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1 Introduction

This paper focuses on defining the starting point of higher-order category theory:
a quasi-category. A quasi-category is a categorical construction reliant on the
simplex cateogry and the simplicial object, which is used to define the horns,
finally defining the quasi category as a simplicial object where all inner horns
have fillers. At its basis, a quasi-category is an co-category, which is a category
containing 0-morphisms as objects, 1-morphisms as morphisms, 2-morphisms as
morphisms between morphisms, and so on. However, to physically define each
morphism requires us to track far too many axioms and compositions, since
we need to account for coherence between n-morphisms and between different
“levels”, that is, from n 4+ 1 to n-morphism. Hence, we define a simplicial set
with the unique inner horn property as a univeral property, allowing the entire
n-morphism constrcution to coherently work.

This paper will first recall the important defintions of a category, functor,
natural transformations, Yoneda Lemma, and colimits, finally ending on the
defintion of a quasi-category along with an example.

2 Categories, Functors, and Natural Transfor-
mations

Definition 2.1 (Category). A category C is a mathematical construction con-
tainng mathematical objects and maps between these objects. Hence, it has
two main components:

1. Objects, represented by ob(C).
2. Morphisms, the maps between objects, represented by mor(C).

The objects must have a corresponding identity morphism. Also, the composi-
tion of two morphisms must also be contained in mor(C),

f:X=>Y9:Y—>Z ~ gf:X—Zecmor(C) (2.1)

for X,Y,Z € ob(C) and f, g € mor(C).
Composition follows only 2 axioms, identity and associativity:



e For f: X =Y, fidy =idyf=f
e For composable morphisms h, f, and g; (hg)f = h(gf)

A simple example of a category is the cateogry of sets, denoted by Set, which
has sets as objects and functions as morphisms. Another example would be a
category of groups Grp, which contains groups as objects and group homomor-
phisms as morphisms. Refer to Riehl [1] for more generic examples. A more
specific category would be the simplex category, defined as follows:

Example 2.1. As defined by Riehl in [2], the category A contains finite, non-
empty ordinals [n] = 0< 1< -+ < n as objects and order-preserving maps as
morphisms. To verify the above axioms, observe that

e Every object [n] has the map idp,) : [n] — [n] (since the identity map
also preserves order) such that for any morphism f : [n] = [m], fid}, =

idpm) f = [

e The morphisms f : [n] = [m], g : [m] — [I], and h : [[] = [k], compose to
give (hgf) : [n] — [k]. Observe that h(g(f)) : (([n] = [m]) = [I]) — [k]
is equal to h(gf) : ([n] — [m] — [I]) — [k] which is the same as (hg)f :
[n] = ([m] — [I] — [k]), hence hgf = h(g(f)) = h(gf) = (hg)[.

Following the above idea, we should be able to define a a category of cate-
gories, denoted by Cat. A quasi-category requires a map out of such a category,
and to define the morphisms of such a category, we study functors, which are
maps between categories.

Definition 2.2 (Functor). A functor F': C — D is a map from a category C to
a category D, such that it does the following:

e For all objects ¢ € ob(C), there is an object Fc¢ € ob(D)

e For every morphism f : ¢ — ¢ in C, there is a morphism Ff : Fc — F¢
in D

These follow the axioms of composition, F(gof) = FgoF f and identity F(id.) =
idpe.

A commonly used example of functor is the fundamental groupoid map in
topology is a functor from the category Top of topologies to the category Grp of
groups.

By duality, where op-category C°P is such that it has the same objects as C
but the morphisms are flipped. To be precise, for a morphism f: X — Y € C,
we have a morphism f°P : Y — X € C°P. We define a covariant functor to be a
functor F': C — D, or functor where both categories have the same duality. We
define a contravariant functor as a functor G : C°°® — D, or one category has a
different duality from the other.

An example of both covariant and contravariant functors is the representable
functor.



Example 2.2 (Representable Functor). A representable functor is between a
category C and Set. To be precise:

e The covariant representable functor is C(c,—) : C — Set, such that every
z € ob(C) is mapped to the set of morphisms from ¢ to z, and every
morphism f : z — y € mor(C) is mapped to C(id., f) = f« : Cle,z) —
C(c,y). This is represented below:

C Ce) Set
x — Cle, x)
/ (2.2)
c >
y > Cley)

The morphism f, is known as a post-composition.

e The contravariant representable functor is C(—,c) : C°P? — Set such that
every © € C is mapped to the morphism = — ¢, and every morphism
f @ — yis mapped to f*: C(y,c) = C(z,c).

Observe that the contravariant functor has the morphism flipped due to
contravariance. This morphism f* is known as a pre-composition.

A specific application of the contravariant functor is in defining the standard
simplicial set. A simplicial set X : A°? — C is a contravariant functor from the
simplex category (refer to Example 2.1). A standard simplicial set is defined
below:

Example 2.3. The simplicial set is a contravariant representable functor A™ :
A°P — Set. It acts in the following way:

e The set of morphisms into [n] € A are the objects in the codomain of A™,
denoted as A™ = A(—, [n])

e The set of composable morphisms out of [n] € A that post-compose to give
the morphisms in the range of A™, which would be A(—, [n]) = A(—, [m])



The above data can be presented in the following composable square:

A 2 Set
[m] > A(fm], [n])
/ (2.3)
[n] f — Atof=f*
[1] = A([l], [n])

While a simplicial set is a single functor, we require a category of simplicial
sets to define a quasi-category. However, again to define a category of functors,
we need to define the morphisms between them.

Definition 2.3 (Natural Transformation). The natural transformation p :
F = @, where F,G : C = D are functors, has the following data:

e an arrow f. : Fe — Ge for all ¢ € C

Such that for any morphism f : ¢ — ¢, the following square commutes:

Fe < Ge
Ffl le (24)
FCI T> GC/
Example 2.4. Let X be a contravariant functor such that X : A°" — Set.

Then there exists a natural tranformation o : A" = X, whose components
are a,, : A([m],[n]) — X[m]. This is represented as below:

A([m], [n]) == Xm
f*l lXOf (2.5)
Al [n) —a— X
Where f: [[] = [m] € A.

The above example leads to a powerful theorem in category theory, known
as the Yoneda Lemma.



3 Yoneda Lemma, Diagrams, and Colimits

Theorem 3.1 (Yoneda Lemma). For any functor F : C — Set where C is

locally small,
€V1,.

Hom(C(¢,—),F) —— Fc

(3.1)
a ——— . (id,)

Where ¢ € ob(C) and « : C(¢, =) == F, and the theorem is natural in both ¢
and F.

Proof. The proof of the Yoneda Lemma is split in two barts, the bijection and
the naturality.

BIJECTION: Define ¥ : F'¢ — Hom(C(e, —), F') be such that for some z €
Fe, we have ¥(x) : C(¢,—) — F. Then we define that ¥(x)4(f) := F f(x). We
now need to verify that ¥(z) is a natural transformation. Observe that two
prove naturality, the following square, for g : d — e € C must commute:

Cle,d) 294 g

g*l J{Fg (32)

C(c,e) o Fe
Observe that for f € C(c, d), we have the right-bottom to be ¥(z).(gf), which
is equal to F(gf)(z). Similarly, for the top-left, we have Fg(¥(X)4(f)) =
Fg(Ff(x)) = F(gf)(z) by functoriality. Hence, the top-left and botton right
match, completing the naturality condition, and every component of naturality
was defined earlier. Since naturality is established, we can now establish left
and right inverses, which would show bijectivity.

For the right inverse: ev;q (¥ (z)) = ¥(x).(id.) = z, hence the right inverse
is established.

For left inverse: ¥(ev;q ), where a: C(¢, —) — F. Then, we get ¥(a.(id.))
must be equal to a.. To prove this statement, by naturality of both these maps,
all we have to show is that for some d € C, ¥(a.(id.))qs = ag. Hence, for all
f € C(e,d), we have to show that (. (id.))a(f) = aq(f).

Cle,¢) —» Fec

| JF 5 (3.3)

C(C,d) Td> Fd

Has the top left as F f(a.(id.)) = ¥(ac(id:))a(f) = aa(f), when considering
right-bottom and top-left.
Hence, we have a bijection.



NATURALITY: Consider naturality in F'. Then for 8: F = G, we have
Beleviy, (@) = Be(ac(ide)) = (B o a)c(ide) = ev, (B0 a) = evij (Bu(a)) (3.4)

which shows that top-left and bottom right commute with each other. Similarly,
to show that for some f : ¢ — d, we have

Ff(evia, () = Ff(ac(ide)) = aa(f) = (o f*)alida) = evia, ((f7)" (@) (3.5)
which again shows that top-left and bottom-right commute. O

Before introducing the required definitions for quasi-categories, it is neces-
sary to know two last topics: diagrams and colimits.

Definition 3.1 (Diagram). A diagram of shape J in category C is a functor
F :J— C, where J is known as the indexing category.

Examples of diagrams are cocones, as defined in below.

Definition 3.2 (Cocone). A Cocone under a diagram F' : J — C with nadir
¢ € ob(C) is a natural transformation between the constant functor, denoted
as Cons(—), (a functor that sends every object to one chosen object and every
morphism to its identity, or ¢ € C +— Cons(c) € C’) and F. Specifically, for the
natural transformations [ : ' = Cons(c), the components are I; : Fj — c.
These components are also known as legs. These legs, along with the nadir,
hold the information about the cocone. Moreover, by the naturality condition,
the following triangle must commute:

Ff

Where f:j — k€ J.

Observe that the cocone requires a diagram of F. Changing the indexing
category for a cocone can vastly change the properties of the diagrams it gen-
erates.

Definition 3.3 (Colimit). A colimit of a functor F is a representation for the
functor Cone(F, —) := Hom(F,Cons(—)) : C — Set. By the Yoneda Lemma,
the colimit is an object colimF € C along with the universal cone [ : FF —
Cons(colimF), since we can observe that C(colimF, —) = Cone(F, —).

Finally, the coproduct is defined as:

Definition 3.4 (Coproduct). The coproduct [ [ Fj is the colimit of a diagram
F : J — Cindexed by a discrete category! J. The legs from the coproduct are

known as coproduct extensions.

We now have all the required information to define a quasi-category.

LA discrete category is a category containing objects and only identity morphisms



4 Simplicial Sets and Quasi-Categories

Following [2, 3], we can observe that the category A is defined as we did in
Example 2.1. We can be more precise about the morphisms:

Proposition 4.1 (Morphisms of Simplex Category). e Elementary coface:
ft:[n—1] — [n] such that we skip the i** object in the ordinal set.
Specifically, the action is

‘ k if k< i
i)y =4{" ’ 4.1
(k) {k+1, if k> . (41)

Where k € [n —1].

e Elementary codegeneracy: d' : [n + 1] — [n] such that we send i** and
(i + 1)*" positions to the i*" position. Again this can be represented as

. k itk <i
dik)y={" =" 4.2
(k) {k—l, if k> i. (42)

Where k € [n + 1].
Note that to complete the definition of a category, we have to define the
composition between morphisms, which is:
fi= prt o ifj<i
ddd = dditt, if j<i
id, ifj=ij=1i+1, (4.3)
d'fi = dis i § <,
di=tst if j > i+ 1.
This completly defines a simplex category.
Proof. Hello! O
A simplicial set, in terms of category theory, is a contravariant functor from
A to Set. Specifically, the definition is as follows:
Definition 4.1 (Simplicial Set). A simplicial set X : A°P — Set is a contravari-
ant functor.

e The object [n] is sent to X[n], denoted as X,, € Set.
e The morphisms X o fi = f;: X,, = X, and X od' =d; : X, = Xp41.

These morphisms follow the composition defined in Proposition 4.1, specifically
Equation 4.3:

fifi= fi-1fi, if j <i
didj = djidi, i j<i

id, =i, =i+1, (4.4)
difj = dj_lsi, lf] < ’i,

djsi—la lf] >4+ 1.



The category of simplicial sets is denoted as sSet, where the objects are
defined as above, and the morphisms are functions in the category Set. One
example is shown below with the use of the Yoneda Lemma.

Recall the representable functor A™ from Example 2.3. Through the Yoneda
Lemma, observe that we get

Hom(A™ X) = X, (4.5)
The nerve of a category is required to define a quasi-category.

Definition 4.2 (Nerve). The nerve of a category is a functor N : Cat — Set™”.

e The objects of A are sent to n-composable strings in NC = NC,,. Example
of these objects are:
— NCq are objects of the category C,
— NC; are the morphisms of C,

— NCy are composable string of morphisms between 3 objects in C:
R X (4.6)

We can continue this process to define 7, and further extend it to all
n e Zzo.

— NC, is a n-composable string of morphisms from C:

. . . . (4.7

e The morphisms in A are sent to f; : NC, — NC,,_1, which composes
i and (i + 1) morphisms, and d; : NC,, — NC,1, which inserts the
identity at the 3" position 2.

To define the quasi-category, we need to define a horn of a simplicial set,
and the horn requires the definition of a sphere and a face.

Definition 4.3 (Face). The face of a simplicial set (consider A™ to be the
simplicial set) is the simplicial subset generated by f* € A" ;. such that

n

N =~ YN S S\ (4.8)

The n-sphere is the union of the faces for all i € [n]. More precisely:

Definition 4.4 (Sphere). The n-shpere is the coproduct of all the faces of A™,
that is, the coproduct of 9y A™, 01 A", ..., 0, A™.

Finally, the horn is when we disregard one face from the sphere. Specifcally,

2Note that the notation is now being misused, but we will not be using f; or d; anywhere
else, so it should be fine



Definition 4.5 (Horn). The k-horn A} of a n-simplex (we shall be calling the
A™ a n-simplex) is the coproduct of the faces in an n-sphere excluding the k*"
face.

When we restrict k£ to 0 < k < n, then the horn is known as an inner horn.

The definition of a quasi-category requires all inner horn to have filler.

Definition 4.6 (FIller). To be precise, for every horn A} — X, there exists an
unique extension along A™, as shown in the figure below.

A — X
Pl

j (4.9)
It

We can finally define a quasi-category:

Definition 4.7 (Quasi-Category). A quasi-category, or an oo-category, is a
simplicial set X such that every inner horn, i.e., horn A} with 0 < £ < n and
n > 2, has a filler.

An example of a quasi-category is the now familiar nerve of a category, true
due to the construction of the nerve functor 3.
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