Sacks’ Splitting Theorem through Finite Injury Priority
Method

Carson Humphreys

May 2026

Acknowledgements

I am incredibly grateful to my DRP mentor, Yvette Ren, for taking time out of every week
this semester to help me learn about a topic I wouldn’t have been able to otherwise.

1 Introduction

Computability theory began with the intuitive notion of a function being considered com-
putable if there existed an ‘algorithm’, or process, which could be followed to give an output
for each input into the function. Eventually, a mathematical model of computation was in-
vented by Alan Turing, called ‘Turing machines’, which was able to encode seemingly any
function which used an algorithm to compute its output.

Also in the 20th century came the Church-Turing Thesis, which states, in a non-
mathematical sense, that computable functions are exactly those which can be encoded by
some Turing Machine. With this formalized notion of computability, a more mathematical
approach to computability was able to be taken.

A generalization of the Turing machines, called oracle Turing machines, were invented
to determine which functions are computable relative to a specified set. Once sets were
encoded as functions themselves, a structure called ‘Turing degree’ was able to be created,
which ordered sets based on which other sets they could compute. As we’ll see, the structure
of which sets are computable relative to other ones is very interesting. Theorems regarding
this structure often use a proof method called the finite injury priority method, which will
be exemplified in this paper with the proof of Sacks’ Splitting Theorem.

2 Preliminaries

2.1 Turing Machines
2.1.1 Partial Recursive and Primitive Recursive Functions

The first model of what deemed a ‘computable function’ arose through what are called
partial recursive functions.

Definition 2.1. The partial recursive functions are the smallest subset of
partial functions N¥ — N that



1. Contains the constant functions z — n for each fixed n € N
2. Contains the successor function z — z + 1
3. Contains the projection functions (x1, ..., 2g) — ;

4. Ts closed under composition: if h : N¥ — N is partial recursive, and g1, ..., g5, are partial
recursive, then so is h(g1, ..., gk)

5. Is closed under primitive recursion: if g : N¥ — N and h : N¥ — N are partial recursive,
then so is the function f : N**1 — N defined by:

f(y T T )_ g(xla"ka) lfy:O
g Llyeeey - .
" h(y*l,f(y*17I1,...,Ik),$1,...,xk) lfy>0
6. Are closed under the minimization operator: if f : N* — N is partial recursive, then
so is the function g : N¥ — N where g(1,...,2%) is equal to the least y such that
f(y,z1,...,x) = 0 if such a y exists and for all y/ < y we have that f(y',x1,...,zx) is
defined. Otherwise, g(x1, .., zx) is undefined

Then, the recursive functions are taken to be the partial recursive functions N¥ — N
which are total. Recursive functions can intuitively be seen to be computable as there
are simple algorithms for computing constant functions, the successor function, projection
functions, composing functions, and performing primitive recursion and minimization.

2.1.2 Turing Machines + Church Turing Thesis

Later, a new model of computable functions arose in the 20th century with the concept of
‘Turing machines’, invented by mathematician Alan Turing, which provides a mathematical
model of computation. Given an input, usually imagined to be on a piece of tape, a Turing
machine manipulates the symbols written on the tape to produce an output. It can be
verified that Turing machines have each property required by the partial recursive functions,
and therefore every partial recursive function can be encoded by some Turing machine. This
robustness exhibited by Turing machines led to the following conclusion by Alan Turing and
Alonzo Church:

Thesis 2.2 (Church-Turing Thesis). The intuitive concept of a ‘computable function’ (or
partial computable function) aligns exactly with those functions (or partial functions) which
can be encoded by some Turing machine.

This statement cannot be taken as a theorem, as the concept of a ‘computable function’
is an intuitive notion and not mathematical. However, this thesis, if one believes it, allows
us to work with them in a mathematical sense, and thus from this point on we’ll used the
term ‘computable function’ to refer to a function which can be encoded by some Turing
machine.

An incredibly useful property of Turing machines is that, due to the fact that they are
finite objects, they can be listed out one-by-one in a computable manner. Thus, we will use
a fixed arbitrary enumeration of the Turing machines.

Definition 2.3. We will use the notation ®,. to refer to the partial computable function
encoded by the eth Turing machine in the fixed enumeration.



Thus, for every partial computable function f, there exists an e € N (in fact, multiple)
such that ®, = f.

Furthermore, in the same way in which an algorithm contains multiple steps which one
can follow, a Turing machine has multiple stages in its computation. If we so wish, we can
stop the computation early on a chosen stage to see what has been computed so far at said
stage.

Definition 2.4. For an input x € N, partial computable function ®., and number s € N,
. (x)[s] gives the output of the eth Turing Machine on input z if taken to halt at stage s
of the computation.

2.2 Computable and Computably Enumerable Sets
Recall the the characteristic function f4 : N — {0,1} of a set A is defined by

lifze A
falw) = {Oifz;A

We can use these to extend the notion of computability to sets:

Definition 2.5. A set A C N is computable iff its characteristic function is computable. If
®, = f4 for some e € N, we will use shorthand and say ®. = A.

While many sets are unfortunately not computable, there exists a class of non-computable
sets which still allow us a glimpse into their contents:

Definition 2.6. A set is computably enumerable (c.e) if it is the domain of a partial com-
putable function.

While this definition may seem out of the blue and unmotivated, we will see that it lends
us more information than we may initially believe.

Fix a computable bijection ¥ : N — [N]<* between the natural numbers and finite sets
of natural numbers. Then, a computable sequence of finite sets (Ag)sen is a computable
function f : N — N such that A, = ¥(f(n)) for each s € N. Thus, there is a function f
computing the sth element A, of the sequence for each s € N.

Definition 2.7. A computable enumeration of a set A C N is a computable sequence of
finite sets (Ag)sen such that

° AQ = (Z)
o (Ay)sen is increasing (Vs, As C Agiq)

e For all s, |[As+1 — As| <1, so at each stage s, at most one element is added to A,. If
x € Ay — As_1, we say that x is enumerated at stage s.

e U A, = A
Notation. If A has a computable enumeration, we will write A[n] for n € N to refer to the
nth element of the enumeration

This definition lends itself to a nice alternate characterization of computably enumerable
sets



Lemma 2.8. A set A is computably enumerable iff there is a computable enumeration of
A.

Thus, a nice way of thinking about c.e. sets is we can enumerate every element of the
set. Notice that for any arbitrary x € N, if x € A where A is c.e., then we can find this out
by enumerating every element of A until we see . However, if x ¢ A, then this enumeration
will run forever and we will never be sure in finite time whether or not x is in A or not. This
distinguishes c.e sets from computable sets, where we are able to tell in finite time whether
or not any element is in a computable set.

Something else worth noting:

Lemma 2.9. If a set A is c.e., then there exists a computable enumeration where exactly
one element is enumerated at each stage.

2.3 Relative Computability
2.3.1 Oracle Turing Machines

A generalization of Turing machines, called oracle Turing machines, allow us to answer the
question of which functions are computable 'relative to a certain set’. More specifically, an
oracle Turing machine is a Turing machine which has access to a set A (the oracle), and
during its computation can inquire about which numbers are elements of A. A nice property
of oracle Turing machines is that, similar to Turing machines, they can be enumerated.

Definition 2.10. We will use the notation ®2 to refer to the partial computable function
encoded by the eth Turing machine using A as its oracle. for a function f, if ®2 = f for
some e € N, then we say that f is computable relative to A.

Example 2.11. Any set is computable relative to itself: We can imagine a program that,

for each input z, inquires ‘is z € A?’, returning 1 if yes and 0 if no.

2.3.2 Use Principle

An important thing to note is that as Turing machines (and therefore oracle Turing ma-
chines) are finite, then if its program terminates, it must terminate at a finite step of the
calculation.

Lemma 2.12 (Use Principle). for any partial function ®2 with oracle A, if ®2(x) halts
for some x € N, then there exists some k € N such that ®2(z) = @?m{o’“"k}(x).

We can take advantage of this fact to see how much of our oracle A is necessary for a
certain computation

Definition 2.13. The use of a computation ®(z) is 1 + the maximum element of A used
in the computation. We will often denote this use as ¢ (x).

We can define this use analogously for a computation ®4(z)[s] which we halt at a stage

As we often only care about an upper bound for the use of a computation, we are able
to adopt some conventions on the use function



e ¢ is strictly increasing where defined, so ¢ () < ¢“(y) where < y and these
values are defined. We take the same convention on ¢*[s], so p?[s](z) < ©*[s](y)
when z < y

e for a fixed z, o (x)[s] < p?(z)[t] when s < t

2.3.3 Turing Reducibility

An important question in relative computability is which sets can be computed from one
another:

Definition 2.14. We say that a set A is Turing reducible from a set B (denoted A <p B)
if there exists an e € N such that ®Z = A. In other words, there is a function using B as
an oracle which computes A.

Notice that <7 has some structure: for example, it is reflexive and transitive. Thus, we
can use it to define an equivalence relation:

Definition 2.15. We say that A is Turing equivalent to B (A =r B) iff A <r B and
B <7 A. The equivalence classes of =7 are called Turing degrees.

Therefore, <7 forms a partial order on the set of Turing degrees. One may wonder
what other properties this partial ordering has: is it total? Is there a minimal or maximal
Turing degree? Does a set of Turing degrees have an upper bound? Some of these question
may be trivial to answer, while others may be more involved. One important tool used in
investigating the properties/structure of Turing degrees is the finite injury priority method.

2.3.4 Finite Injury Priority Method

The working question we’ll be using as an example is that of whether Turing degrees are
totally ordered. In fact, the answer to this question is no:

Theorem 2.16 (Friedberg-Muchnik Theorem). There exists c.e. sets A and B such that
AﬁTB cmdBﬁTA

To prove this theorem, it would suffice to find c.e. sets A, B such that

Ve e N,0A #£ B
Ve e N, 05 £ A

We are able to turn this into a collection requirements R,, that A and B must satisfy for
each n € N:

Roe: 2 #£ B

Roer1: PB £ A

It is fairly simple to find a way to satisfy each requirement individually. However,
often times satisfying one requirement will cause another requirement to become unsatisfied.
When this happens, we say that the requirement is injured. To fix this, we order each
requirement based on an assigned priority, and attempt to construct our sets in stages
such that a requirement can only be injured by ones with higher priority. If we are able
to do this, then for a requirement R;, once a stage is reached where all stronger priority



requirements are met, R; can never be injured. At this point, we can use a strategy for a
single requirement to satisfy R;, and inductively satisfy all requirements.

While we will not directly use the finite injury priority method to prove the Friedberg-
Muchnik theorem, it will be a corollary of the theorem in the next section.

3 Sacks’ Splitting Theorem

This result, proven by Gerald Sacks, uses the finite injury method in a counterintuitive
manner to prove a property which applies to a large class of sets.

Definition 3.1. We say that a set A has a c.e. splitting if there exists c.e. sets Ay, A; such
that AO (] A1 =A (meaning A() U A1 = A and AO N Al = @), A() ﬁT Al; and Al ﬁT Ao.

Theorem 3.2 (Sacks Splitting Theorem). Every non-computable c.e set has a c.e splitting.

Proof. Let A be a non-computable c.e set. We will construct Ag, A; in stages such that
UsA; s = A; by satisfying the following requirements for e € N, ¢ = 0, 1:

Rei: @i £ A

If these requirements are satisfied, then A £ A;. As A;_1 <t A; guarantees A <p A;, the
contrapositive of this says that if A €7 A;, then A;_; £r A;. Thus, these requirements
suffice.

As A is computably enumerable, we can assume without loss of generality an enumeration
where exactly one element enters A at each stage. From here on out we will denote the
unique element entering A at stage s by x,. This element x; enumerated at stage s must
enter exactly one of Ag or Ay to ensure that Ag LI A; = A.

We will define the length of agreement between A; and A at stage s by

I(e,i,5) = max{n | Vk < n(®2 (k)[s] = A(k)[s])}
This comes with the associated use function
u(e,i,s) = max{p (k)[s] | k < I(e,i,s)}

By the same convention as before, we will say that this use function is monotonically in-
creasing.

3.1 Single Requirement

To satisfy a single requirement R, ; we will, perhaps counterintuitively, attempt to preserve
the length of agreement between ®2¢[s] and A[s] for each stage s. Say w; is enumerated by
A at a stage t > s. If z; < u(e,i,s), then enumerate z; into A;_;. This way, the A; side of
the computation is 'frozen’, meaning Vk < l(e, i, s), ®2i (k) = v m(e’i’s)(k) = &1 (k)[s].

For the sake of contradiction, assume that limsup,(I(e,,s)) = co. Therefore, for all x,
there exist infinitely many stages s such that = < I(e,i,s). At each such stage, ®2(x) =
®Ai(z)[s] = A(w)[s], and A(x)[s] = A(x) (otherwise, we could find a later stage t such for
all stages r > t, A(k)[r] # A(k), and thus z £ (e, 4, r) for all r > t). Therefore, for any x we
could compute A(z) by finding a stage s such that z < I(e,4,s) and computing ®2¢(z)[s],
a contradiction as A is incomputable. Thus, limsup,(I(e,i,s)) < oo, therefore ®2 # A, as
desired. This method of preserving the length of agreement is called Sacks’ preservation
strategy.



3.2 Construction

Choose a bijection (,) : N x {0,1} — N, and say a requirement R.; has higher priority
than a requirement R i iff (e,i) < (¢/,7'). Set Ay[0] = A1[0] = @, and at stage s of
the construction, find the highest priority requirement R.; such that (e,i) < s and z,; <
u(e,7,s). If this exists, enumerate x4 into A;_; (if this happens, we say the requirement
Re,: acts at stage s). Otherwise, enumerate x, into Ay.

3.3 Verification

We will show by induction that each requirement R, ; eventually stops acting by some stage
(there exists a stage ¢ such that for all stages r > ¢, x,. > u(e,4,7)) and is met.

Say (without loss of generality) that (0,0) = 0. Therefore, Ro o has the highest priority
of any requirement, and thus for any stage ¢ such that x; < u(0,0,t), z; is enumerated
into Ay. Thus, by the prior argument, limsup,(1(0,0, s)) < oo, ensuring R, is met. This
also ensures that limsup,(u(0,0,s)) < oo, and thus as the use function is monotonically
increasing, there exists some stage t such that Vr > ¢, . > u(0,0,r), and thus by this stage
Ro,0 will never act again.

Now, say that for some requirement R. ;, all higher priority requirements are eventually
met and stop acting by some stage s > (e, ). Then, for any stage t > s, if z; < u(e,i,t),
then z; is enumerated into A;_;. Once again, this ensures that limsup,(I(e,,s)) < oo and
limsup, (u(e, 4, s)) < oo, ensuring that R.; is met and eventually stops acting. Therefore,
all requirements are eventually met, thus Ao LU A; = A and A; L1 A;_1, as desired. O
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