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Brownian motion

Brownian motion started at x is a random process B(t) such that
+ B(0) =x
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Brownian motion

Brownian motion started at x is a random process B(t) such that
+ B(0) =x

* B(t) is continuous
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Brownian motion

Brownian motion started at x is a random process B(t) such that
* 8(0) =

* B(t) is continuous

* B(t) has i.i.d. increments (increments are independent events that follow a
normal/Gaussian distribution)
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Brownian motion
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Harmonic functions

Definition 2 (Mean value characterization)

Let U C R be open. A function f: U — R is harmonic at x € U if f(x) is the average
value of fon a circle/sphere in U centered at x.

|
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Harmonic functions

Definition 2 (Mean value characterization)

Let U C R be open. A function f: U — R is harmonic at x € U if f(x) is the average
value of fon a circle/sphere in U centered at x.

Equivalently,
1
10 = oo S0

[x=y|=r
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Martingales

Definition 3

A random process X(t) is a martingale if the future state of X, based on the past, is just
the current value X(t). That is, for current time t and future time s > ¢,

E[X(s) | past up to time t] = X(¢).
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Martingales

Definition 3

A random process X(t) is a martingale if the future state of X, based on the past, is just
the current value X(t). That is, for current time t and future time s > ¢,

E[X(s) | past up to time t] = X(¢).

Martingales model “fair games,” i.e. you're expected to do no better or worse than
you are right now.
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Harmonic functions and martingales

If B(t) is a Brownian motion and f is a harmonic function, then the random process
(fo B)(t) is a martingale. That s,

harmonic function o Brownian motion = fair game.
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Proof of Liouville’s theorem

Suppose fis harmonic everywhere on R¥ and bounded. Then, fis a constant function.
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Proof of Liouville’s theorem

Suppose fis harmonic everywhere on R¥ and bounded. Then, fis a constant function.

Proof. Let x,y € R be arbitrary. We want f(x) = f(y).
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Proof of Liouville’s theorem

Suppose fis harmonic everywhere on R¥ and bounded. Then, fis a constant function.

Proof. Let x,y € R be arbitrary. We want f(x) = f(y).

Draw the (affine) hyperplane H separating x from y symmetrically.
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Proof of Liouville’s theorem

Suppose fis harmonic everywhere on R¥ and bounded. Then, fis a constant function.

Proof. Let x,y € R be arbitrary. We want f(x) = f(y).
Draw the (affine) hyperplane H separating x from y symmetrically.

Let B,(t) be a Brownian motion started at x, and B, (t) the reflected Brownian motion
across H, started at y.
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Proof of Liouville’s theorem

Suppose fis harmonic everywhere on R¥ and bounded. Then, fis a constant function.

Proof. Let x,y € R¥ be arbitrary. We want f(x) = f(y).
Draw the (affine) hyperplane H separating x from y symmetrically.

Let B,(t) be a Brownian motion started at x, and B, (t) the reflected Brownian motion
across H, started at y.

Since f o Bis a martingale, E[(fo B,)(t)] = f(x) and E[(fo B,)(t)] = f(y).
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Consider only times t < 7 before Brownian motion hits the hyperplane H.
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Consider only times t < 7 before Brownian motion hits the hyperplane H.

() = )| = |E[(f o B) (D)1e<s] — E[(f 0 B)) (1) 1:<7]
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Consider only times t < 7 before Brownian motion hits the hyperplane H.

70 — 10| = [El(70 B (01<] — E[(f o 8,) (6)1c<-]
— ‘E[((fo B,)(t) — (fo By)(t))lzq}
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Consider only times t < 7 before Brownian motion hits the hyperplane H.

70 — 10| = [El(70 B (01<] — E[(f o 8,) (6)1c<-]
= [E[((ro 80 ~ (o 8)(0) 1]
= [l 800 ~ o 8)0)] - Bacer




Consider only times t < 7 before Brownian motion hits the hyperplane H.

fx) =)

E[(fo B.)(t)1,<r] — E[(fo B,)(t)1<~]
E[((708)(0) ~ (2 8)(0)1<r
(foB,)(t)]  Eter

~ (o 8,)(0) - Pie < 7}|

)
(
E[(fo 8,)(1)
E[(fo 8,)(1)




Consider only times t < 7 before Brownian motion hits the hyperplane H.

fx) =)

E[(fo B,)(t)1i<-] — E[(fo B)(t)1i</]
E[((Fo 8)(6) — (2 8,)(0) 1e<- |
E[(fo () — (fo 8,)(0)] - Etic

~ (o 8,)(0) - Pie < 7}|

0
0

E[(fo 8,)(

< 2MP{t < 7}




Consider only times t < 7 before Brownian motion hits the hyperplane H.

fx) =)

E[(fo B,)(t)1i<-] — E[(fo B)(t)1i</]
E[((Fo 8)(6) — (2 8,)(0) 1e<- |
E[(fo () — (fo 8,)(0)] - Etic

~ (o 8,)(0) - Pie < 7}|

0
0

E[(fo B)(
< 2MP{t < 7}
— 0ast— oo.




Consider only times t < 7 before Brownian motion hits the hyperplane H.

) — )] = [EL( o BI(01r] — El(Fo B)(0)2.c:]
= E[((fo B)(t) — (fo By)(t))11<‘r:|
~ [Efro 80 — (o)) - Erces

= [Elro8)(0) — (o 8,)(0)] - P{t < 7}
<2MP{t < 7}
— 0ast — oo.

Thus, we have [f(x) — f(y)| = 0, as desired! [J




Thank you!
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