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Abstract

The central topic of this report is the moduli spaces in algebraic geometry. We discuss three
fundamental examples: Grassmannians, Hilbert schemes, and Quot schemes. The Grassmannian
represents families of locally free quotients of a fixed vector bundle; the Hilbert scheme represents
flat families of closed subschemes with fixed Hilbert polynomial; and the Quot scheme represents
flat families of quotients of a fixed coherent sheaf.
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1 Moduli problems and representability

A basic motivation for moduli theory is the following. Suppose we want to classify geometric objects
of some fixed type: subspaces of a vector space, closed subschemes of a projective scheme, coherent
sheaves with fixed numerical invariants, smooth curves of fixed genus, and so on. Once we want to
understand how such objects vary in algebraic families, we introduce moduli spaces naturally.
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Definition 1.1 (Moduli functor). Let S be a base scheme. A moduli functor over S is a con-
travariant functor

F : (Sch/S)op −→ Set.

For an S-scheme T , the set F (T ) should be interpreted as the set of families of the objects in
question parametrized by T , usually modulo an appropriate isomorphism relation. If g : T ′ → T is
a morphism of S-schemes, the induced map

F (T ) −→ F (T ′)

is usually given by pullback of families from T to T ′.

Thus the value F (Spec k) gives objects over the field k, while F (T ) for a general scheme T
remembers how those objects behave in families over T . This is the point of using functors rather
than merely sets.

Definition 1.2 (Representability). Let F : (Sch/S)op → Set be a functor. We say that F is
represented by an S-scheme M if there is a natural isomorphism

F (−) ∼= HomS(−,M).

Equivalently, for every S-scheme T , there is a functorial bijection

F (T ) ∼= HomS(T,M).

If such an M exists, we call M a fine moduli space for F .

Proposition 1.3 (Universal family). Suppose F is represented by an S-scheme M . Then there is
a distinguished element

ξuniv ∈ F (M)

corresponding to the identity morphism idM ∈ HomS(M,M). Moreover, for every S-scheme T and
every family ξ ∈ F (T ), there is a unique morphism f : T → M such that

ξ = f∗ξuniv.

Proof. This is a direct consequence of the natural bijection

F (T ) ∼= HomS(T,M).

Taking T = M , the identity morphism idM corresponds to a distinguished family ξuniv ∈ F (M).
If ξ ∈ F (T ), let f : T → M be the morphism corresponding to ξ. Naturality of the representing
isomorphism says exactly that ξ is obtained by pulling back ξuniv along f .

Remark 1.4. This universal property is often the most important part of a moduli space. The
points of M classify individual objects, but the morphisms T → M classify families over T . Thus
the geometry of M controls not only the set of objects, but also their variation in families.

2 The Grassmannian functor

The Grassmannian is a fundamental example of a representable moduli functor. Classically, Gr(r, n)
parametrizes r-dimensional quotient spaces of an n-dimensional vector space, or equivalently (n−r)-
dimensional subspaces. The functorial definition generalizes this to families over arbitrary schemes.
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2.1 The absolute Grassmannian

Let k be a field. Fix integers 0 ≤ r ≤ n. Define a functor

Gr(r, n) : (Sch/k)op → Set

by
Gr(r, n)(T ) =

{
O⊕n

T ↠ Q
∣∣ Q is locally free of rank r

}
/ ∼= .

Here two quotients
O⊕n

T ↠ Q, O⊕n
T ↠ Q′

are identified if there is an isomorphism Q ∼= Q′ commuting with the quotient maps.

Remark 2.1. One could instead parametrize rank n− r subbundles

S ↪→ O⊕n
T

such that the quotient is locally free. The quotient and subbundle descriptions are equivalent by
taking kernels:

0 → S → O⊕n
T → Q → 0.

The quotient convention is often better suited to projective geometry, because projective space
itself parametrizes rank-one quotients.

Theorem 2.2 (Representability of the Grassmannian). The functor Gr(r, n) is represented by a
smooth projective k-scheme Gr(r, n). It carries a universal quotient sequence

0 −→ Suniv −→ O⊕n
Gr(r,n) −→ Quniv −→ 0,

where Quniv is locally free of rank r. For every k-scheme T , quotients

O⊕n
T ↠ Q

with Q locally free of rank r correspond bijectively to morphisms

T → Gr(r, n),

by pulling back the universal quotient.

2.2 Construction by affine charts

We sketch the standard construction. A quotient kn ↠ Q with dimk Q = r may be represented by
an r × n matrix of rank r, modulo left multiplication by GLr. If some r × r minor is invertible,
then after applying a unique change of basis on the target, the matrix can be put into normalized
form

(
Ir A

)
, where A is an r × (n− r) matrix. This gives an affine chart isomorphic to Ar(n−r).

More generally, for each subset I ⊂ {1, . . . , n} of size r, there is an open chart UI ⊂ Gr(r, n)
where the minor indexed by I is invertible. These charts are affine spaces, and the transition maps
are induced by matrix inversion. Gluing these charts gives the Grassmannian.
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2.3 The Pluecker embedding

Given a quotient
O⊕n

T ↠ Q

with Q locally free of rank r, taking top exterior powers gives a line-bundle quotient

r∧
O⊕n

T ↠ det(Q).

Since
r∧
O⊕n

T
∼= O⊕(nr)

T ,

this determines a morphism

T → P(
n
r)−1.

Functorially, this gives the Pluecker embedding

Gr(r, n) ↪→ P

(
r∧
kn

)
.

Its image is cut out by the Pluecker relations. Thus Gr(r, n) is projective.

Example 2.3. When r = 1, Gr(1, n) parametrizes rank-one quotients of kn, hence

Gr(1, n) ∼= Pn−1.

Thus projective space is the first Grassmannian.

2.4 Relative Grassmannians

The functorial viewpoint makes the relative version immediate.

Definition 2.4 (Relative Grassmannian functor). Let S be a scheme and let E be a locally free
sheaf of rank n on S. Define

GrS(r, E) : (Sch/S)op → Set

by
GrS(r, E)(T ) = {f∗E ↠ Q | Q is locally free of rank r on T} / ∼=,

where f : T → S is the structure morphism.

Theorem 2.5 (Relative representability). The functor GrS(r, E) is represented by an S-scheme

GrS(r, E) → S.

It is smooth and projective over S. It carries a universal quotient

π∗E ↠ Quniv,

where π : GrS(r, E) → S is the structure morphism.

Remark 2.6. The relative Grassmannian is obtained by gluing the ordinary Grassmannian con-
struction over open subsets of S on which E is trivial. Thus the Grassmannian is already a moduli
space of families: over each T → S, it classifies quotient vector bundles of f∗E .
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3 Flatness and Hilbert polynomials

Hilbert and Quot schemes parametrize families of schemes and sheaves. In these moduli problems,
flatness is the correct algebraic condition for a family to vary continuously.

Definition 3.1 (Flat family of closed subschemes). Let f : X → S be a morphism of schemes. A
family of closed subschemes of X over an S-scheme T is a closed subscheme

Z ↪→ XT := X ×S T.

It is called flat over T if the composite

Z ↪→ XT → T

is flat.

Let X be projective over a field k, equipped with a very ample line bundle OX(1). If F is a
coherent sheaf on X, its Hilbert function is

hF (m) = dimk H
0(X,F(m)).

For m ≫ 0, this agrees with a polynomial

PF (m) = χ(X,F(m)),

called the Hilbert polynomial of F .

Theorem 3.2 (Flatness and Hilbert polynomials). Let T be a connected scheme and let

p : XT → T

be a projective morphism with relatively very ample line bundle OXT
(1). If F is a coherent sheaf

on XT , flat over T , then the Hilbert polynomial of the fiber Ft is independent of t ∈ T .

Thus it is natural to define moduli functors by fixing a Hilbert polynomial. The Hilbert poly-
nomial plays the role of a discrete invariant, analogous to dimension or degree.

4 The Hilbert functor and Hilbert scheme

4.1 Definition of the Hilbert functor

Let f : X → S be a projective morphism, equipped with a relatively very ample line bundle OX(1).
Let P ∈ Q[m] be a numerical polynomial.

Definition 4.1 (Hilbert functor). The Hilbert functor with Hilbert polynomial P is the functor

HilbP
X/S : (Sch/S)op → Set

defined by

HilbP
X/S(T ) = {Z ↪→ XT | Z is closed, Z → T is flat, and each fiber has Hilbert polynomial P} .

Pullback is given by base change of closed subschemes.
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A T -point of this functor is not a point of X. It is a whole family of closed subschemes of X,
parametrized by T . Thus the Hilbert functor is a moduli problem for subschemes.

Theorem 4.2 (Grothendieck). Let X → S be projective, with S Noetherian. Then HilbP
X/S is

represented by a projective S-scheme
HilbPX/S .

There is a universal closed subscheme

Zuniv ↪→ X ×S HilbPX/S

such that every flat family Z ↪→ XT with Hilbert polynomial P is obtained uniquely as the pullback
of Zuniv along a morphism

T → HilbPX/S .

4.2 The universal property

The representing property says that for every S-scheme T ,

HomS(T,Hilb
P
X/S)

∼= {flat families Z ↪→ XT with Hilbert polynomial P} .

Under this bijection, a morphism T → HilbPX/S corresponds to the pullback diagram

Z Zuniv

T HilbPX/S .

This is the precise sense in which HilbPX/S is a moduli space.

4.3 Sketch of the construction

We explain the construction in the case X ⊂ Pn
k . The idea is that a closed subscheme Z ⊂ Pn

k with
Hilbert polynomial P is determined, for m ≫ 0, by the degree m part of its homogeneous ideal.

Let
Vm = H0(Pn

k ,OPn(m)).

For m ≫ 0, the restriction map
Vm −→ H0(Z,OZ(m))

is a quotient of vector spaces of dimension P (m). Thus Z determines a point of the Grassmannian

Gr(P (m), Vm).

For families over a scheme T , one obtains quotients

Vm ⊗k OT ↠ pT∗OZ(m),

where pT : Z → T .
However, not every quotient of Vm comes from a closed subscheme. The quotient must be

compatible with multiplication by homogeneous polynomials:

Vm ⊗H0(Pn,O(1)) −→ Vm+1.
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These compatibility conditions are closed conditions on the Grassmannian. Therefore the Hilbert
scheme is constructed as a closed subscheme of a suitable Grassmannian.

The technical argument here is Castelnuovo–Mumford regularity: for a fixed Hilbert polynomial
P , there exists a uniform m large enough so that all subschemes with Hilbert polynomial P are
controlled by their degree m data.

5 Hilbert schemes of points

Let X be a scheme over a field k. The Hilbert scheme of n points on X is the Hilbert scheme
corresponding to the constant polynomial P (m) = n:

X [n] := HilbnX .

It represents the functor

T 7−→ {Z ↪→ X × T | Z → T is finite flat of degree n} .

Equivalently, the fibers Zt are zero-dimensional closed subschemes of X of length n.

Example 5.1 (Reduced points). If x1, . . . , xn ∈ X are distinct closed points, then

Z = {x1, . . . , xn}

defines a point of X [n]. The corresponding structure sheaf is

OZ
∼= k(x1)⊕ · · · ⊕ k(xn),

and its length is n.

The Hilbert scheme is richer than the symmetric product

SymnX = Xn/Sn.

The symmetric product records unordered cycles of points, but the Hilbert scheme records scheme-
theoretic infinitesimal information when points collide.

Example 5.2 (Two points colliding on a smooth surface). Let X be a smooth surface and let
x ∈ X. A length-two subscheme supported at x may remember not only the point x, but also an
infinitesimal tangent direction at x. Locally, if X = A2 = Spec k[x, y], then examples of colength-
two ideals include

(x, y2), (x2, y), (x− y, y2).

These represent nonreduced subschemes concentrated at a single point. Geometrically, they should
be thought of as two points that have collided while retaining first-order directional information.

There is a natural morphism
π : X [n] → SymnX

called the Hilbert–Chow morphism. It sends a zero-dimensional subscheme Z to its associated
cycle:

π(Z) =
∑
x∈X

lengthOX,x
(OZ,x)[x].
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Theorem 5.3 (Fogarty). If X is a smooth surface over an algebraically closed field, then X [n] is
smooth of dimension 2n. Moreover, the Hilbert–Chow morphism

π : X [n] → SymnX

is a resolution of singularities.

Remark 5.4. This theorem is special to surfaces. For curves, the Hilbert scheme of points is
essentially the symmetric product:

X [n] ∼= SymnX.

For higher-dimensional varieties, Hilbert schemes of points are generally much more singular.

6 The Quot functor and Quot scheme

The Hilbert functor parametrizes quotients of OX . Grothendieck’s Quot functor generalizes this
by replacing OX with an arbitrary coherent sheaf.

6.1 Definition of the Quot functor

Let f : X → S be projective, equipped with a relatively very ample line bundle OX(1). Let E be a
coherent sheaf on X, and fix a Hilbert polynomial P .

Definition 6.1 (Quot functor). The Quot functor

QuotPE/X/S : (Sch/S)op → Set

is defined by

QuotPE/X/S(T ) = {q : ET ↠ F | F is coherent, flat over T, and has Hilbert polynomial P} / ∼= .

Here
ET = pr∗X E

onXT = X×ST , and two quotients are isomorphic if their target sheaves are isomorphic compatibly
with the quotient maps.

Thus the Quot functor parametrizes flat families of quotient sheaves of a fixed coherent sheaf.

Theorem 6.2 (Grothendieck). Let X → S be projective with S noetherian, and let E be a coherent
sheaf on X. Then the functor QuotPE/X/S is represented by a projective S-scheme

QuotPE/X/S .

There is a universal quotient
pr∗X E ↠ Uuniv

on
X ×S QuotPE/X/S

such that every flat family of quotients over T is obtained uniquely by pulling back this universal
quotient along a morphism

T → QuotPE/X/S .
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6.2 Quot generalizes both Grassmannians and Hilbert schemes

Proposition 6.3 (Grassmannian as Quot). Let X = S, and let E be a locally free sheaf of rank
n on S. Then the Quot functor parametrizing locally free rank r quotients of E is the relative
Grassmannian functor:

QuotrE/S/S
∼= GrS(r, E).

Proof. When X = S, a quotient of ET on T is simply a quotient

f∗E ↠ Q

on T . Requiring the quotient to be locally free of rank r gives exactly the relative Grassmannian
functor.

Proposition 6.4 (Hilbert scheme as Quot). For a projective morphism X → S, the Hilbert functor
is naturally identified with a Quot functor:

HilbP
X/S

∼= QuotPOX/X/S .

Proof. A closed subscheme Z ↪→ XT is equivalent to a quotient

OXT
↠ OZ ,

whose kernel is the ideal sheaf IZ . Flatness of Z → T is equivalent to flatness of OZ over T .
Therefore flat families of closed subschemes with Hilbert polynomial P are the same as flat quotients
of OX with Hilbert polynomial P .

Thus the Quot scheme is the most general of the three constructions:

Grassmannian ⊂ Quot scheme, Hilbert scheme ⊂ Quot scheme.

6.3 Sketch of the construction of the Quot scheme

The construction follows the same philosophy as the Hilbert scheme. Suppose first that S = Spec k
and X ⊂ Pn

k . Let
q : E ↠ F

be a quotient with Hilbert polynomial P . For m ≫ 0, Castelnuovo–Mumford regularity implies
that F(m) is globally generated and has no higher cohomology. Hence

dimk H
0(X,F(m)) = P (m).

The quotient q induces a quotient of vector spaces

H0(X, E(m)) ↠ H0(X,F(m)).

Thus q determines a point of a Grassmannian

Gr
(
P (m), H0(X, E(m))

)
.

The condition that such a quotient of global sections actually comes from a quotient sheaf of E , and
that the resulting quotient has the prescribed Hilbert polynomial, is expressed by closed conditions.
Therefore the Quot scheme is constructed as a closed subscheme of a suitable Grassmannian.

Again, the essential boundedness input is that one can choose a single m which works uniformly
for all quotients with Hilbert polynomial P .

9



References

[1] Dori Bejleri, Math 259x: Moduli Spaces in Algebraic Geometry, lecture notes, 2020.

[2] Hiraku Nakajima, Lectures on Hilbert Schemes of Points on Surfaces, University Lecture Series,
Vol. 18, American Mathematical Society, 1999.

10


	Moduli problems and representability
	The Grassmannian functor
	The absolute Grassmannian
	Construction by affine charts
	The Pluecker embedding
	Relative Grassmannians

	Flatness and Hilbert polynomials
	The Hilbert functor and Hilbert scheme
	Definition of the Hilbert functor
	The universal property
	Sketch of the construction

	Hilbert schemes of points
	The Quot functor and Quot scheme
	Definition of the Quot functor
	Quot generalizes both Grassmannians and Hilbert schemes
	Sketch of the construction of the Quot scheme


