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Abstract. We investigate the connections between ellipses, elliptic integrals,

elliptic curves, and elliptic functions. We develop the theory of complex lattices

prove the Uniformization Theorem for elliptic cuves. As an application of
lattices in the real case, we provide a proof of Legendre’s Four Squares theorem

using Minkowski’s Theorem.

1. Background for elliptic curves

This section establishes the necessary geometric framework for the study of elliptic
functions by reviewing the most important definitions.

Definition 1.1 (Dimension of an affine variety). Let V be an affine variety and
K̄ denote an algebraic closure of a perfect field K. The dimension of V is the

transcendence degree of K̄(V ) = K̄(X)
I(V/K) over K̄.

Alternatively, one can find the dimension of a variety using the Hilbert polynomial.

Definition 1.2 (Smooth affine variety). Let V be an affine variety, P ∈ V , and
f1, · · · , fm ∈ K̄(X) generators for I(V ). V is smooth at P if the (m× n) Jacobian
has rank n− dim(V ). If V is smooth at every point, we call V smooth.

Locally, one can find whether a point P is nonsingular by checking whether the
dimension of the variety is equal to the dimension of MP /M

2
P as a K̄ vector space,

where Mp denotes the maximal ideal corresponding to point P

Definition 1.3 (Dimension and smooth projective varieties). Let VK be a pro-
jective variety and pick An ⊂ Pn such that V ∩ An ̸= ∅. The dimension of V is
dim(V ∩ An). Similarly, V is smooth at some point P if V ∩ An is smooth at P .

Definition 1.4 (Curve). A curve is a projective variety of dimension one.

Definition 1.5. The divisor group of a curve C, denoted by Div(C), is the free
abelian group generated by the points of C. Thus a divisor D ∈ Div(C) is a formal
sum

D =
∑
P∈C

nP (P ),

where nP ∈ Z and nP = 0 for all but finitely many P ∈ C. The degree of D is
defined by

deg D =
∑
P∈C

nP .
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If C is smooth and f ∈ K̄(C)∗, we associate to f the divisor div(f) given by

div(f) =
∑
P∈C

ordP (f)(P ).

Definition 1.6 (Genus). The genus g of a smooth projective curve C is the unique
non-negative integer such that for every divisor D ∈ Div(C), the Riemann-Roch
theorem holds:

ℓ(D)− ℓ(KC −D) = deg(D)− g + 1

where KC is a canonical divisor on C.

Equivalently, one may define the genus as the dimension of the K-vectors space of
holomorphic differential forms on C.

Definition 1.7 (Elliptic Curve). An elliptic curve E over a field K is a smooth,
projective algebraic curve of genus g = 1 with a specified base point O ∈ E(K).

Definition 1.8 (Weierstrass equations). LetK be a field. TheWeierstrass equation
of an elliptic curve E over K is given by the generalized cubic equation:

E : Y 2 + a1XY + a3Y = X3 + a2X
2 + a4X + a6

where the coefficients ai are elements of K. When the characteristic of K is not
2 or 3 (as is the case for C), a linear change of variables transforms this into the
short Weierstrass form:

y2 = x3 +Ax+B

Definition 1.9 (Invariant differential). The invariant differential (or holomorphic
differential) on an elliptic curve E, denoted by ω, is the unique differential form
(up to a constant multiple) that is invariant under translation by any point P on
the curve. In Weierstrass coordinates, it is given by:

ω =
dx

y

Definition 1.10 (Legendre Form). AWeierstrass equation is said to be in Legendre
form if it is expressed as:

y2 = x(x− 1)(x− λ)

where λ is a complex parameter. For the curve to be non-singular, we require
λ ∈ C \ {0, 1}.

The following proposition establishes that this form is essentially universal over
algebraically closed fields of characteristic not equal to 2.

Proposition 1. Suppose char(K) ̸= 2. Every elliptic curve E defined over K is
isomorphic over the algebraic closure K̄ to a curve in Legendre form Eλ for some
λ ∈ K̄ with λ ̸= 0, 1.

The following result will be important later and demonstrates why the invariant
differential is called this way:

Proposition 2. Let E be an elliptic curve with invariant differential ω, and let
τQ : E → E be the translation map defined by P 7→ P +Q for a fixed Q ∈ E. The
pullback of the differential satisfies:

τ∗Qω = ω
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Proof. Since the space of differentials ΩE is a one-dimensional K̄(E)-vector space,
there exists a non-zero rational function aQ ∈ K̄(E)∗ such that τ∗Qω = aQω. The
divisor of this function is given by:

div(aQ) = div(τ∗Qω)− div(ω) = τ∗Qdiv(ω)− div(ω)

Given that the invariant differential ω has no zeros or poles, div(ω) = 0, which
implies div(aQ) = 0. On a projective curve, a function with a trivial divisor must
be a constant, so aQ ∈ K̄∗.

Next, consider the map f : E → P1 defined by Q 7→ aQ. This is a rational map
from a curve of genus 1 to P1. Because the map is not surjective, as it avoids the
points 0 and ∞ in P1, it must be a constant map. To determine the value of this
constant, we evaluate at the identity point Q = O. Since τO is the identity map,
we have:

aOω = τ∗Oω = ω =⇒ aO = 1

Thus, aQ = 1 for all Q ∈ E, which proves the invariance τ∗Qω = ω. □

2. The connection between ellipses, elliptic integrals and curves

At first sight, the connection between elliptic curves and ellipses is not clear. The
relationship arises when we try to calculate the arc length of an ellipse:

Consider an ellipse with semi-major axis a and semi-minor axis b, defined by the
equation:

x2

a2
+

y2

b2
= 1, a ≥ b > 0

Using the parameterization x = a sin θ and y = b cos θ, the arc length of the ellipse
is given by the integral:

L = 4

∫ π/2

0

√(
dx

dθ

)2

+

(
dy

dθ

)2

dθ = 4a

∫ π/2

0

√
1− k2 sin2 θ dθ

where k =
√
1− (b/a)2 is the eccentricity of the ellipse.

Definition 2.1. For 0 < k < 1, the complete elliptic integrals are defined as:

K(k) =

∫ π/2

0

dθ√
1− k2 sin2 θ

and T (k) =

∫ π/2

0

√
1− k2 sin2 θ dθ

The arc length of the ellipse is therefore L = 4aT (k).

By performing the substitution x = sin θ, we can rewrite the integrals in algebraic
form. The integral K(k), which represents the periods of the associated elliptic
curve, becomes:

K(k) =

∫ 1

0

dx√
(1− x2)(1− k2x2)

This integral suggests we study the curve:

E : y2 = (1− x2)(1− k2x2),

which is known as the Jacobi form of an elliptic curve.
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Expanding the expression above leads to a quartic equation, but we will show that
there exists a birational that maps the Jacobi form to the Legendre form, familiar
to us:

E : Y 2 = X(X − 1)(X − λ)

We define the following change of variables to map one of the roots to infinity:

X =
1

x2
, Y =

y

x3

Substituting x2 = 1/X into the original equation gives:(
Y

X3/2

)2

=

(
1− 1

X

)(
1− k2

X

)
Multiplying both sides by X3 to clear the denominators, we obtain:

Y 2 = X3

(
X − 1

X

)(
X − k2

X

)
Y 2 = X(X − 1)(X − k2)

By identifying the parameter λ as the square of k, we arrive at the desired form.

3. Elliptic Curves over C

With this motivation in mind, we go back to the study of elliptic curves. We seek
to define some kind of map as follows:

E(C) ?−−−−→ C, P 7→
∫ P

O

ω,

Here, we take the base point to be infinity. The invariant differential on the curve
is given by ω = dx

y (following definition 1.9). We wish to compute the integral:

z =

∫ P

∞

dx

y

Substituting y =
√
x(x− 1)(x− λ), we arrive at the following:

z =

∫ x

∞

dt√
t(t− 1)(t− λ)

This map is not well-defined, since the path of integration is not determined. Also,
since the square-root is not single-valued, this line integral is not path-independent.
To fix this, we take two copies of P1(C), each of which is topologically a 2-sphere
and perform two branch cuts in each: from 1 to λ and from 0 to ∞. Gluing these
two spheres along the same cuts on each gives us a torus. On it, we note that there
exist two non-contractible loops, which we call α and β, and these, by definition,
generate its first homology group. Integrating along the non-contractible loops
is precisely what leads to the path-dependence problem we considered, since the
integral of our differential along them may be nonzero. To solve this, we seek to
”mod out” C by any component which might be non-zero.

Formally, we define:

ωA =

∫
α

ω and ωB =

∫
β

ω,
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and if these are linearly independent, we get a complex lattice:

Λ = {nAωA + nBωB : nA, nB ∈ Z} = ZωA + ZωB

So our original intended map is well-defined as follows:

F : E(C) −−−→ C
Λ
, P 7→

∫ P

O

ω mod Λ

Λ is a subgroup of C (additive, abelian), so C/Λ is a group.

To prove that ωA and ωB are R-linearly independent, we evaluate the surface inte-
gral of i

2ω ∧ ω̄. Let x = u+ iv and recall that ω = dx
y :

i

2

∫
C
ω ∧ ω̄ =

i

2

∫
C

(du+ idv) ∧ (du− idv)

|x(x− 1)(x− λ)|
=

∫
C

dudv

|x(x− 1)(x− λ)|

By using polar coordinates near 0, 1, λ (poles) and ∞ (our base point), we see that
this integral over all of C is finite and positive.

Further, writing ω = ξ + iη where ξ and η are of the form f(u, v)du + g(u, v)dv
where f, g are real-valued functions, we find that this integral is strictly positive:∫

i

2
ω ∧ ω̄ =

∫
ξ ∧ η > 0.

Applying Green’s theorem to reduce this surface integral to a line integral along
the slits of the two 2-spheres, we obtain relations for the real and imaginary parts
of the periods: ∫

ξ ∧ η =
1

2
(Re ωA)[Im ωA + Im ωB ],∫

ξ ∧ η = −1

2
(Im ωA)[Re ωA +Re ωB ].

Summing these results yields the relation:

(Re ωA)(Im ωB)− (Im ωA)(Re ωB) > 0.

This inequality ensures that ωA and ωB are linearly independent over R.

The linear independence of the periods implies that the quotient space Ẽ = C/Λ
is a compact complex torus. We can easily check that F is a homomorphism using
the fact that ω is translation-invariant, as proved in proposition 2:

∫ P+Q

O

ω ≡
∫ P

O

ω +

∫ P+Q

P

ω ≡
∫ P

O

ω +

∫ Q

O

τ∗pω ≡
∫ P

O

ω +

∫ Q

O

ω (mod Λ)

Going further, the integration map defines a holomorphic map E → Ẽ. Since both
E and Ẽ are compact, and the map induces an isomorphism of their first homology
groups H1(E;Z) ∼= H1(Ẽ;Z), covering-space theory establishes that the map is a
complex analytic isomorphism:

E
∼=−→ C

Λ
.

The inverse of this isomorphism is (with some change of variables) the Weierstrass
℘-function, which will be covered later.
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Now, we move forward to the study of functions on lattices like the ones we defined
above.

Definition 3.1. Let Λ be a lattice. An elliptic function with respect to Λ is a
meromorphic function f(z) on C that satisfies the translation invariance condition:

f(z + ω) = f(z) for all z ∈ C and ω ∈ Λ.

The collection of all such functions forms a field, typically denoted by C(Λ).

To analyze these functions locally, we utilize the concept of a fundamental paral-
lelogram. For a given Z-basis {ω1, ω2} of Λ and a point a ∈ C, the fundamental
parallelogram is the set:

D = {a+ t1ω1 + t2ω2 : 0 ≤ t1, t2 < 1}.
The construction of D ensures that every point in the complex plane is congruent
to exactly one point in D modulo Λ. We denote the closure of this region as D,
which is a compact set in C.

Proposition 3. Any elliptic function f ∈ C(Λ) that is holomorphic is necessarily
constant. Furthermore, any elliptic function with no zeros is also constant.

Proof. Suppose f(z) is a holomorphic elliptic function. Because f is periodic, its
values on the entire complex plane are determined by its values on the fundamental
parallelogram D. Specifically, we have:

sup
z∈C

|f(z)| = sup
z∈D

|f(z)|.

Since f is holomorphic, it is continuous, and since D is compact, the extreme value
theorem implies that |f(z)| is bounded on D. Consequently, f is a bounded entire
function. By Liouville’s Theorem, any bounded entire function must be constant.
If f has no zeros, then the reciprocal function 1/f is also a holomorphic elliptic
function, and by the same logic, 1/f (and thus f) is constant. □

Theorem 1. Let f ∈ C(Λ) be an elliptic function relative to the lattice Λ. The
sum of the residues of f in the quotient space C/Λ is zero:∑

w∈C/Λ

resw(f) = 0

Proof. Let D be a fundamental parallelogram for the lattice Λ. By shifting D by a
small constant if necessary, we may assume that f(z) has no poles on the boundary
∂D. The residue theorem gives us:∑

w∈C/Λ

resw(f) =
1

2πi

∫
∂D

f(z) dz

The boundary ∂D consists of four paths following the vectors ω1, ω2, −ω1, and
−ω2 in sequence. Specifically, the integral along a side L and its opposite side L′

can be paired. Because f(z) is periodic with respect to Λ, the value of the function
at any point z on one side is identical to its value at z + ω on the opposite side.
However, the paths are traversed in opposite directions, meaning:∫

L′
f(z) dz = −

∫
L

f(z) dz
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Consequently, the integrals along the opposite sides of the parallelogram cancel
each other out. The total integral around the boundary ∂D is therefore zero, which
proves that the sum of the residues must be zero. □

Definition 3.2. Let f ∈ C(Λ) be a non-constant elliptic function. The order of
f is defined as the number of poles of f in a fundamental parallelogram D, where
each pole is counted with multiplicity.

From the two previous results, it follows immediately that:

Corollary 1. A nonconstant elliptic function has order at least 2.

Now, we construct a nonconstant elliptic function.

Given a lattice Λ ⊂ C, we define the Eisenstein series of weight 2k for k > 1 as the
sums:

G2k(Λ) =
∑

0̸=ω∈Λ

1

ω2k

The standard constants g2 and g3 associated with the lattice Λ are defined as scaled
versions of these series:

g2 = 60G4(Λ) and g3 = 140G6(Λ)

These constants serve as the coefficients for the Weierstrass cubic equation y2 =
4x3 − g2x− g3.

Definition 3.3. Let Λ ⊂ C be a lattice. The Weierstrass ℘-function relative to Λ
is the meromorphic function defined by the series:

℘(z; Λ) =
1

z2
+

∑
ω∈Λ
ω ̸=0

(
1

(z − ω)2
− 1

ω2

)

This function is an even elliptic function of order 2, with a double pole at each
lattice point ω ∈ Λ and no other poles.

Definition 3.4. The discriminant of the lattice Λ (or of the associated elliptic
curve) is defined by the quantity:

∆(Λ) = g32 − 27g23

A lattice always yields a non-zero discriminant, which corresponds to the fact that
the associated complex cubic curve is smooth.

Definition 3.5. The j-invariant of a lattice Λ is defined as the following ratio:

j(Λ) = 1728
g32

∆(Λ)
= 1728

g32
g32 − 27g23

The j-invariant is a modular function that completely determines the isomorphism
class of an elliptic curve over C, i.e. two elliptic curves are isomorphic over C if and
only if they (or their lattices) have the same j-invariant.

Theorem 2. Let Λ ⊂ C be a lattice and let C(Λ) denote the field of elliptic func-
tions relative to Λ. It is generated by the Weierstrass ℘-function and its derivative
℘′:

C(Λ) = C(℘(z), ℘′(z))
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We will not prove this theorem here, but we proceed with a related theorem which
establishes a connection between lattices and elliptic curves:

Theorem 3 (Uniformization Theorem). Let A,B ∈ C be complex numbers such
that the discriminant condition A3 − 27B2 ̸= 0 is satisfied. Then there exists a
lattice Λ ⊂ C (it is unique, but we do not show that here) such that the Eisenstein
invariants satisfy:

g2(Λ) = A and g3(Λ) = B

Proof. The goal is to find a lattice Λ such that g2(Λ) = A and g3(Λ) = B. We first
consider the case where AB ̸= 0. We compute the target j-invariant:

j = 1728
A3

A3 − 27B2

We use the fact that the j-function is a surjective mapping from the upper half-
plane H to C, so there exists some τ ∈ H such that j(τ) = j. Let Λτ = Zτ + Z be
the associated lattice. By the definition of the j-invariant, we have:

1728g2(τ)
3

g2(τ)3 − 27g3(τ)2
=

1728A3

A3 − 27B2

Algebraic manipulation of this equality yields the relation:(
B

g3(τ)

)2 (
g2(τ)

A

)3

= 1

We now seek a scaling factor α ∈ C× such that for the lattice Λ = αΛτ , the
invariants satisfy g2(Λ) = A and g3(Λ) = B. Recalling the scaling properties
g2(αΛ) = α−4g2(Λ) and g3(αΛ) = α−6g3(Λ), we define:

α =

√
Ag3(τ)

Bg2(τ)

Under this choice of α, the scaled invariants become:

g2(Λ) = α−4g2(τ) =

(
Bg2(τ)

Ag3(τ)

)2

g2(τ) = A

g3(Λ) = α−6g3(τ) =

(
Bg2(τ)

Ag3(τ)

)3

g3(τ) = B

For the cases where A = 0 or B = 0, the existence follows similarly. If A = 0,
then j(τ) = 0, which implies g2(τ) = 0; we then choose α to satisfy α−6g3(τ) = B.
If B = 0, then j(τ) = 1728, which implies g3(τ) = 0; we choose α such that
α−4g2(τ) = A. This completes the existence proof for the lattice Λ. □

The uniformization theorem is one of the most important results in the study of
elliptic curves. It establishes a correspondence between complex elliptic curves and
complex tori C/Λ, bridging algebra and analysis through the Weierstrass function
defined previously.
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4. Lattices and Sums of squares theorems

We now deviate from our previous discussion of elliptic functions to provide a
number-theoretic application of the study of lattices. For that, we state a problem
first solved by Joseph-Louis Lagrange in 1770.

Theorem 4 (Lagrange’s Four-Square Theorem). Every natural number p ∈ N can
be expressed as the sum of four integer squares:

p = a2 + b2 + c2 + d2

where a, b, c, d ∈ Z.

This is an example of a more general set of theorems which establish when numbers
can be written as a sum of any number n of squares of integers. The case n = 2 is
the well-known Fermat’s theorem on sums of two squares.

First, we start with a classical proof of this theorem using (Hurwitz) quaternions.

Proof. Hurwitz quaternions are defined as the set:

H =
{
a+ bi+ cj + dk : a, b, c, d ∈ Z or a, b, c, d ∈ Z+ 1

2

}
We first note that the norm of a quaternion q = a + bi + cj + dk is N(q) =
a2 + b2 + c2 + d2. The norm is multiplicative: N(q1q2) = N(q1)N(q2). It suffices
to prove the theorem for a prime p, by the Euler’s four-square identity:

(a21 + a22 + a23 + a24)(b
2
1 + b22 + b23 + b24) =

(a1b1 − a2b2 − a3b3 − a4b4)
2 + (a1b2 + a2b1 + a3b4 − a4b3)

2+

(a1b3 − a2b4 + a3b1 + a4b2)
2 + (a1b4 + a2b3 − a3b2 + a4b1)

2

The case p = 2 is trivial (2 = 12 + 12 + 02 + 02). For an odd prime p, we first
show there exist x, y ∈ Z such that x2 + y2 + 1 ≡ 0 (mod p). This follows from a
counting argument on the number of quadratic residues.

Consider the Hurwitz integer α = x+ yi+ 1j + 0k. Since N(α) = x2 + y2 + 1, we
have N(α) = kp for some k ∈ Z. In the ring H, p is not prime because it does not
divide α (as 1/p is not a Hurwitz integer), yet p divides N(α) = αᾱ.

Using the left-division algorithm in H, we find that the greatest common right
divisor of p and α, denoted π, must have norm N(π) = p. Since π ∈ H, we can write
π = a0+a1i+a2j+a3k. If the coordinates are integers, we are done. If they are half-
integers, we can multiply π by a unit ω = 1

2 (±1± i± j ± k) to obtain a quaternion
π′ = ωπ with integer coordinates such that N(π′) = N(ω)N(π) = 1 · p = p.
Therefore, p is a sum of four squares. □

Now, we provide another proof of theorem 4 using a result of Minkowski which
almost magically involves a lattice.

Definition 4.1. A set S ⊂ Rn is said to be centrally symmetric if for every x ∈ S,
the point −x is also in S.
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Theorem 5 (Minkowski’s Theorem). Let Λ ⊂ Rn be a lattice with determinant
det(Λ), and let S ⊂ Rn be a convex, centrally symmetric set. If

Vol(S) > 2n det(Λ),

then S contains at least one non-zero lattice point s ∈ Λ ∩ S \ {0}.

The absolute value of the determinant above is often called the covolume of the
lattice Λ.

Proof. As established in the previous proof, it suffices to prove the theorem for an
odd prime p. We begin by finding integers x, y such that:

x2 + y2 + 1 ≡ 0 (mod p)

Using these integers, we define a lattice Λ ⊂ Z4 consisting of all vectors (a, b, c, d) ∈
Z4 that satisfy the following linear congruences modulo p:

c ≡ xa+ yb (mod p) and d ≡ xb− ya (mod p)

The determinant (or volume of the fundamental domain) of this lattice is det(Λ) =
p2.

Now, consider a 4-dimensional open ball BR(0) centered at the origin with radius
R:

BR = {(a, b, c, d) ∈ R4 : a2 + b2 + c2 + d2 < R2}
The volume of a 4-dimensional ball is given by Vol(BR) =

1
2π

2R4. We choose the

radius R such that the volume is strictly greater than 24 det(Λ) = 16p2. Specifically,
let R2 = 2p. Then:

Vol(BR) =
1

2
π2(2p)2 = 2π2p2

Since 2π2 ≈ 19.7 > 16, the condition Vol(BR) > 16 det(Λ) is satisfied.

By Minkowski’s Theorem, there exists a non-zero lattice point (a, b, c, d) ∈ Λ∩BR.
For this point, the definition of the lattice implies:

a2 + b2 + c2 + d2 ≡ a2 + b2 + (xa+ yb)2 + (xb− ya)2 (mod p)

≡ a2 + b2 + (x2 + y2)(a2 + b2) ≡ (a2 + b2)(1 + x2 + y2) ≡ 0 (mod p)

Thus, the sum of squares N = a2+b2+c2+d2 is a multiple of p. However, because
the point lies inside the ball BR with R2 = 2p, we have:

0 < a2 + b2 + c2 + d2 < 2p

The only multiple of p in the interval (0, 2p) is p itself. Therefore, a2+b2+c2+d2 = p,
proving that p is a sum of four squares. □
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