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Basic Definitions

Definitions

An algebraic extension E/F is Galois if it is normal and separable

We call the group of automorphisms of a Galois extension E/F its
Galois group, denoted Gal(E/F ). It’s important to note that
homomorphisms of E/F fix all elements of F .
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The Galois Correspondence

Fundamental Theorem of Galois Theory

Let E be a Galois extension of F with Galois group G , and let EH denote
the set of α ∈ E fixed by H ≤ G . There is a one-to-one correspondence
between H ≤ G and the subextensions M of E/F , given by H 7→ EH , with
inverse M 7→ Gal(E/M).
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Corollaries

This correspondence has several nice properties which enable the
computation of Galois groups. We state the following without proof:

Correspondence Properties

H1 ⊇ H2 ⇐⇒ EH1 ⊆ EH2

(H1 : H2) = [EH2 : EH1 ]

H normal in G ⇐⇒ EH is Galois over F =⇒ Gal(EH/F ) ∼= G/H
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Worked Example

Examples (Adjoined square roots)

Let F = Q Let E = F [
√

2,
√

3]. What is G = Gal(E/F )?

Minimal polynomials are X 2 − 2 and X 2 − 3, both irreducible, each
degree 2. Since

√
2 and

√
3 are independent in Q, the power law says

this is a degree 2× 2 = 4 extension.

|G | = (G : 1) = [E : F ] = 4 by one of our corollaries. Then
G = Z/4Z or G = Z/2Z× Z/2Z.

We have two distinct degree 2 subextensions, so we must have two
distinct order 2 subgroups. Thus G = Z/2Z× Z/2Z.
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Motivation

Galois theory is very effective for describing extensions and computing
Galois groups.

But if we wish to characterize a whole family of extensions with a certain
property or to find the extensions corresponding to certain groups, the
Galois correspondence alone is insufficient.
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Intro to Kummer Theory

Kummer theory is the tool we need to fully characterize extensions
involving the adjunction of nth roots of base field elements.
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Intro to Kummer Theory

From here on, let F be a field containing a primitive nth root of unity ζn.
We state the following without proof:

A key isomorphism

Let E/F be a finite Galois extension with Galois group G , where G is
abelian of exponent n. Let B(E ) = F× ∩ E×n, and let µn be the group of
nth roots of unity. We have an isomorphism B(E )/F×n → Hom(G , µn),
given by a 7→ (σ 7→ σα

α ), where α ∈ E and αn = a. It follows that
[E : F ] = (B(E ) : F×n).

This gives us a useful correspondence:
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Kummer’s correspondence

Fundamental Theorem of Kummer Theory

The map E 7→ B(E ) defines a bijection between

finite abelian extensions of F of exponent n in closure Ω, and

subgroups of F× with finite index over F×n.

B corresponds to F [B1/n], the smallest subfield in Ω containing F and all
nth roots of B. [F [B1/n] : F ] = (B : F×n).

Proof: We show the correspondence is invertible
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Implications

What do we get out of this result?

Any B ≤ F× containing the nth powers with finite index uniquely
corresponds to an extension of F generated by the nth roots of B

All finite abelian extensions E/F of exponent n are formed by
adjoining nth roots of F

Has computational applications in the contexts of elliptic curves and
combinatorics
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Worked Example

Examples (Characterizing abelian extensions)

What are the finite abelian extensions of Q of exponent 2?

The theorem states that they’re indexed by the finite subgroups of
Q×/Q×2 (our first example corresponds to the subgroup (〈2, 3〉.
Every p/q has a unique representative ±p1, ..., pr , pi prime by the
FTA and because 1/a = a.

Then Q×/Q×2 is a direct sum of cyclic groups of order 2 indexed by
the primes and {−1, 1} to account for the ±.

The extension corresponding to 〈p1, ..., pr 〉 (and -1) is obtained by
adjoining

√
p1, ...,

√
pr (and i) to Q.
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