√
p].

Suppose
(

p
q

)
= 1, so p is a square mod q. Then by theorem 4, qQ[

√
p] splits

so by theorem 6 q is a square mod p or
(

q
p

)
= 1. In the same situation now

suppose
(

p
q

)
= −1, then p is not a square mod q so again by theorem 4 qQ[

√
p]

does not split. Then we know
(

q
p

)
= −1. The same works if q ≡ 1 (mod 4).

Now suppose q ≡ p ≡ 3 (mod 4). Suppose
(

p
q

)
= 1. Then by lemma 5,(

−p
q

)
= −1. So −p is not a square mod q. Then by theorem 4, qQ[

√
−p] is

prime so
(

q
p

)
= −1. Now suppose

(
p
q

)
= −1, then

(
−p
q

)
= 1 so qQ[

√
−p] splits

and we have
(

q
p

)
= 1.

Now we consider the special case with the even prime 2. Suppose p ≡ 1 (mod 8).
Then theorem 4 tells us that 2 splits in Q[

√
p]. If p ≡ −1 ≡ 7 (mod 8) Then

theorem 4 tells us 2 splits in Q[
√
−p] so in both cases

(
2
p

)
= 1. If p ≡ 3

(mod 8), then 2 remains primes in Q[
√
−p]. If p ≡ −3 ≡ 5 (mod 8) Then 2

remains prime in Q[
√
p], so in both cases

(
2
p

)
= −1
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