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1 Profunctors and the Double Category of Categories

Definition 1.1. A profunctor P : A 4 B is a functor P : A’ x B — Set.

Since we want Hom(—, —) to be a profunctor, we let profunctors be contravariant in
the first variable.

Intuitively, think of profuctors as assigning “arrows” or “morphisms” from A — B,
similar to Hom. Alternatively, profunctors can be interpreted as a generalized notion of a
relation, where is relation between to sets X, Y is thought of as a subset of X x Y.

Like Hom, we want to think of morphisms b 5 ¥ e B as postcomposition on P(a,b),
and think of x € P(a,b) as an arrow = : a ~ b. Then f-x = P(1,, f)(z) € P(a,l), so
f-x :a~0b. Think of this as a "left action.” Similarly, we "precompose” contravariantly on
a € A, inducing a right action” on elements in the image of the profunctor. Given a % d/,
wewant f-(z-g) = (f-z)-g, the commuting of left and right actions. This is because they
are both equal to P(1, f) o P(¢°’,1) = P(¢°?, f) = P(¢°?,1) o P(1, f).

Similar to how relations can be thought of as or subsets, profunctors can also be thought
of as categories.

Definition 1.2. Let C' be any category with ¢, cs € C. Denote C(cq, c3) = Homg(cq, ¢2). The

X

collage (or cograph) of a profunctor P : A / B is the category P consisting of the following
data for all a; € A,b; € B :

* ob(P) = ob(A) Liob(B)
O ay,as) = (ay, as)

o P(by,by) = B(by, by)

« P
« P bi,a1) =0

In other words, a collage is category A and B “glued together”, such that the morphisms
between a € A and b € B is the set given by the profunctor. In this way, the profunctor
becomes like the Hom functor.



The data of a profunctor can be recovered entirely from the data of its collage: what
a profunctor does to the objects and morphisms is determined entirely by the morphisms
and compositions in the collage.

Example 1.1. A morphism P(1, f) for b ENyIE B is precisely represented by f € P(b,V),
and it acts on P(a,b) = P(a,b) by postcomposition since P is functorial.

Remark 1.1. The image of the profunctor can be thought of as the category of arrows from the
A-objects and B-objects in P, and morphisms are precompositions in A or postcompositions
in B.

Let 2 : « — e be the category with 2 objects and 1 nontrivial arrow between the objects.
The collage of a profunctor has a natural functor F : P — 2, mapping all A-objects to the
source object and all B-objects to the target object of 2. All morphisms between A and B
are mapped to the arrow In fact, the data/axioms of a profunctor is entirely encoded by
this one functor (and the category P itself).

Profunctors can be equivalently thought of as categories over 2, or categories C with
functors F¢ : C' — 2, or elements of the slice category Cat/2.

By using Cat/2, we can define morphisms of profunctors as a functor o : X — Y
satisfying Fy o a = F.

The functor to 2 induces a disjoint union X = AU B and Y = A’ U B’ in the obvious
way. Since Fy o a = F, this implies that vy : A - A’ and «|p : B — B’. Functor «
induces a natural transformation of the functors Homx (—, —) — Homy(—, —) o«

a: X(—,—) = Y(a|la(—),al(—))

sending x € X (a,b) to a(x) € Y(a(a), a(b)). This can be interpreted as a functor (X x X)) —
Arr(Set), and an easy check shows this to be functorial (by identifying objects with their
identity morphisms, and seeing that « preserves composition).

Thus, we have a natural transformation between profunctors (represented by pairs
(X, Fx) and (Y, Fy)): it maps pairs (a,b) € X x X to the function X (a,b) — Y (a(a), a(b))
in Set and satisfies naturality as before. A consequence of this definition is that the category
of profunctors is equivalent to the slice category Cat/2.

1.1 Composition of Profunctors

Definition 1.3. Define the composition of profunctors P : A / B and ) : B /4 C, denoted
P ® @, pointwise as such

(PRQ)(a,c)= > (P(a,b) x Q(b,c))/ ~
beob(B)

where ~ is the weakest equivalence relation such that (z,y) ~ (2',3/) if there is a morphisms
f:b—=Vsuchthat f-x=2"andy - f = y. In other words, the triangles commutes

a>b
¥ 4/ by

b —c
y/
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This produces a familiar commuting square from the definition of coends, where i, and
iy are inclusions into the equivalence class defined above, which is then included in the
larger (P ® Q)(a, ¢).

1,f°p

(2,9) L (2, y)

(1) diy
(@', y) —— (P® Q)(a,c)
Zb/
If we write elements (z,y) € (P ® Q)(a,c) instead as y ® x, then this relation can be
succinctly written as
y-fQr~yxf-x

Relate this to tensor products of (bi)modules and being able to commute actions across
the tensor. In fact, by categorifying rings and modules, we see that tensoring is exactly
profunctor composition.

Remark 1.2. More intuitively, think of the category 3 : (¢ — e — o) and have the natural
functor P — 2, by associating 2 with the left subcategory of 3 and ) — 2 by associating 2
with the right subcategory of 3. Then delete the middle object, to get a different copy of 2, and
define a profunctor from there.

This intuitively demonstrates how profunctors can compose. We will eventually see that
profunctors become loose morphisms in a double category.

Example 1.2. Aring R is a 1 object category enriched over Ab. That is, by denoting the single
object R, we have Hom(R, R) is an abelian group and composition is multiplicative.

Consider the category containing both R and S as subcategories, where R, S are each 1
object categories enriched over Ab. We have abelian group M = Hom(S, R) which represents
an (R, S) bimodule, since we can act on its elements by precomposition with Hom(S, S) (i.e.
right action) or postcomposition with Hom(R, R) (i.e. left action).

By considering the natural functor into 2 (enriched by Ab) by sending S to the source
object, R to the target object, and M to the arrow, we see that the collage constructed above
contains the data of a profunctor M : S x R — Ab, such that M = M(S,R). Thus
profunctors of rings correspond to modules.

Note that the target of these profunctors above is Ab instead of Set. We can define
composition more generally if the target is an abelian category with colimits. The next
section formalizes this generalization.



2 General Profunctors

For a more general construction of composition, we use the notion of a coend.

Definition 2.1. Let ' : A x A — B be a functor. The coend of F, denoted f“eA F(a,a)is
the object I with morphisms i, : F(a,a) — I such that the top left square commutes, and is
initial among all such objects as depicted in the commutative diagram.

F(b,a) 202

a
F(hnf)l l‘a
B

bb) —— I _

Ly <

ANGE !
N 7

In other words, a coend is a "universal pushout” (as a € A varies) of some F(f°?,1,) and
F(1y, f), for some a LbeA,.

Remark 2.1. We can construct a coend explicitly with colimits by taking all such F(f°,1,)
and F(1y, f), taking the pushout of each, then taking the coproduct of the pushouts.

Now we define profunctor composition in more generality.

Definition 2.2. Let (V,®) be a monoidal category. Then a V-profunctor P : A /» B between
V-enriched categories A, B is a functor P : A x B — V. Composition of V-profunctors is
defined pointwise as a coend

beB
(P®Q)(a,c):= / P(a,b) ® Q(b,c).

If V' is cocomplete (contains all colimits), then categories enriched over V with enriched func-
tors and V-profunctors form a double category V Cat.

Proposition 2.1. In the case of Set, the definitions of composition coincide up to unique
isomorphism.

Proof. The isomorphism follows from universal properties. The coend factors through the
composition because it must factor through the weakest equivalence relation, which is the
same condition as extranaturality. Then the composition must factor through the coend
because the coend is defined as a colimit, and the composition is an object of this category.
They are both colimits, and colimits are unique up to unique isomorphism.

More explicitly, suppose I is the object of the coend with maps i+b : P(a,b) x Q(b,c) —
I. We show there is a unique map

O (PeQ)(a,c) =1



commuting with inclusions P(a,b) x Q(b,c) — (P ® Q)(a, ¢). If ® does exist, it is forced to
map =z ® y — i(x,y), where = € P(a,b), y € Q(b,c). We need only check this correspon-
dence is well-defined. Recalling the construction of x ® y ~ 2’ ® /', we have

O(x,y) = ip(x,y) = iy («,y) = (a',y/)
thus we have constructed an explicit bijection. O

Example 2.1. Define Rng as the full subcategory of AbCat consisting only of the objects
corresponding to single object categories. Suppose R and S are two of these objects (rings).
Then the loose morphism X : R /4 S is an (S, R)-bimodule and composition is the tensor
product of bimodules.

Exercise 2.1. Show that the composition of profunctors obeys the usual Hom-Tensor adjunc-
tion.

3 Double Categories

We want a mathematical object which captures the nice properties of profunctors, while at
the same time containing Cat (locally small categories and functors). This motivates the
definition of a double category.

Definition 3.1. A (weak or pseudo) double category A consists of the following data:

1. A class of objects Ob(A).

2. A class of strict morphisms f : A — B which form a unital 1-category with the usual
notion of composition. Identities are denoted 1, : A — A.

3. A class of loose morphisms u : A / B between objects A, B, where composition with
v: B 4 C exists and is written as u @ v : A /4 C. There are loose identity morphisms
denoted e : A /A A.

4. A class of (2-)cells « for every tuple (u, f,g,v) = ugv of loose morphisms u, v and strict
morphisms f, g denoted

Al y
ud a v
B— B
9
or written « : (u, f,g,v), ora:u—vora: f 5 g

5. Cells with compatible boundaries can be composed "strictly” (by composition of strict
morphisms), written |8 : (u, f'f,¢'g,v). Identities of strict morphsms are written as
Ly : (u, 14,15, ).

WARNING: This notation is in diagrammatic order: «|f = o a.
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6. Cells with compatible boundaries can be composed "loosely” (by composition of loose
morphisms). We denote this composition as a ® § : (u @ v/, f, g,v ® V). Loose identity
cells are denoted ey : (ea, f, f,en).

7. These compositions satisfy the middle four interchange, i.e.

(@]8) ® (710) = (a ®@)|(6 © 0)
The composition of identities is the identity of the compositions. The identity cell of an
object A can be denoted (4 = 1., = e;,,. We also have
L,
T, = lusws  eglep = epog
Cells that are invertible are called isocells. Cells whose strict morphisms are identities
are called special. Cells whose loose morphisms are identites are called globular.

8. For all u : A /4 B there are special iso cells called unitors

Aot (ea®@u,1a,1p,u) py: (u®ep, 1, 1p,u)
At €ARQU U pyiuReyq —u

which are natural in the sense that for any cell « : (u, f, g,v), we have
(er @ )| Ay = Ml (a®eg)lpy = pul

In words, we can think of )\ as a natural transformation on the arrow category, from
A e® — — idieesearr, Satisfying the naturality condition on any a: v — v. e ® — is a
functor which maps cells o — e,y ® a and loose arrows u — €,(q) @ u.

Similarly, p : — ® e — idjpesearr 1S @ natural transformation, where — ® e is a functor
mapping cells o — a ® eyq) and loose arrows u — u @ ey(y).

9. For three composable loose arrows wu, v, w, there is a special isocell
Klu,v,w) :u® (v w) = (L) ®w

which is natural in the sense that any three vertically (loosely) composable cells o : u —
u, f:v—v, v w— w, we have

(@ ® (B @)k, v, w') = k(u,v,w)|((a ® f) @ 7).

In other words, k is a natural transformation from the functors k : (— ® (— ® —)) —
((— ® —) ® —) such that k is natural on all 3 components (where the object is only
nongero if the morphisms are composable, or we define the functor on the simplicial
object).



10. The associators and unitors obey two coherence axioms, namely the pentagon identity
and the triangle identity, completely analogous to monoidal categories.

rR(YR(2zt) —— (zy) R (20t) —— (zQY)R2)Rt

1w®nl Tm@;lt

z®((y®2)®1) . r (20 (y®2)) ot

K

»(T®ey)®yY

)
R:;ﬁkkﬂ k//ﬁg:/
TRY

In other words, loose morphism compositions are “almost associative” and “almost unital.”
The category of objects and strict morphisms is denoted A,, and the category of loose
morphisms and 2-cells with strict composition is denoted A.

rQ® (ey @y

Definition 3.2. A strict double category is a weak double category where the unitors e, and
associator r are the identites (thus associative).

Examples

Example 3.1. Set with functions as strict morphisms, spans as loose morphisms, and pullback
of spans as composition. Cells correspond to the commutative diagrams.

A%A’ A « S s B

4 o g Lo

BT\B" A+—8 —— B

Strict composition of cells is the usual composition, and loose composition of cells comes
from the universal property of pullback.

Loose identities are given by the span ex = X & x % X, and unitors are the map
X XxY>2Y>~Y xx X.

This construction works more generally on any category C with pullbacks.



Remark 3.1. In a way, this is the "most canonical” way to turn Set into a double category.
In terms of internal categories, we take Sety = Set and Set; to be the spans, which is a
category of sets equipped with two morphisms, which act the source and target maps s, t.
Then composition is the pullback of s, t, but since we identified s,t with the maps in the span,
this is the pullback on the span.

Example 3.2. A 2-category C determines a double category QC of quintets of C, whose hor-
izontal and vertical maps are the morphisms of C, and double cells are formed with 2-cells of
C

AL a

ul a Lo

B — B
g

where v :vo f — gowu: X — Y’ is a 2-morphism. The strict and loose compositions are the
usual composition of squares.

If C is an ordinary category viewed as a 2-category with trivial 2-cells, then QC is a (flat)
double category of commutative squares of C.

Example 3.3. A monoidal category (V, ®) can be realized as a double category on one formal
object V. The strict morphisms are only idy, and the loose morphisms are objects X € V, X :
V 4 V,and cells f : X — X' are morphisms of objects.

Like a group in category theory as a single object category with morphisms (isomorphisms)
representing the objects, this construction of a monoidal category associates the objects of the
monoidal category with loose morphisms, and morphisms between them are the cells which
obey the same axioms.

Moreover, within any double category, we can take the subcategory consisting of a single
object V, strict morphism idy, and loose endomorphisms to construct a monoidal category.

Finally, we have our main example.

Example 3.4. The double category Cat of categories, functors, and profunctors. Strict mor-
phisms are functors and loose morphisms are profunctors. A 2-cell o : (P, F, G, Q) is a natural
transformation of profunctors « : P(—, —) 4 Q(F(-),G(-))

AL B
P a3Q
¢ —D
G
We can identify F' = a|4 and G = «|p using the notation before.
Loose composition of 2-cells a: P /4 Q and 5 : P' -~ Q' is given by
a®@f:PRP AQeQ zy—alz)®pby)

This natural transformation is well-defined regardless of whether « or ( acts on the C %D
component because they give the same result by naturality.
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The identity for profuntor composition is Hom, : A’ x A — Set. To see this, suppose
P : B & Ais a profunctor, and observe that the equivalence relation on the composition
ensures that for an element in (P ® Homy)(b, a) we have

xR f=2xR1,-f=f-1r®1,,

so we have a natural bijection (P ® Homy)(b,a) ~ P(b,a) by x ® f — f - x. The same holds
for the other direction of composition, giving the definition for the unitors.

The associator is also a natural isomorphism, defined in the only obvious way. In the
case of tensor product, this isomorphism is defined by universal properties. In the case of
profunctors the composition is the weakest “coherent” bimap in the category of profunctors,
so any stronger “coherent” bimap must factor through it uniquely. Alternatively, we get our
universal property from the colimit definition of coends.

Remark 3.2. A strict double category is a category, where the internal category is Cat. Recall
the internal structure of a category

AO;Al ;Al XAOAIZAZ'

Note that there is more structure omitted, such as source and target arrows. If the internal
category is Cat, then all of the objects above (e.g. Ay, A1) are categories and all of the arrows
are functors. The axioms associated with categories and functors precisely gives the axioms of
a strict double category.

In more detail, composition of strict morphisms comes from the category structure of A,.
This must be associative. Strict composition of 2-cells comes from the categorical structure of
A4, since 2-cells are interpreted as morphisms on loose morphism (as objects). This also must
be associative. The arrow A, — A, maps objects to identity loose morphisms a — e, and
strict morphisms to identity cells f — e;. Since e is a functor, we have that e;., = e,|e, since
functors preserve composition. Since e is unital, we have that e;, = 1., the identity cell for a.

The source arrow Ay <~ A, sends loose morphisms to their source objects u + s(u) and 2-
cells to their top strict morphism « — t(«). It is easy to see that this map preserves composition
and identity, so s is a functor. The target as a functor is similar, u — t(u) and o — b(«), the
bottom strict morphism. These source and target functors characterize the structure of 2-cells
in double categories.

The object Ay x,, A, is the pullback of s and t, so it is the category whose objects are
pairs of composable loose morphisms and morphisms are pairs of loosely composable 2-cells.
The property of being composable is fixed by the definition of pullback, and it is as expected.

The map A, E A x Ao A1 is given by loose composition (which has weaker axioms in weak
double categories). The interchange identity directly follows from ® preserving composition.
For clarity, we use prefix notation.

(alf) ® (7]6) = (a ®)|(B ®9)
®((Boa),(d07))=a((B,0) 0 (7)) = ®(8,0) o (a,7)

Since ® is also unital, since identity morphisms in A, X, A, are given by pairs of com-
posable identity (special) cells, it follows that }—u = luse
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Remark 3.3. For general double categories, the natural isomorphism k : (— ® (— ® —)) —
((— ® —) ® —) can be defined as a quintet
Ay ©
CR R YR
AQ L Al
If strict, then xk = id.
As a consequence of being a natural transformation, we have
(@ ® (B @)k, v, w') = k(u,v,w)|((a @ f) @ 7).

Likewise, the unitor X is also a natural isomorphism. First, we have a functor A, /4 A,
given by precomposing (or postcomposing) with the corresponding identity loose morphism or
cell. Then the unitor X is given by the natural isomorphism ® o e — idy,. The other unitor p
uses composition on the other side. If strict, then p = A = id.

4 Co-Yoneda Lemma

Let C be a category and F' : C' — Set a functor. Define EL(F') to be the category whose
objects are given by pairs (¢, z) with ¢ € C, and » € F(c) and morphisms (c, z) ERN (c,y)
for ¢ & ¢ in C'if (F(f))(z) = y € F(C).

Lemma 4.1. Suppose F' : C°? — Set. Define the contravariant projection functor 7 :
EL(F) — C so that 7(c,x) = c and 7(f°) = f. Define the Yoneda embedding Y : C' —

Funct(C*?, Set) with the map of objects Y (¢) = Home(—, ¢) and morphisms are defined with

.. Y
postcomposition. Homeg(—, ¢) Y, Home(—, ) for ¢ ENP)

The colimit of the composition
EL(F) 5 C 5 Funct(C, Set)
is isomorphic to the functor F' € Funct(C, Set.

Proof. One can check that the universal properties of the colimit is the same as the coend
i “““ Home(—, ¢) x F(c), so it suffices to show

FFJ:/gO&mdﬁdxF@.

Consider the profunctor F’ : C? x C' — Set, where F' = Fom; and 7y : C? x C' — C is
the canonical projection.

Since we have (P ® Q)(a,c) := beB P(a,b) ® Q(b, c), by letting P = Hom and Q) = F",
we get

beCo
(Hom ® F')(a,c) = / Hom(a, b) x F'(b,c)

beCy
= / Hom(a,b) x F(b).
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Since Hom acts as the identity, we have an natural isomorphism by the unitor
(Hom ® F')(a,c) ~ F'(a,c) = F(a),

as desired.
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