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Setup

We are interested in a one dimensional function on R that has
periodic points, i.e., some value in the domain is mapped to itself
after n compositions, or iterations, of the function.

x0, x1, . . . , xn ∈ R : f (i)(x0) = xi , i ∈ {1, 2. . . . , n}, f (n+1)(x0) = x0.

x0 is a fixed point of f with prime period n+ 1. The orbit of x0
under f is {x1, x2, . . . , xn}.
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A Preliminary Theorem

Theorem

Let f : R → R be continuous. Suppose f has a periodic point of
prime period three. Then f has periodic points of all other prime
periods.

Lemmas:

1 If I , J are closed intervals such that I ⊂ J ⊂ f (I ), then f has a
fixed point, i.e., f (x) = x for some x ∈ I .

2 A0,A1, . . . ,An closed intervals s.t. Ai+1 ⊂ f (Ai ) for
0 ≤ i ≤ n − 1 =⇒ ∃Jn−1 ⊂ A0 : f

(n)(Jn−1) = An

3 We can find x ∈ A0 such that f (i)(x) ∈ Ai for each i .
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Proof of Lemma 1

Lemma

If I , J are closed intervals such that I ⊂ J, J ⊂ f (I ), then f has a
fixed point, i.e., f (x) = x for some x ∈ I .

Proof.

Let I = [a, b], J = [c, d ], such that c ≤ a ≤ b ≤ d . Then, since
J ⊂ f (I ), there exists ℓ ∈ [a, b] such that f (ℓ) = c ≤ ℓ and
k ∈ [a, b] such that f (k) = d ≥ k. WLOG, let ℓ ≤ k. Now,
consider f (x)− x on [ℓ, k] :

f (ℓ)− ℓ = c − ℓ < 0

f (k)− k = d − k > 0

Thus, by intermediate value theorem, there exists u ∈ [ℓ, k] where
f (u)− u = 0 =⇒ f (u) = u.
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Proof of 2 and 3

Lemma

A0,A1, . . . ,An closed intervals s.t. Ai+1 ⊂ f (Ai )
i ∈ {0, 1, . . . , n − 1}. Then ∃Jn−1 ⊂ A0 : f

(n)(Jn−1) = An.

Proof.

We have A1 ⊂ f (A0) so we can restrict to an interval J0 ⊂ A0 s.t.
f (J0) = A1. Similarly, A2 ⊂ f (A1) =⇒ ∃J1 ⊂ J0 : f

(2)(J1) = A2.
Iteratively, we get

Jn−1 ⊂ Jn−2 ⊂ · · · ⊂ J1 ⊂ J0 ⊂ A0 : f
(n)(Jn−1) = An

So ∃x ∈ Jn−1 ⊂ A0 : f
(i)(x) ∈ Ai by construction, particularly with

the interval Jn−1 such that f (n)(Jn−1) = An.
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Proof to the Preliminary Theorem

Theorem

Let f : R → R be continuous. Suppose f has a periodic point of
prime period three. Then f has periodic points of all other prime
periods.

Proof.

Let a, b, c ∈ R s.t. a < b < c. Let I0 = [a, b], I1 = [b, c]. Suppose,
WLOG, that f to map endpoints forward, i.e., f (a) = b, f (b) = c ,
f (c) = a. We have two observations:

1 I1 ⊂ f (I0)

2 I0 ∪ I1 ⊂ f (I1)

Thus, we have I1 ⊂ f (I1). Then, by Lemma 1, f has fixed point in
I1. Also, I0 ⊂ f (2)(I0), so again by Lemma 1, f (2) has a fixed point
in I0. We have shown the existence of periods n = 1 and n = 2.

6 / 14



References

Proof Continued

Consider n ≥ 3. Construct A0,A1, . . . ,An−2 ⊂ I1 inductively:

Set A0 = I1.
Since I1 ⊂ f (I1), ∃A1 ⊂ A0 s.t. f (A1) = A0 = I1.
Restrict further to A2 ⊂ A1 s.t. f (A2) = A1, f

(2)(A2) = A0.
An−2 ⊂ An−3 : f (An−2) = An−3 =⇒ f (n−2)(An−2) = A0 = I1

Then, since I0 ⊂ f (I1), exists a restriction An−1 of An−2 ⊂ I1 s.t.
f (n−1)(An−1) = I0. Since I1 ⊂ f (I0), we have that

An−1 ⊂ I1 ⊂ f (n)(An−1).

Then, by (1), this self-covering gives us a fixed point p in An−1.

The orbit has p, f (p), . . . , f (n−2)(p) ∈ I1 and f (n−1)(p) ∈ I0. So if
we return to I0 earlier, then we have f (i)(p) ∈ I0 for i < n− 1. But
that means f (i)(p) ∈ ∂I0, so that f (i)(p) = b which implies n = 2
or n = 3.
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Sharkovsky’s Ordering & Theorem

Theorem (Sharkovsky, 1964)

Consider the ordering of N+ :

3▷ 5▷ 7▷ 9▷ · · ·▷ 2 · 3▷ 2 · 5▷ . . . 22 · 3
▷22 · 5▷ · · ·▷ 23 ▷ 22 ▷ 2▷ 1

Suppose f : R → R continuous. Suppose f has a periodic point of
prime period k. If k ▷ l in the Sharkovsky ordering, then f also has
a periodic point of prime period l.

8 / 14



References

Proof Ideas

Notation

If f (I1) covers I2, i.e., I2 ⊂ f (I1), then write I1 → I2.

Goal: Construct intervals I1 → I2 → · · · → In → I1, then (1) gives
us a f.p. of f (n) in I1.
Cases:

n odd

n even

n = 2m, m ∈ N+

n = p · 2m,m ∈ N+, p odd
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Proof Ideas: n odd

Suppose f has f.p. x of period n > 1 odd and f has no periodic
points of odd period less than n. Let x1, x2, . . . , xn be the points of
the orbit of x ordered s.t. x1 < x2 < · · · < xn.

f permutes the xi , and by the ordering, we have f (xn) < xn.

Let i be the largest number s.t. f (xi ) > xi . (i ̸= n) and define
I1 := [xi , xi+1]. Due to choice of i , f (xi+1) < xi+1, and so
f (xi+1) ≤ xi . Then I1 → I1 from the setup of (1).

We cannot have f (xi ) = xi+1, f (xi+1) = xi since n is odd.
Then some [xj , xj+1] ⊂ f (I1). Let O2 =

⋃
j∈N[xj , xj+1] such

that f (I1) covers each interval in O2.

Since I1 ⊂ O2, choose I2 = [xj , xj+1] ⊂ O2. Then I1 → I2.

Inductively build Oj s.t. Ij ⊂ Oj has I1 → I2 → · · · → Ij . Only
finitely many xi , so Oℓ+1 = Oℓ for some ℓ.
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Proof Ideas: n odd

Consider the smallest possible nontrivial (self-covering) chain of
intervals, I1 → I2 → . . . → Ik → I1.

Suppose k > n − 1. Only have at most n − 1 intervals =⇒
k > n − 1 has wasted steps; supposed that this is the smallest
possible nontrivial chain. ⇒⇐.

Suppose k < n − 1.

Suppose k odd. ⇒⇐ f has no periodic points of odd period
less than n.
Suppose k even. Since I1 → I1, consider the original chain
extended via this self cover, I1 → I2 → . . . → Ik → I1 → I1.
Then, f (k+1)(x) = x for some x ∈ I1 by (1). Thus, have
nontrivial periodic point of prime order k + 1 < n, where k
even so k + 1 odd. ⇒⇐.

Thus, k = n − 1.
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Proof Ideas: n odd

Since our smallest nontrivial chain is I1 → I2 → · · · → In−1 → I1, if
a chain has length k

k > n: I1 → · · · → In−1 → I1 → · · · → I1.
k < n and k even:

Period 2: In−1 → In−2 → In−1

Period 4: In−1 → In−4 → In−3 → In−2 → In−1

. . .

For n = 2m and n = p · 2m, p odd, considerations of g = f 2
m

reduce those cases to the n odd case. Thus, in all cases, by (1),
there is a periodic point with prime period k.

Figure: [1], p. 79
Figure: [1], p. 79 12 / 14
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Period 3 Implies Chaos (on R)

Li & Yorke (1975), [2]:

The existence of a periodic point with period 3 implies the
existence of ”an uncountable subset of points x in [the
domain of f ] which are not even ’asymptotically periodic.’”

A different topology counterexample:

Consider the 1D circle and f that shifts forward 2π
3 .

All points have prime period 3; no period 2 existence as given
by Sharkovsky.
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