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Turan’s Theorem and Extremal Graph Theory
Directed Reading Program

1 Introduction

A central question in extremal graph theory is: given a fixed forbidden subgraph H, what is the maximum
number of edges a graph on n vertices can have without containing H? Denote ex(n, H) for this quantity.

One of the most fundamental results in this direction is Turdn’s theorem (1941), which answers this
question completely when H = K11, the complete graph on r + 1 vertices. The Turdn graph T(n,r) is
the complete r-partite graph on n vertices whose part sizes differ by at most 1. It is the unique K, 41-free

graph on n vertices with the most edges.

2 Statement and Proof
Theorem 1 (Turdn, 1941). Let G be a K,41-free graph on n vertices. Then

n2
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Moreover, equality holds if and only if G = T'(n,r).

Proof. Let G be a K,41-free graph on n vertices with the maximum number of edges.

Step 1: Non-adjacency is transitive. Suppose zy ¢ E(G) and yz ¢ E(G). We claim zz ¢ E(G).
Assume for contradiction that zz € E(G). Without loss of generality, d(y) > d(x); otherwise we can
replace y with a copy of x, which strictly increases |E(G)| while keeping the graph K,;i-free (the new
vertex has the same neighborhood as x, so any clique involving it could be rewritten using «x itself, meaning
no new K, is created). This contradicts maximality. By the same argument, d(y) > d(z).

Now replace both z and 2 with copies of y. The resulting graph G” satisfies
|E(G")| = |E(G)| — d(z) — d(z) + 1 +2d(y) = |E(G)| + 1,

which contradicts maximality. So, non-adjacency is transitive.
Step 2: (G is a complete multipartite graph.

Since non-adjacency is reflexive, symmetric, and (by Step 1) transitive, it is an equivalence relation on
V(G). Thus the vertices split into equivalence classes where two vertices are in the same class exactly
when they are not adjacent. Within each class there are no edges. Since G is edge-maximal, every pair of
vertices from different classes must be connected: if any such edge were missing, we could add it without
creating a K, 1, contradicting maximality. So G is a complete multipartite graph.

A complete k-partite graph contains a clique of size k by choosing one vertex from each part. Since G is
K, 1-free, it follows that G has at most r parts. We now show that, when n > r, it must in fact have
exactly r nonempty parts. Suppose instead that there are only & < r parts. Since n > r > k, the pigeonhole
principle implies that some part contains at least two vertices. Split this part into two nonempty parts
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and add all possible edges between them. The resulting graph is still complete multipartite with at most
r parts, so it is still K,41-free, but it now has strictly more edges, contradicting maximality. Therefore, G
must have exactly » nonempty parts.

Step 3: The parts are balanced. A lopsided partition wastes potential edges: moving a vertex from a
large part to a small one creates more new cross-edges than it removes. Formally, if two parts A, B satisfy

|A| > |B| + 2, then moving one vertex from A to B changes the edge count by
(1A =1) =B =1>0,

which contradicts maximality. So all parts differ in size by at most 1, meaning G = T'(n,r).

Step 4: Edge count. Write n = mr + ¢ with 0 < ¢ < r. Then T'(n,r) has ¢ parts of size m+1 and r — ¢
parts of size m, giving

pamo=(3)-a("5 ) -0 (G) = (1-1) % + 0w 0

3 Remarks and Context

Mantel’s theorem (1907) is the special case r = 2: a triangle-free graph on n vertices has at most n?/4
edges, achieved uniquely by the complete bipartite graph K, /2 rn/27- This was the first result of its kind
and is the historical starting point for Turan’s theorem.

The Turan density of a graph H is

Turén’s theorem gives m(K,11) = 1 —1/r. For graphs that are not complete, the Turdn density is generally
much harder to compute.

A broad generalization is the Erdés—Stone theorem (1946):

2

ex(n, H) = <1 — % +o(n?),

1)
X(H) =1
where x(H) is the chromatic number of H. This shows that the Turan density depends only on y(H): we
have m(H) = 1 — ﬁ for any H with x(H) > 3. The case x(H) = 2, i.e. bipartite H, is largely open

and remains one of the main problems in extremal combinatorics.

Turan’s theorem is both a complete answer to its own question and a natural starting point for this wider
area of research.

Further Reading

The proof presented here follows D. Conlon, Extremal Graph Theory 1 — Classical Results, lecture notes.



