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To those who seek meaning amid randomness.



Abstract

This report studies the numerical simulation of stochastic differential equations through the
example of geometric Brownian motion. Starting from the intuition of stock price movement,
we explain why deterministic differential equations are often insufficient for systems affected by
random shocks. We then introduce Brownian motion as the source of continuous-time random-
ness and study two numerical schemes for approximating stochastic differential equations: the
Euler-Maruyama scheme and the Milstein scheme. Since geometric Brownian motion has an
explicit solution, it provides a natural testing ground for comparing these two schemes. The
main goal of this report is not only to implement the schemes, but also to understand how their
numerical behavior differs when the same stochastic process is simulated under different time

steps and volatility levels.
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Notation

Symbol Meaning

t Time variable

Xy Exact solution of the stochastic differential equation at time ¢
Yy Numerical approximation to X3,

W, Standard Brownian motion

AW, Brownian increment Wy ., — Wy,

At Time step size, usually At =T/N

T Final simulation time

N Number of time steps

M Number of Monte Carlo simulations

a Drift parameter in geometric Brownian motion

r Volatility parameter in geometric Brownian motion
b(x) Drift coeflicient of a general SDE

o(x) Diffusion coefficient of a general SDE

In this report, the volatility parameter in geometric Brownian motion is denoted by r. This

avoids conflict with the diffusion coefficient function o(+), which is used in the general SDE notation.



1 Introduction and Motivation

The starting point of this report is a simple question from the stock market: how can we model the
movement of a stock price over time? A stock price is not completely random. Over a long period,
it may have a general upward or downward trend. At the same time, its short-run movement is
constantly affected by market news, investor behavior, liquidity, interest-rate expectations, and
many other shocks that cannot be fully predicted in advance. A realistic model should therefore
contain both a deterministic trend and a random fluctuation.

To see why randomness has to be added, it is helpful to first recall what a deterministic model
looks like. Let z(t) denote the value of a quantity at time ¢. For example, x(t) may represent an

idealized stock price at time t. A simple ordinary differential equation has the form

dx(t)
=b(z(t)).
"0 _ bty
Here dfd—(tt) is the instantaneous rate of change of x(t), and b(x(t)) is a function that tells us how

fast the quantity changes when its current value is z(¢). Once the initial value z(0) is given, this
equation determines one fixed path. In other words, the same initial condition always produces the
same future trajectory.

This deterministic picture is too simple for stock prices. Even if a stock has a positive average
growth trend, its actual path does not move smoothly along one predictable curve. It can rise
sharply after good news, fall suddenly after bad news, or fluctuate for reasons that are not fully
visible to the observer. Thus the model should include not only a predictable part, but also a
random part.

This motivates the use of stochastic differential equations. Instead of using a deterministic state
x(t), we write Xy for a random state at time t. The capital letter reminds us that X; is a random
variable: before the randomness is realized, its future value is uncertain. A general one-dimensional

stochastic differential equation can be written as
dX; = b(Xy)dt + o(Xy) dWy.
This equation has two components. The term
b(Xy) dt

is the deterministic drift. It describes the average direction in which the process tends to move

over a small time interval d¢. The term

o(X) dW,

is the random fluctuation. Here W; is Brownian motion, and dW; represents a small random
shock over the same short time interval. The function o(X;) controls the size of this random

shock. Therefore, an SDE describes a system whose movement has both a predictable trend and



an unpredictable disturbance.

The main model in this report is geometric Brownian motion:
dX¢ = aX; dt + r X dWy, Xo > 0.

In this equation, X; is the value of the process at time t. In the stock market interpretation, X,
represents the stock price. The constant a is the drift parameter, which controls the average growth
rate. The constant 7 is the volatility parameter, which controls the size of the random fluctuation.
The initial condition Xy > 0 means that the process starts from a positive value.

This model is especially natural for stock prices because both the drift and the random fluc-
tuation are proportional to the current value X;. In plain language, the model describes relative
change. If a stock price is around 100, then a 1% movement is about 1 dollar; if the price is around
10, then the same 1% movement is only about 0.10 dollars. Thus the absolute size of the movement
grows with the current price. This is one reason geometric Brownian motion is often used as a
model of random exponential growth [1, 2].

This example is also mathematically convenient because it has an exact solution. As derived

later using It6’s formula in Section 3.2, the solution is

1
X = Xopexp <(a — 2r2) t+ T'Wt) .

This formula says that the value of X; depends on the initial value Xy, the deterministic time ¢,
and the Brownian motion value W;. The correction term —%7“216 is a special feature of It6 calculus
and does not appear in the ordinary chain rule. For now, we simply note that this exact solution
will serve as an excellent benchmark for testing our numerical approximations.

At first, this may make numerical simulation seem unnecessary. If we already know the exact
solution, why should we approximate it? The reason is that geometric Brownian motion is not
chosen because it is difficult to solve. It is chosen because it is simple enough to have a known
answer, but still rich enough to show the main ideas behind stochastic simulation. In this report,
the exact solution serves as a benchmark. We can simulate the same process numerically and then
compare the numerical approximations with the true solution.

For most stochastic differential equations, such an explicit solution is not available. Even when
the equation is easy to write down, the interaction between drift, diffusion, and Brownian motion
can make a closed-form solution impossible to obtain. Numerical simulation then becomes one of
the main tools for studying the behavior of the process. A simulation cannot produce the exact
continuous-time path, but it can approximate the solution at many small time steps and help us
understand the distribution, typical behavior, and numerical error of the process [3, 4].

The basic computational idea is to replace continuous time by a finite time grid:

T
O=to<ti <---<tny=T, Atzﬁ.



Instead of trying to compute the entire continuous path, we construct approximations
Yo,Y1,..., YN

such that
Yn ~ th.

A recursive rule that produces these approximations is called a numerical scheme. In this sense, a
numerical scheme translates a continuous-time stochastic equation into a finite algorithm that can
be implemented on a computer.

This report focuses on two such schemes: the Euler-Maruyama scheme and the Milstein scheme.
Euler—-Maruyama is the most direct stochastic analogue of the ordinary Euler method. Milstein
keeps one additional stochastic correction term and is often more accurate in pathwise approxima-
tion under suitable smoothness assumptions. The central question of this report is therefore not

simply whether we can simulate geometric Brownian motion. Instead, the question is:
How do Euler—Maruyama and Milstein behave differently when they approrimate the same stochastic process?

This question is meaningful because the two schemes use the same Brownian increments but keep
different levels of stochastic correction.

This comparison is also personally interesting to me because it sits between mathematics and
computation. As a mathematics major with a computer science background, I am interested not
only in the theoretical form of a stochastic differential equation, but also in how it can actually be
simulated, tested, and visualized. Numerical schemes make this connection explicit: they translate
continuous-time stochastic calculus into finite algorithms that can be implemented in code. By
comparing Euler-Maruyama and Milstein on geometric Brownian motion, this report uses a math-
ematically tractable example to study a more general computational question: how does the choice
of numerical method affect the accuracy of stochastic simulation?

The rest of the report is organized as follows. Section 2 introduces Brownian motion through
the intuition of random walks and scaling limits. Section 3 develops It6’s formula and then derives
the Euler—-Maruyama and Milstein schemes, including the source of the Milstein correction term.
Section 4 compares the two schemes numerically on geometric Brownian motion, using both single-
path visualizations and Monte Carlo error estimates. Section 5 discusses how the same ideas extend
beyond geometric Brownian motion to more general stochastic differential equations and stochastic

modeling problems.



2 From Random Walk to Brownian Motion

In the previous section, Brownian motion appeared as the source of random fluctuation in a stochas-
tic differential equation. Before using Brownian motion in a numerical scheme, we need to under-
stand two things. First, Brownian motion can be viewed as a continuous-time limit of a rescaled
random walk. Second, by definition, its increments over time intervals are normally distributed.

This second fact is what makes Brownian motion possible to simulate on a finite time grid.

2.1 A Simple Random Walk

Imagine a particle moving on a line. At each step, it moves either one unit to the right or one unit
to the left, each with probability 1/2. Let

1,  with probability 1/2,
—1, with probability 1/2.

6 =

The random variables £1,&o, ... are assumed to be independent. This means that the result of one

step does not affect the result of another step. After n steps, the position of the particle is

Spn=&+&+ - +&n.

This process is called a simple random walk.

The expectation of one step is

=0.

N | —

Ele] =15+ (-1)-
So the walk has no preferred direction on average. Its variance is
Var(&) = E[67] — (E[G])* =1-0=1.
Since the steps are independent,
E[S,] =0, Var(S,,) = n.

This calculation contains an important idea. Although the walk takes n steps, its typical size is
not of order n. Since the variance is n, the standard deviation is y/n. Therefore, the typical size of

Sy is of order y/n. This square-root scaling is the first sign of Brownian motion.

2.2 Scaling the Random Walk

A random walk moves in discrete steps, but Brownian motion is a continuous-time process. To

pass from one to the other, we shrink both the time step and the space step.



For a large integer n, define

_ b
~Vn

Here |nt| means the largest integer less than or equal to nt. This definition means that by time

W Sy, t>0.

t, the walk has taken approximately nt steps, and the position has been scaled down by the factor

N

This scaling is natural because
Var(S| ) = [nt]| ~ nt.

Therefore,

1 1
Var <\/HSWJ> = gVar(SLmJ) ~ t.

Thus the scaled random walk has variance approximately equal to the time parameter ¢. This is
the same variance behavior that appears in standard Brownian motion.
The Central Limit Theorem explains why normal distributions appear at fixed time points.

Since S,, is the sum of many independent random steps,

Sn

vn

is approximately normally distributed when n is large. A stronger process-level result, often called
the invariance principle, says that the rescaled random walk converges in distribution to Brownian
motion. We will not prove that theorem here, but this scaling argument gives the basic intuition

behind Brownian motion.

2.3 Definition of Brownian Motion

A real-valued stochastic process {W; : ¢ > 0} is called a standard Brownian motion if it satisfies

the following properties:

(i) Wy = 0 almost surely.

(ii) For any 0 < s < ¢, the increment
Wy — Wi

is normally distributed with mean 0 and variance ¢ — s:

Wt*WSNN(O,t*S).

(iii) Brownian motion has independent increments. This means that if

0<ty <ty <+ < tg,



then
th - Wtoa WtQ - Wt17 ) Wtk - Wtk 1

are independent random variables.

(iv) The sample paths of W, are continuous in ¢.

Properties (ii) and (iii) are the most important for numerical simulation. Property (ii) says that
the change in Brownian motion over a time interval of length ¢ — s is a normal random variable with
variance t—s. Property (iii) ensures that increments over non-overlapping intervals are independent.
In particular, taking s = 0 gives

W ~ N(0,1).
Thus the variance of W, is t. In other words, as time increases, the distribution of W; becomes
more spread out.
2.4 Brownian Increments and Their Role in Simulation

Numerical simulation cannot generate the entire continuous path of Brownian motion. A computer

can only work with finitely many time points. Therefore, we choose a time grid

T
O=to<ti < ---<tny=T, At:N.

At each step, we simulate the Brownian increment

AWp =Wy oy — Wy

By the definition of Brownian motion,
AW, ~ N(0, At).
To generate this in code, we use a standard normal random variable
Zn ~ N(0,1)

and set
AW, = VAL Z,.

This works because multiplying a standard normal random variable by /At changes its variance
from 1 to At:
Var(VAt Z,) = (VAt)? Var(Z,) = At.

Thus
VAt Z, ~ N(0,At).

10



After generating the increments, the Brownian path on the grid is built recursively:
Wto =0, th+1 = th + AW,,.
This gives a discrete approximation of Brownian motion at the time points

to,t1,...,tN-

This is the key bridge from Brownian motion to SDE simulation. In the stochastic differential
equation
dXt = b(Xt) dt + O'(Xt) th,

the term dW; is not an ordinary derivative. Brownian paths are continuous but not differentiable
in the usual sense. Therefore, in numerical simulation we do not try to compute dW; directly.

Instead, over the interval [t,,t,+1], we replace the Brownian change by the increment

AW, =Wy, ., — Wy

n*

n—+1

At the same time, the deterministic time change is replaced by
At =tni1 —ty.

Once these two quantities are available, we can construct numerical schemes for SDEs. The next

section develops the Euler—-Maruyama and Milstein schemes from this idea.

11



3 Simulating Brownian Motion and Numerical Schemes

In Section 2, we explained how to simulate Brownian motion on a finite time grid. The key fact is

that given

B

O=to<ti < ---<tny=T, At =

we have

AW, =Wy, — Wi, ~ N(0, At).

n+1

This section explains how these Brownian increments are used to derive numerical schemes for
stochastic differential equations. We will study two important schemes: the Euler-Maruyama
scheme and the Milstein scheme.

The central question is:
Given an SDE, how can we compute an approzimate sample path on a computer?

A computer cannot store a continuous path. It can only store finitely many values. Therefore, the
goal is to construct numbers
Yo.Yi,..., YN

such that
Yn =~ th .

A recursive rule for computing Y, 1 from Y}, is called a numerical scheme.

3.1 From an SDE to an Integral Equation

Consider the one-dimensional SDE
dX; = b(Xt) dt+0’(Xt) dWy, Xo = xp.

Here b is the drift coefficient, and o is the diffusion coefficient. The differential notation is a compact

way of writing the integral equation

¢ ¢
X = Xo —I—/ b(Xs)ds ~|—/ o(Xs) dWs.
0 0

Here, the first integral is an ordinary time integral, while the second integral is a stochastic integral.

On a small interval [t,, t,+1], this becomes

tn+1 tn+1
Xty =th+/t b(Xs)der/t o(Xs) dWs.

12



Important note on stochastic integrals. The term dWW; is not an ordinary differential. Brow-

nian paths are continuous but not differentiable in the usual sense. Therefore,

[otxyaw.

must be interpreted as an It stochastic integral, not as an ordinary Riemann or Lebesgue integral.
The next subsection states the version of [t6’s formula that will be used both for the exact solution
of geometric Brownian motion and for the derivation of the Milstein correction term.

A numerical scheme comes from approximating the two integrals on the right-hand side.

3.2 It0’s Formula

In ordinary calculus, the chain rule says that if Y; = f(X}), then
dY; = f'(Xy) dX;.

For stochastic processes driven by Brownian motion, this ordinary chain rule is not sufficient.
The reason is that Brownian increments have size approximately v/At, so their squares have size
approximately At. Informally,

(dW;)? = dt.

Thus second-order Brownian terms cannot always be ignored.

The one-dimensional It6 formula can be stated as follows. Suppose
dXt = Ut dt + Vg th,

and let f € C?. Then .
df (Xy) = f(X3) d X + §f”(Xt)(dXt)2.

Using the multiplication rules
(dt)* =0,  dtdW; =0, (dW3)? = dt,

we have

(dXt)2 = (l/t th)Q = Vt2 dt.

Therefore Ito’s formula can also be written as
1
df(Xt) = <f’(Xt)ut + 2f”(Xt)l/t2> dt + f,(Xt)Ut th

This formula explains the correction term in the exact solution of geometric Brownian motion.
For
dX; = aXdt +r X, dW,

13



take
Then
Since

1t6’s formula gives

1
= <a — 2r2> dt + r dWy.
Integrating from 0 to ¢, we obtain
L,
log X; =log Xog+ | a — 57 t+rW;.
Exponentiating both sides gives
L 9
X = Xpexp a—§r t+rWe ).
This is the exact solution of geometric Brownian motion used as the benchmark in this report.

3.3 The Euler-Maruyama Scheme

The simplest approximation is to freeze the coefficients at the left endpoint ¢,,. Over a short interval,
we approximate
b(Xs) ~ b(Xy,)

and
o(Xs) = o(Xy,).
Then
tn+1
/ b(Xs)ds ~ b(Xy,)At
t’IL
and

tn+1
/ o (Xs) AW, ~ o(Xy, ) AW,
tn

This is valid because o(Xy, ) is treated as a constant over the short interval and can be multiplied

by the Brownian increment. Therefore,
th+1 =~ th + b(th)At + O'(th)AWn.

14



Replacing the exact value X;, by the numerical value Y;, gives the Euler-Maruyama scheme:
Y1 =Y, +b(Yo)At + o(Y,) AW, Yo = Xo.
This is the stochastic analogue of the ordinary Euler method. It says
new value = old value + drift contribution + random contribution.
The Brownian increment is generated by
AW, = VAt Z,,  Z,~ N(0,1).

Pseudocode for Euler—Maruyama.

Algorithm: Euler-Maruyama Scheme
Input: X0, T, N, b(.), sigma(.)

Output: Y[0], Y[1], ..., Y[N]
dt <- T/ N
Y[0] <- X0

For n = 0 to N-1:
Generate Z_n ~ N(0,1)
dW_n <- sqrt(dt) * Z_n
Y[n+1] <- Y[n] + b(Y[n])*dt + sigma(Y[n])*dW_n

Return Y

Thus the Euler—-Maruyama algorithm is broadly applicable but only uses a first-order approx-
imation of the diffusion coefficient. The Milstein scheme improves this by keeping one additional

stochastic correction term.

3.4 The Milstein Scheme

To see where the Milstein correction comes from, we look more carefully at the stochastic integral

tn+1
/ o(Xs) dWs.
tn

Euler-Maruyama approximates o(Xs) by the constant o(Xy,). Milstein improves this by keeping

one more term in the Taylor expansion of o(Xy) around Xt :

o(Xs) ~o(Xy,) + o' (X)) (Xs — Xy,)-

15



Local approximation of X; — X; . Within the small interval [t,,¢,+1], we can use the SDE

itself to approximate how X changes from X; . Integrating the SDE from ¢, to s gives
S S
Xs =Xy, +/ b(X,)dr +/ o(X;)dW-.
tn tn
For small intervals, this can be approximated by keeping only the leading-order terms:
XS - th ~ b(th)(S - tn) + O-(th)(Ws - th)

This is the same first-order freezing idea used in the Euler—-Maruyama scheme, now applied locally
inside the interval [t,, t;4+1].

Substituting this approximation into the Taylor expansion of o(Xj) gives
0(Xs) ~ 0(Xy,) + 0’ (Xp, )b(X, ) (s — tn) + 0" (X, )0 (Xe, ) (W — Wi, ).

Now integrate with respect to dWj:

tnt1 tn+1
/ (X, dW, ~ o(X,.) / dw,
tn tn
tn+1
o' (X, )b(X0,) / (5 — 1) dW,
tn
tn41
b o' (X )o(X0) / (W, — W, ) dWs.
tn
The first integral is simply

= AW,,.

n

tn41
/ AdWs =Wy, ., — Wy
tn
Now consider the second integral

tn+1
I, = / (s —tn) dWs.
tn

This term is not exactly zero. However, it has mean zero and is smaller than the terms kept in the

Milstein approximation. Since the integrand s — t,, is deterministic, the It6 integral has mean zero:
E[I,,] = 0.

Moreover, by the It6 isometry, for deterministic square-integrable f,

( / " (s) dWsﬂ -/ " f(s)ds.

E

16



Therefore,
(At)3
5

tn+1
E[I?] = / (5 —tp)*ds =
ln

Hence the root-mean-square size of I, is

172 (At)3/2

(el = B

Thus
I, = O((At)*/?)

in mean-square size. The retained Milstein correction term is of order A¢, while this dropped term
is of order (At)3/ 2. Therefore, the dropped term is genuinely smaller at this level of approximation,
and we ignore it in the Milstein scheme.

The third integral is different:

tn+1
/ (W, — W,,) dW,.
t’IL
It contributes a term of order At, so it must be kept in the Milstein scheme.

Computing the key integral using It6’s formula. Let
By =Wy —W,,.
On the interval [t,, tn+1], we have dBs = dWy. Let
f(w) =2

Then
flx) =2z,  f'(z)=2.

Using It6’s formula from Section 3.2,
U (B,) = (B) dBy + o f' (BB,
Since dBs; = dW, and (dW5)? = ds, we get
d(B?) = 2B, dW, + ds.

This shows that the stochastic second-order term (dW;)? = ds produces an extra ds term, which
does not appear in ordinary calculus.
Therefore,

2 1

1
BS dWs = Ed(BS) - 5(15

17



Integrating from t, to t,4+1 gives

tnt1 tn+1
/ (W, — Wi ) dW, = / B, dV,
tn tn

Since
By, =Wy, — W, =0,
and
Btn+1 th+1 th - AWW/’
we obtain

tn+1 1
/ (W = Wi, ) dW, = 5 ((AW,,)? — At).
tn
Therefore the stochastic integral is approximated by
tn41 1
/ o(Xe) AW, ~ 0 (X0, ) AW, + 20X, )o'(Xe,) ((AW,)? — &)
tn
The drift integral is still approximated by
tn+1
/ b(Xs)ds =~ b(Xy,)At.
ln
Combining these approximations gives
1
Xi, oy = Xy, +0(Xy, ) At + (X, ) AW, + 50(th)0’(th) (AW,,)? — At).
Replacing the exact value Xy, by the numerical value Y, gives the Milstein scheme:
1

Y1 = Yy + b(Yn) At + o (Y, AW, + §J(Yn)a'(Yn) (AW,)? — At).

3.5 Why the Milstein Correction Matters

The Milstein correction term is
%U(Yn)a’(yn) (AW,)? — AY).
This term is kept because Brownian increments have size
|AW,| ~ VAt

Therefore,
(AW,,)?

18



is typically of size At, not of size (At)2. This is the stochastic reason why a square of a Brownian
increment cannot automatically be ignored, unlike the deterministic case where (At)? is negligible.
The term
(AW,,)? — At

also has mean zero, since

E [(AW,)?] = At.

Thus
E [(AW,)* — At] = 0.

So the Milstein correction improves the pathwise approximation without simply adding an extra

deterministic drift term.

Pseudocode for Milstein.

Algorithm: Milstein Scheme
Input: X0, T, N, b(.), sigma(.), sigma_prime(.)

Output: Y[0], Y[1], ..., Y[N]
dt <- T/ N
Y[0] <- X0

For n = 0 to N-1:
Generate Z_n ~ N(0,1)
dW_n <- sqrt(dt) * Z_n
correction <- 0.5 * sigma(Y[n]) * sigma_prime(Y[n]) * (dW_n"2 - dt)
Y[n+1] <- Y[n] + b(Y[n])*dt + sigma(Y[n])*dW_n + correction

Return Y

3.6 Applying the Schemes to Geometric Brownian Motion

We will implement Euler—-Maruyama and Milstein on the stochastic process whose solution is called

geometric Brownian motion:
dXt = (lXt dt + TXt th, XO > 0.

In the general notation
dXt = b(Xt) dt + O'(Xt) th,

we have

19



For Euler—-Maruyama, substituting these functions gives
Yo+1 =Y +aY, At + 1Y, AW,.

Equivalently,
Yot1 = Yo (1L + aAt +rAW,).

For Milstein, we also need

o(x)=r.

Therefore,
o(Yn)o' (Yp) =7rY, -1 = r2Y,,.

Substituting into the Milstein scheme gives
1
Yn+1 = Yn + aYnAt + TYnAWn + §T2Yn ((AWn)2 — At) .

Equivalently,
1
Y1 = Yo |1+ alt + 7AW, + or® (AW,)* = At |

These two formulas are the main computational objects of the numerical experiment in Section
4. They use the same time grid and the same Brownian increments. The difference is that Milstein

keeps the additional stochastic correction term derived above.

Comparison of the two schemes. Here “strong convergence” refers to pathwise approximation

error. A scheme has strong convergence order - if, for fixed terminal time T,
E[[Yn — Xr[] = O((A1)7).
This is different from weak convergence, which measures error in expectations:
E[f(Yn)] = E[f(X7)]| = O((A1)°).

In this report, the numerical comparison focuses on strong, pathwise error. The convergence or-

ders in the following table hold under standard regularity assumptions on the drift and diffusion

coefficients.
Feature Euler—-Maruyama Milstein
Required functions b(x), o(x) b(x), o(x), o'(x)
For GBM a, T a, r,and o'(z) =r
Strong convergence order 1/2 1
Update complexity Low Medium

20



3.7 Exact Solution as a Benchmark

Geometric Brownian motion has the exact solution

1
X = Xopexp <<a — 2r2) t+ T’Wt) .

This exact solution is important for numerical comparison. In many SDE problems, we do not
know the exact solution, so we cannot directly measure the numerical error. Here we can.

On the same time grid, the exact solution at ¢, is

1
Xi, = Xoexp <<a — 2r2> tn + rth> .

If the Euler-Maruyama approximation is denoted by Y, and the Milstein approximation is
denoted by Y,M, then both can be compared against the exact value Xj,,.

To make the comparison fair, both schemes should use the same Brownian increments
AWy, AW, ..., AWpN_1.

This ensures that the observed difference between Euler-Maruyama and Milstein comes from the

numerical scheme, not from using different random paths.

21



4 Numerical Comparison on GGeometric Brownian Motion

The previous section derived the Euler—-Maruyama and Milstein schemes for the general one-
dimensional SDE
dXt = b(Xt) dt + O‘(Xt) th

In this section, we apply both schemes to geometric Brownian motion:
dX; = aX; dt + r Xy dWy, Xo > 0.
The goal is to compare the two schemes numerically, using the exact solution as a benchmark.

1
Xt = XO exp <<(1 — 27‘2) t+ 'l"Wt) .

This formula allows us to evaluate the true value X;, at every grid point once a Brownian path

The exact solution is

has been simulated. Therefore, geometric Brownian motion is a useful test case: the model is

stochastic, but the numerical error can still be measured directly.

4.1 Experimental Setup

Throughout this section, the baseline parameters are

The volatility parameter r, the number of time steps N, and the number of Monte Carlo simulations

M vary depending on the experiment. The time step is always

For each time step, the Brownian increment is generated by
AW, = VAt Z,, Zn ~ N(0,1).
Using these increments, the Euler-Maruyama approximation is
VEN = vEM o ayEM At 4 1Y, EM AW,
The Milstein approximation is

1
VM =vM oYM AL+ rYM AW, + 57«21/,5‘4 (AW,)? — At).

Key implementation principle. As noted in Section 3.7, both schemes use the same Brownian

increments in each comparison. This keeps the numerical experiment fair and isolates the effect of

22



the scheme itself.

The main error measure is the absolute terminal error:
EM EM M M
er” = YN — X7, er =Yy — Xrl.

For Monte Carlo experiments with M independent paths, we compute the mean absolute terminal

€rrors
1 M
EM
M Z |YN,m - XT,m‘
m=1
and
1 M
M
M |YN,m _XT,m"
m=1

These quantities give a more stable measure of performance than a single path alone.

4.2 Multiple Sample Paths

Before comparing numerical errors, it is helpful to visualize the stochastic process itself. Figure 1
shows multiple simulated sample paths of geometric Brownian motion. Each path is generated
from a different Brownian motion, but all paths follow the same SDE and use the same parameter

values.

Multiple Sample Paths of Geometric Brownian Motion
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Figure 1: Multiple sample paths of geometric Brownian motion with the theoretical mean path.
Although all paths follow the same SDE, the realized trajectories can differ substantially because

of Brownian noise.
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The dashed curve in Figure 1 is the theoretical mean
E[X;] = Xoe™.

This follows from the exact solution. Since

1
X: = Xopexp ((a — 27"2> t+ rWt>

and W; ~ N(0,t), the moment generating function of a normal random variable gives
E [eTWt] = e3"t,
Therefore,
1
E[Xt] — Xoe(a—§7"2)tE [eTWz]
_ Xoe(aféﬂ)te%rzt _ Xoeat.

This mean path describes the average growth of the process, but individual sample paths can lie
far above or below it. This illustrates why stochastic simulation is useful: the solution of an SDE

is not one deterministic curve, but a family of possible random paths.

4.3 Single-Path Comparison

We next compare Euler—-Maruyama and Milstein on a single Brownian path. In this experiment,
both schemes use exactly the same Brownian increments. Figure 2 plots the exact solution, the

Euler—-Maruyama approximation, and the Milstein approximation on the same path.
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Single-Path Comparison for Geometric Brownian Motion
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Figure 2: Single-path comparison of the exact GBM solution, Euler-Maruyama approximation,
and Milstein approximation. Both numerical schemes follow the exact solution, but their errors are

easier to see in the pathwise error plot.

In Figure 2, the three curves are close to one another. This is a good sign: both schemes are
approximating the same exact solution. However, the absolute pathwise errors are easier to judge

when plotted directly. Figure 3 plots the absolute pathwise errors:
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Pathwise Error on a Single Brownian Path
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Figure 3: Absolute pathwise errors for Euler—-Maruyama and Milstein along one Brownian path
The Milstein error remains smaller for most of the simulated time interval.

Figure 3 makes the comparison clearer. Both schemes use the same time step and the same

Brownian increments, but Milstein generally stays closer to the exact solution. This is consistent
with the extra correction term in the Milstein scheme:

%ﬁyn ((AW,,)? — At).

This term accounts for part of the second-order stochastic effect that Euler-Maruyama ignores.
4.4 Error versus Time Step

A single path is useful for intuition, but it is not enough to evaluate a numerical scheme. The result
of one path may depend heavily on the particular Brownian realization. To obtain a more reliable

comparison, we run many simulations and average the terminal errors.
In this experiment, we use

r=06, M =1000,

and test several values of IV:

N = 25,50, 100, 200, 400, 800, 1600.

Since At = T'/N, increasing N means decreasing the time step. For each value of N, we compute
the mean absolute terminal error for both Euler-Maruyama and Milstein.
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Error versus Time Step

10-1 A —@— Euler-Maruyama
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" 1073 1072
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Figure 4: Mean absolute terminal error versus time step on a log-log scale. Euler-Maruyama is

compared with a reference order 1/2 line, while Milstein is compared with a reference order 1 line.

Figure 4 shows that both schemes become more accurate as At decreases. This is expected:
smaller time steps give a better approximation of the continuous-time SDE. However, the two
schemes improve at different rates.

The Euler-Maruyama curve follows the reference order 1/2 line, while the Milstein curve follows
the reference order 1 line more closely. In practical terms, this means that reducing the time step
improves Milstein more quickly than it improves Euler—-Maruyama. This agrees with the standard
convergence behavior discussed in numerical SDE theory: Euler-Maruyama has strong order 1/2,
while Milstein has strong order 1 under suitable smoothness assumptions [3, 4].

This convergence rate comparison is the central result of our numerical study. It validates the
theoretical prediction that Milstein benefits more from refining the time grid than Euler-Maruyama

does.

4.5 Effect of Volatility

The volatility parameter r controls the size of the Brownian fluctuation in geometric Brownian
motion:

dXt = CLXt dt + TXt th

When 7 is small, the random part of the process is relatively weak. When r is large, the Brownian
noise has a stronger effect. Since the main difference between Euler-Maruyama and Milstein is in

how they approximate stochastic fluctuation, it is natural to test how the errors change as r varies.
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In this experiment, we fix

N =200, M = 1000,

and compare the two schemes under

Mean absolute terminal error

r=0.2, 06, 1.0.

Error under Different Volatility Levels

10—1 .

1072 ~

I Euler-Maruyama
I Milstein
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0.2

6.54e-03

TTTTe-0T

3.96e-02

1.46e-02

8.67e-03

0.6 1.0
Volatility parameter r

Figure 5: Mean absolute terminal errors under different volatility levels. The horizontal axis shows

the volatility parameter r on a linear scale, while the vertical axis is logarithmic. The gap between

Euler—-Maruyama and Milstein becomes larger as volatility increases.

Figure 5 shows that the error increases as r becomes larger. This is natural because larger

volatility produces stronger random fluctuations, making the path harder to approximate accu-

rately.

The difference between the two schemes also becomes more visible at higher volatility. For

example, when r = 0.2, the errors are relatively close:

eEM =720 x 1073, e ~6.54 x 1073,

When r = 1.0, the Euler-Maruyama error is much larger:

M 2111 x 1078, e ~1.46 x 1072

This reveals an important practical insight: the Milstein correction becomes increasingly valu-
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able as the stochastic component grows stronger, since r controls the amplitude of the Brownian

fluctuations.

Volatility » Euler-Maruyama Error Milstein Error

0.2 7.20 x 1073 6.54 x 1073
0.6 3.96 x 1072 8.67 x 1073
1.0 1.11 x 1071 1.46 x 1072

4.6 Summary of the Numerical Comparison

The numerical experiments lead to a consistent conclusion: both Euler-Maruyama and Milstein ap-
proximate geometric Brownian motion, but Milstein gives a more accurate pathwise approximation
in this example.

The single-path experiment shows that the two numerical schemes follow the same exact GBM
path when driven by the same Brownian increments. The error plot then makes the difference vis-
ible: Milstein usually stays closer to the exact solution. As shown in Section 3.5, this improvement

comes from the additional correction term

%ﬂYn (AW,)? — At),

which captures part of the stochastic variation ignored by Euler—-Maruyama.

The Monte Carlo experiments show the same pattern more systematically. As the time step
At decreases, both methods improve, but Milstein improves faster. The volatility experiment also
shows that the gap between the two schemes becomes larger when r increases. This is natural
because r controls the strength of the Brownian fluctuation, so the Milstein correction becomes
more valuable when the stochastic component is stronger.

Overall, the comparison shows a tradeoff. Euler—-Maruyama is simpler and easier to implement,
since it only requires b, o, and Brownian increments. Milstein requires the derivative ¢’(z), but in

the GBM case this extra cost is small because
o(z) =rax, o(x)=r.

Thus, for geometric Brownian motion, Milstein is the better scheme when pathwise accuracy is
the main goal, while Euler—-Maruyama remains valuable for its simplicity and broader ease of
implementation.

4.7 Implementation Notes

All simulations in this section were generated using Python. The code was organized around five

main components.
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First, the Brownian motion simulator generates increments
AW, = VAtZ,, Zn ~ N(0,1),
and constructs the Brownian path by cumulative summation:

Wy = th + AW,,.

n+1

Second, the exact GBM function evaluates

1
X = Xpexp ((a — 27“2> t+ TWt>

Third, the Euler-Maruyama function applies the recursion

on the same grid.

VEN = YVEM 4+ aVEM AL + rY,EM AW,
Fourth, the Milstein function applies the recursion

1
VM =Y M+ oYM AL+ Yy AW, + 57«2YnM (AW,,)? — At).
Finally, the experiment functions generate the figures used in this section. Random seeds were
fixed so that the figures can be reproduced. The same Brownian increments were used whenever
Euler-Maruyama and Milstein were compared on the same path.

The complete Python code is included in Appendix A.
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5 Beyond Geometric Brownian Motion

The numerical experiments in Section 4 focused on geometric Brownian motion because it has an
exact solution. This made it possible to compare Euler-Maruyama and Milstein directly against
a known benchmark. However, the broader value of these schemes is not limited to geometric
Brownian motion. Their real importance is that they provide practical tools for studying stochastic
differential equations when exact solutions are not available.

5.1 General Stochastic Differential Equations

A general one-dimensional stochastic differential equation can be written as
dXt = b(Xt, t) dt + O'(Xt, t) th

Compared with the time-independent notation used earlier, we now allow the coefficients to depend
explicitly on time ¢. This covers a broader class of stochastic models.

Here X; is the state of the system at time ¢. The function b(Xy,t) is the drift coefficient, which
describes the average direction of movement. The function o (X4, t) is the diffusion coefficient, which
controls the size of the random fluctuation. The process W; is Brownian motion.

In geometric Brownian motion, these functions are especially simple:
b(z,t) = ax, o(x,t) =rx.

But in many models, the coefficients are nonlinear or time-dependent. For example, one may

encounter an SDE such as
dXt = (Oé - 5Xt) dt + YV Xt th,

where «, 3, are constants, or
dXt = Sil’l(Xt) dt + 6_Xt2 th

These equations are easy to write down, but they usually do not have simple closed-form solutions.
In such cases, a numerical scheme becomes necessary [2, 6].

The Euler—-Maruyama scheme extends directly to this more general setting:
Yit1 = Yo +0(Yy, th) At + o (Y, t,) AW,.
The meaning is the same as before. Over a short time interval, the drift is approximated by

b(Yn, tn)At,
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and the random fluctuation is approximated by
o (Yo, tn) AW,

Thus Euler—-Maruyama only requires that we can evaluate the functions b and o.

If o is differentiable with respect to the state variable, the Milstein scheme can also be used:
1
Yog1 =Y + (Yo, tn) At + 0(Yy, tn) AW, + §U(Yn7 tn)oz(Yn, tn) ((AWn)Z - At) ‘

Here o, denotes the partial derivative of o(x,t) with respect to the state variable x. Compared
with Euler—-Maruyama, Milstein requires more information about the diffusion coefficient, but it

can provide better pathwise accuracy when the assumptions are satisfied [4, 6].

5.2 What Changes When There Is No Exact Solution?

For geometric Brownian motion, the exact solution

1
X = Xopexp ((a — 27"2> t+ T’Wt>

allowed us to compute the error directly. For most SDEs, this is not possible. If the true value Xp
is unknown, then the terminal error

YN — X7

cannot be computed directly.
In this situation, one common strategy is to compare numerical solutions computed with dif-

ferent time step sizes. For example, one can compute approximations using

At At
Ata 5 T
2 4
and check whether the solutions stabilize as the time step becomes smaller. A very fine time-step
simulation may be used as a reference solution, even though it is still not the exact solution [4, 6].
Another strategy is to study statistical quantities rather than individual paths. For example,
one may estimate

Elf(X7)]
by Monte Carlo simulation. Here f is a function of the terminal state. If M independent paths are

simulated, then the expectation can be approximated by the sample average

1
17 2 fOVxm).
m=1
This is often the main goal in applications. In finance, for instance, an option price can be written

as an expected payoff. In risk management, one may want to estimate the probability of a large loss.
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In these problems, simulation gives approximate information about distributions, expectations, and

rare events [5, 6].

5.3 Examples of Extensions

The same numerical ideas can be applied in many directions. In each case, the basic structure is
similar: there is a state variable X;, a deterministic part that describes the average motion, and a

random part driven by Brownian motion.

Finance. In the stock market setting, X; may represent the price of an asset at time t. Geometric

Brownian motion is a basic model:
ClXt = CLXt dt + TXt th

Here a is the drift parameter and r is the volatility parameter. More complicated financial models
may allow the volatility to change over time, or may include several sources of randomness.

One important use of SDE simulation in finance is option pricing [5]. A European call option
gives the holder the right, but not the obligation, to buy the asset at a fixed strike price K at the
terminal time T'. Its payoff is

(X7 — K)".

Here

yt = max(y,0).

So
(X7 — K)" = max(Xt — K, 0).

This means that if the terminal stock price Xr is above the strike price K, the payoff is X7 — K
if Xp < K, the payoff is zero.
For this simple payoff, only the terminal value X7 matters. But some options depend on the

whole path. For example, an Asian option depends on the average asset price over the time interval
17 -
= Xydt— K| .
(7] x=x)

1 T
— X, dt
T/O t

is the time average of the asset price from time 0 to time 7. Therefore, to estimate this payoff, it

[0, T]. Its payoff may take the form

In this expression,

is not enough to know the final value X7. We need to simulate the entire path

Xy Xtyy oo, Xy

N
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This is exactly the type of situation where numerical SDE simulation becomes useful.

Another example is a barrier option. A barrier option may depend on whether the asset price
ever crosses a certain level B before time 1. Here B is called the barrier level. For example, one
may ask whether

max X; > B
0<t<T

or

min X; < B.
0<t<T

These conditions are path-dependent because they depend on the maximum or minimum of the

whole path, not just the final value. Numerical simulation gives a direct way to approximate such

path-dependent events [5].

Population dynamics. In biology or ecology, X; may represent the size of a population at time

t. A deterministic model may have the form

ax,

i = g(Xt).

Here g(X;) is the growth function. It describes how the population changes when its current size
is X;. For example, g(X;) could represent natural growth, limited resources, or competition.

A stochastic version of the model may be written as
dX; = g(Xy) dt + o(Xy) dW;.
The term g(X;) dt is the deterministic growth part. The term
o(Xy) dWy

represents random environmental shocks. The function o(X;) controls how strongly the randomness
affects the population. For example, a small population may be more sensitive to random shocks
than a large population, or the opposite may be true depending on the model.

Numerical simulation can then be used to estimate quantities such as the probability that the
population falls below a critical level. If L is a low population threshold, then one may want to
estimate

P(min Xt<L>.

0<t<T

This expression means the probability that the population becomes smaller than L at some time

before T'. Again, this event depends on the whole path, so simulation is a natural tool [2, 6].

Physics and engineering. In physics, X; may represent the position of a particle at time ¢t. A

particle moving in a fluid may be affected by both a deterministic force and random collisions with
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surrounding molecules. A simple SDE model may be written as
dXt = F(Xt) dt + O'th.

Here F'(X;) represents the deterministic force acting on the particle, and odW; represents random
noise. The constant o controls the strength of the random fluctuation.

In engineering, SDEs also appear in filtering problems. A filtering problem asks how to estimate
the true state of a system when both the system and the observations contain noise. For example,

X; may be the true position of an object, but the measured value may be
Zy = X + measurement noise.

Here Z; is the observed signal, while X; is the hidden true state. The goal is to estimate X; from
noisy observations. This type of problem shows that SDEs are not only used to simulate random

motion, but also to infer hidden information from noisy data [2, 6].

5.4 Limits of the Schemes

Although Euler-Maruyama and Milstein are useful methods, they also have limitations.

First, numerical schemes only approximate the true solution. A smaller time step usually
improves accuracy, but it also increases computational cost. If NV is large and many Monte Carlo
paths are needed, the simulation may become expensive.

Second, Milstein is not always as simple as it was for geometric Brownian motion. In the GBM
case,

o(x) =rz, o(x)=r,

so the correction term is easy to compute. For more complicated diffusion coefficients, computing
o'(xz) may be less convenient. In higher-dimensional SDEs, Milstein-type schemes may also involve
additional stochastic integrals, which are harder to simulate accurately [3, 4, 6].

Third, some SDEs have qualitative properties that a numerical scheme should preserve. For
example, if the true solution should remain positive, a poorly chosen numerical scheme may still
produce negative values for a large time step. This issue can occur in models with square-root
diffusion or other state constraints. Therefore, choosing a numerical method is not only about

convergence order; it is also about whether the method respects the structure of the original problem
[6].
5.5 Conclusion

The comparison between Euler—-Maruyama and Milstein on geometric Brownian motion shows a
general lesson. A numerical scheme is not just a way to produce a graph. It is a mathematical

approximation method with its own accuracy, assumptions, and computational cost.
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Euler—-Maruyama is simple and broadly applicable. It only requires the drift and diffusion
coefficients, and it gives a direct way to simulate many SDEs. Milstein adds a stochastic correction
term. When the diffusion coefficient is smooth and the correction is easy to compute, Milstein can
provide better pathwise accuracy, as the numerical experiments in Section 4 demonstrate.

Geometric Brownian motion served as a controlled testing ground because it has an exact
solution. But the same ideas extend to more general stochastic differential equations, where exact
solutions are usually unavailable. In that broader setting, numerical simulation becomes not merely
a computational convenience, but one of the main ways to understand the behavior of stochastic

systems.
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A Python Code

The figures in Section 4 were generated by the Python script gbm_scheme_comparison.py. The
code implements Brownian motion simulation, the exact solution of geometric Brownian motion,
the Euler-Maruyama scheme, the Milstein scheme, and the Monte Carlo experiments.

The complete code is in the accompanying file. The main numerical update rules implemented

in the script are:
VN =YY oy Y AL+ ey P AW,

and
VM =Y M+ oYM AL+ Yy AW, + %7«2YnM (AW,,)? — At).

The script has the following structure:
(1) simulate_brownian path: simulates Brownian increments and Brownian paths.
(2) gbm_exact: computes the exact GBM solution.
(3) euler maruyama_gbm: implements the Euler-Maruyama scheme.
(4) milstein gbm: implements the Milstein scheme.
(5) plot multiple gbm paths: generates multiple GBM sample paths.
(6) plot_single path comparison: compares exact, Euler-Maruyama, and Milstein paths.
(7) plot_convergence_error: compares errors under different time step sizes.

(8) plot_volatility_sensitivity: compares errors under different volatility levels.

All random seeds were fixed in the script so that the figures are reproducible.
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