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1. INTRODUCTION

The Einstein field equations (EFEs) are a set of non-linear coupled partial differential
equations (PDEs) that describe the fundamental relationship between matter, energy, and
the curvature of spacetime. In empty space, the vacuum field equations are written in the
compact form

Ric,, = 0.
We model spacetime as a 4-dimensional manifold (M,g). We use bar notation to denote
tensors and connections associated with this ambient spacetime.

Studying the vacuum case allows us to examine the fundamental properties of curvature
without the mathematical complexities introduced by source terms. This framework paves
the way to the most significant exact solutions in general relativity, such as the Schwarzschild
and Kerr metrics, which describe spacetime surrounding black holes. Furthermore, results
like Birkhoff’s theorem state that geometry is strictly constrained by symmetry, offering
insights that serve as the foundation for non-vacuum cases.

Solving the EFEs requires an initial data set, but we cannot choose any geometry—physics
imposes strict requirements on how space must be shaped to remain consistent with gravity.
By defining the relationship between the intrinsic geometry of the manifold g and its extrinsic
curvature K, we are able to derive the Einstein constraint equations:

Ry + (tr, K)? — [ K2 =0
divy (K — (try K)g) =0
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In this paper, we first establish the differential geometric tools necessary to describe
hypersurfaces. We then derive the Gauss and Codazzi equations, which relate the geometry
of these submanifolds to their surrounding spacetime. Finally, we apply these results to
derive the Einstein constraint equations, which define the necessary conditions for a valid
initial data set (M, g) specified on a 3-dimensional spacelike slice.

Acknowledgments. This paper was completed as part of the Mathematics Directed Reading
Program at University of California, Berkeley. I thank my mentor Ning Tang for his guidance,
patience, and longstanding collaboration.

2. SPACETIME GEOMETRY

To describe spacetime as a dynamical object, we must first introduce differential geometry.
This section formalizes manifolds and their properties, building toward the curvature that
defines gravitational physics.

2.1. Manifolds. General relativity treats spacetime as a manifold (M,g)—a topological
space that locally resembles Euclidean space, seen in Figure 1. This construction allows
us to analyze complex and curved shapes using standard calculus techniques. We focus on
hypersurfaces: n-dimensional submanifolds embedded within (n+ 1)-dimensional manifolds.

Ra

F1GURE 1. The local decomposition of a manifold M. This mapping illustrates
how a neighborhood U locally resembles Euclidean space R™ [1].

To perform physics at a point p € M, we must define a tangent space T),(M), consisting
of the vectors tangent to all possible smooth lines passing through that point (Figure 2).
Because the manifold may be curved, we define vectors not as arrows but as directional
derivatives—operators that measure how a function changes along a path. This leads to a
natural basis for the tangent space:

{aﬁ}z{%,...%}

The geometry of M is governed by the metric tensor Guv-  Also known as the first
fundamental form, this symmetric (0, 2) tensor allows us to calculate distances and angles:

ds® = g, datdx”.

With the spacetime metric defined, we can now introduce a time-oriented spacelike hypersurface
(M, g): a 3-dimensional submanifold M embedded in (M, g) such that its unit normal vector
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FI1GURE 2. The tangent space T,(M) in the case dim M = 2. Physically,
T,(M) is the best linear approximation of M near p [2].

field n is everywhere timelike, satisfying
(n,n) = —1.

The unbarred metric g represents the intrinsic geometry induced on the hypersurface. Physically,
this means that any two distinct points on M are causally separated: no point can be reached
from another by traveling at or below the speed of light.

2.2. The Covariant Derivative. After defining the geometry of M, we seek a way to
measure the rate of change of vector fields across the manifold. In Euclidean space, the
partial derivative d, is sufficient; however, on a general manifold, the partial derivative of a
vector does not transform as a tensor. To correct for the coordinate-dependent tilting of the
manifold’s basis vectors, we introduce the covariant derivative V.

Let T and S be (k,[) tensor fields. We require this operator to satisfy the following
fundamental properties:

1. Linearity: V(T'+S) =VIT 4+ VS

2. Leibniz rule: V(I'® S) = (V)@ S+ T ® (VS)

To ensure the covariant derivative transforms as a tensor, we introduce the Christoffel
symbols I' to account for the error created by the curvature of spacetime. The covariant
derivative acts on vector field V¥ as follows:

V.V =09, VY + T, VA
Although many connections are mathematically possible, general relativity relies on the
unique Levi-Civita connection, characterized by two properties:
1. Torsion-free: I';, =T,

The connection is symmetric in its lower indices, so the geometry of the manifold
does not twist. This ensures that geometry behaves predictably under commutation of
directions (Figure 3).

2. Metric compatibility: V,g,, =0

The metric is constant under the derivative, ensuring that the lengths of vectors and
the angles between them are preserved during parallel transport. Physically, this means
our measurement scales are consistent across the manifold.
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F1GURE 3. When vector fields v and v are parallel transported along each
other, the presence of torsion T'(u,v) creates a displacement between the
endpoints. Therefore, torsion can be interpreted geometrically as as a failure
of parallelograms to close [3].

Together, these properties ensure that the geometry of a manifold is entirely determined
by its metric.

3. MANIFOLD CURVATURE

Having defined the unique covariant derivative V on M, we can quantify curvature.

3.1. Intrinsic Geometry. The intrinsic curvature of a hypersurface is captured by the

Riemann curvature. For vector fields X,Y, Z on M, the Riemann tensor Rfjk is defined as:

R(X,Y,Z) = VxVyZ - VyVxZ - VixyZ,

where the Lie bracket [X, Y] measures the non-commutativity of vector fields. This tensor
measures the change in a vector Z when it is transported around an infinitesimal loop defined
by X and Y. If the space is curved, Z will return to its origin tilted or rotated, and the
vector R(X,Y, Z) represents this error.

The Ricci tensor Ricjy, is a contraction of the Riemann tensor:

: N 574
Rlek; — RZ]k

By summing over ¢, we average out the directional error. Ricj; represents the volume
distortion of the manifold—it tells us how the thickness of space is growing or shrinking in
specific directions.

Finally, we contract the Ricci tensor with the metric g to obtain the Ricci scalar:

R = gij R,iCij

This gives a single number at every point in space. By contracting with the metric, we
remove all directional information to measure how bent the manifold is at a given point,
illustrated in a lower dimension in Figure 4.
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FIGURE 4. 2-dimensional representations of intrinsic curvature. From left to
right: negative, zero, and positive curvature [4].

3.2. Extrinsic Curvature. Working in the hypersurface case defines a unique local unit
normal field n orthogonal to the tangent space T, M at every point.

We can relate the Levi-Civita connection V of M to the connection V of M by splitting
our curvature into tangential and normal components:

VxY = (VxY)™ 4 (VYN = VY + K(X,Y)n. (3.1)
This expression defines the second fundamental form K(X,Y'), which characterizes the
extrinsic curvature (Figure 5). Since our normal field n is unique, K serves as a scalar-valued

map that measures how much the ambient connection V bends the tangent vectors out of
the manifold.

(x+dx,y+dy)
SURFACE

FOOT OF
PERPENDICULAR

TANGENT PLANE

FIGURE 5. An illustration of the second fundamental form. At a point (z,y)
on the M, we define a tangent space. As we move to a nearby point, the
displacement between the surface and the tangent plane measures the extrinsic
curvature. The second fundamental form K quantifies this deviation [5].

In the following derivations, we make use of the property that

(n,W)=0 (3.2)



6 LANEY K. SAYE

for any vector field W tangent to M. Furthermore, we recall that a connection V reduces
to the partial derivative on scalars. Specifically, for a scalar field f,

Vxf=X(f)=X"0,.f.

The relationship between the ambient curvature R and the intrinsic curvature R is then
formalized via the Gauss equation.

Theorem 3.1 (Gauss Equation). For vector fields X,Y, Z,W tangent to M,
(R(X,Y,Z),W) =(R(X,Y,Z),W) + (n,n)[K(X, WK (Y, Z) — K(X, Z)K(Y,W)].
Proof. We expand the Riemann curvature tensor by definition:
(R(X,Y,Z),W) = (VxVyZ, W) — (VyVxZ,W) = (Vixy)Z,W)
Using (3.1), we expand the first term of the curvature tensor:
VxVyZ =Vx(VyZ + K(Y, Z)n)
By linearity and the Leibniz rule:
VxVyZ =Vx(VyZ)+ X(K(Y,Z))n+ K(Y,Z)Vxn
Since W is tangent to M, we take the inner product with W and cancel orthogonal terms:
(VxVyZ W) = (Vx(VyZ), W)+ K, Z){Vxn, W)
To evaluate (Vxn, W), we differentiate the orthogonality condition from (3.2):
X{n,W) = (Vxn, W)+ (n,VxW) =0
This implies
(Vxn, W)= —(n,VxW) — (K(X,W)n,n) = —K(X,W){n,n).
Therefore, by symmetry,
(VxVyZ, W) = (VxVyZ, W) — (n,n)K(Y, Z)K (X, W)
(VyVxZ, W) = (VyVxZ,W)— (n,n)K(X,Z)K(Y,W)
For the Lie bracket term, we note that [X, Y] is tangent to the manifold, so
(Vixy)Z. W) = (VixyZ,W).
Combining terms and substituting the definition of the Riemann curvature tensor on M,
(RIX,Y)Z, W) = (R(X,Y)Z,W) — (n,n)[K(Y,Z)K(X,W) — K(X, Z)K(Y,W)],
our desired result. O

While the Gauss equation captures the tangential components of the ambient curvature,
the Codazzi equation describes the components of R normal to the hypersurface. This second
identity relates the derivative of the extrinsic curvature to the ambient space.

Before introducing the Codazzi equation, we define how the covariant derivative acts on
the extrinsic curvature K. By the Leibniz rule, we write

Vx(K(Y,2)) = (VxK)(Y, Z) + K(VxY,Z)+ K(Y,Vx2).
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By rearranging this expression, we can isolate (VxK)(Y, Z), which represents the rate of
change of the extrinsic curvature along the X direction. This definition ensures that VK is
a (0,3) tensor field.

Theorem 3.2 (Codazzi Equation). For vector fields X,Y, Z tangent to M,

<R(X7 Y, Z)7n> = <n’n>((vXK>(Yv Z) - (VYK)(X> Z))

We obtain the Codazzi equation by projecting the ambient Riemann tensor onto the
normal field n. Substituting (3.1) into the definition of R(X,Y, Z) yields:

(R(X,Y, Z),n) = (X(K(Y, Z)n—Y (K(X, 2))n+K(Y, Z)N xn—K (X, Z)Vyn—K([X, Y], Z)n,n)

Using the Leibniz rule and noting that Vxn is tangential, the only nonzero terms are the
directional derivatives of K and the normal components of the connection acting on the
tangent vectors. Identifying these terms as the covariant derivative of the second fundamental
form, we arrive at the desired result.

The Gauss and Codazzi equations provide a complete description of how the curvature of
the ambient manifold M decomposes along a hypersurface M. For future reference, these
identities can be expressed in index notation as follows:

Gauss Equation: Rjre = Rijre + (n,n) (KyKjr — K. Kjg)
Codazzi Equation: Rjji, = Kji,;i — Kipj

The semicolon (;) represents the covariant derivative, indicating that the extrinsic curvature
K is differentiated with respect to the coordinate associated with that index.

4. EINSTEIN CONSTRAINT EQUATIONS

The Einstein field equations do not constrain the full Riemann tensor described by the
Gauss and Codazzi equations, but rather its contractions: the Ricci tensor and the scalar
curvature. By taking appropriate traces and imposing the vacuum condition ﬁw =0,
these geometric relationships transform into the Einstein constraint equations.

To simplify the calculation of traces, we transition from a coordinate basis to an orthonormal
basis { F;}. While the inner product of coordinate basis vectors 9; yields the metric components
gi;, an orthonormal basis satisfies (E;, E;) = d;;. This choice flattens the metric locally into
the Kronecker delta, allowing us to perform simpler contractions.

Specifically, if { E;} is an orthonormal basis for the tangent space, then

Ric(Y, Z) = zn:<R(E,-, Y, Z),E).

i=1
4.1. The Hamiltonian Constraint. The first constraint governs the scalar curvature of
the manifold:

R(g) — || K| + (tr,K)? = 0.

This scalar identity, known as the Hamiltonian constraint, restricts the possible geometries
of a spacelike hypersurface based on how it is bent into the ambient spacetime.
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The Hamiltonian constraint is derived by taking the full trace of the Gauss equation over
an orthonormal frame {E;} for T,M. Summing the curvatures in tangential directions yields
the relationship:

n
Y (R(E;, Ej, E), Ei) = R(g) + (tr,K)* — | K||7.
ij=1
To relate this to the ambient vacuum, we decompose the ambient Ricci tensor. Under the
vacuum condition Ric = 0, the sum of ambient curvatures in tangential directions must
exactly cancel the curvature in the normal direction:
n n
Z <R(Ez> Ejv EJ')v E@) = m(na n) + Zm(Ejv Ej) =0.
ij=1 j=1
Substituting this vanishing ambient curvature into the traced Gauss equation, we recover
the Hamiltonian constraint, which restricts the intrinsic scalar curvature R(g) of the slice
based on the configuration of its extrinsic curvature K.

4.2. The Momentum Constraint. The second constraint arises from the Codazzi equation.
Unlike the Hamiltonian constraint, which is a scalar identity, the momentum constraint is a
vector identity obtained by taking a single contraction of the Codazzi equation. We present
a concise proof of this relationship.

Proof. We begin with the Codazzi equation for tangent vector fields X, Y, Z:

(R(X,Y, Z),n) = (VxE)(Y, Z) — (VyK)(X, Z).
To obtain the momentum constraint, we contract this identity over an orthonormal frame
{E;} for T,M. Summing the ambient curvature components yields the ambient Ricci tensor
evaluated on the normal and tangential directions:
i=1
Substituting the Codazzi identity, we have
Ric(X,n) = > (Ve K)(X, E) — (VxK)(E;, E;)].
i=1
The first term in the summation is the divergence of the extrinsic curvature div, K, while the
second term involves the gradient of its trace Vx(tr /). Imposing the vacuum condition
Ric = 0, the equation becomes:

(div, K)(X) — Vi (tr,K) = 0.

By linearity and the properties of the metric g, we can rewrite this expression with a single
divergence operator:

divy(K — (trgK)g) = 0.
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This vector identity ensures that the momentum of the gravitational field is conserved
across the initial data.

Ultimately, the Einstein constraint equations represent an intersection between geometry
and the laws of physics. While the full Einstein field equations govern the evolution of
spacetime, the Hamiltonian and momentum constraints reveal that we cannot choose any
arbitrary curvature for a three-dimensional slice of the universe; the intrinsic metric g and the
extrinsic curvature K must exist in a balance to be consistent with the laws of gravitation.

Current work on these topics is focused on localizing initial data. Recent developments
involve constructing asymptotically flat solutions that exist only within specific geometric
sectors, demonstrating that the Einstein constraints allow for more nuanced configurations
than previously understood [6].
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