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1 Categories, Functors, and Natural Transformations
Definition 1.1. (Category): A category consists of a collection of objects and morphisms
between them such that
e Fach morphism has a specified domain object and a specified codomain object.
e Each object x has an identity morphism 1, : x — .
e FEach pair of morphisms f,g with cod(f) = dom(g) has a specified composite morphism
go f = gf satisfying dom(gf) = dom(f),cod(gf) = cod(g).

and the following axioms are satisfied:
o For any morphism f:x —y, fl,=1,f=f.
o Composition is associative. That is, for any composable triple of morphisms f,g,h,

h(gf) = (hg)f.
[Riel6, §1.1]

Definition 1.2. (Locally Small Category): A category is called locally small if there are a set’s
worth of morphisms between each pair of objects. The (possibly empty) set of morphisms from
x toy in a locally small category is denoted C(z,y). [Riel6, §1.1]

Definition 1.3. (Isomorphism): Given a morphism f:x — vy, if there exists a morphism
g:y—x such that gf =1, and fg=1,, then g is called the inverse of f, f is called an
isomorphism, and x and y are called isomorphic. [Riel6, §1.1]

Example 1.4. (Category of Sets): There is a category Set whose objects are sets and whose
morphisms are set functions. Isomorphisms in Set are invertible functions (bijections), and
isomorphic objects in Set are sets with the same cardinality. Set is locally small. [Riel6, §1.1]

Example 1.5. (Category of Monoids): There is a category Monoid whose objects are monoids
and whose morphisms are monoid homomorphisms. [Riel6, §1.1]

Example 1.6. (Category of R-modules): For a fixed unital ring R, there is a category Mod g
whose objects are R-modules and whose morphisms are R-module homomorphisms.[Riel6, §1.1]

Definition 1.7. (Functor): A (covariant) functor F :C — D between categories C and D
consists of

e an object Fc € ob(D) for each object ¢ € ob(C),

e a morphism Ff: Fx — Fy in mor(D) for each morphism f:x — y in mor(C),

such that the following axioms are satisfied:
e For every composable pair f,g in C, F(go f) = Fgo Ff.
e For every object x € ob(C),F1, = 1p,.

[Rie16, §1.5]



Example 1.8. (Identity Endofunctor): For every category C, there is an identity endofunctor
1o : C — C that sends each object to itself and each morphism to itself. [Riel6, §1.3]

Example 1.9. (Covariant Hom Functor): Let C be a locally small category. For each object
x € ob(C), there is a functor C(z,—) : C — Set which sends an object y € ob(C) to the set
of morphisms x — y and which sends a morphism f:y — z to the postcomposition function
f.: C(z,y) = C(z, z). The image of a morphism ¢ : x — y under f, is the composite morphism
fog:ixz— 2. [Riel6, §1.3]

Example 1.10. (Forgetful Functor from Mody to Set): There is a “forgetful” functor
U : Modyp — Set which sends an R-module to its underlying set of linear combinations and
which sends an R-module homomorphism to its underlying function. There is an analogous
forgetful functor from Monoid to Set. [Riel6, §1.3]

Exzample 1.11. (Free Functor from Set to Mody): There is a “free” functor F : Set — Modp
which sends a set S to the R-module consisting of formal R-linear combinations of elements of
S and which sends a set function f: S — T to the induced R-module homomorphism between
F'S and FT. Namely, F'f is the homomorphism that satisfies

Ff (Z) = r.f(s)

seS seS

There is an analogous free functor from Set to Monoid. [Riel6, §1.3]

Definition 1.12. (Natural Transformation): Given parallel functors F,G : C = D, a natural
transformation o : F = G consists of a morphism «, : Fc — Ge for each ¢ € ob(C) such that
for every morphism f:c — ¢ in mor(C), the following diagram commutes:

aC
Fe — Ge

| as

Fe/ — G¢’

(6]

That is, Gf ca, = ay o F f. If every component of a is an isomorphism, then o is called a
natural isomorphism. [Riel6, §1.4]

Example 1.13. (Identity Natural Isomorphism): For every functor F': C' — D, there is an
identity natural isomorphism 1 : F' = F whose component at an object ¢ € C' is the identity
morphism 1. [Riel6, §1.4]

Proposition 1.14. (Whiskered Natural Transformation): Given functors F,G:C =X D, a
natural transformation o : F = G, and functors X : B— C,Y : D — E there is a natural
transformation YaX : YFX = YGX whose component at an object b € B is Yay,. [Rielf,

§1.7]
Proof. Naturality of Y oX is equivalent to the statement that YGX foYay, =Yay, c YFXf
for any morphism f:b — b’ in B. By naturality of a and functoriality,



Proposition 1.15. (Vertical Composition of Natural Transformations): Given functors F,G,
and H from C to D and natural transformations o : F = G and B : G = H, there is a composite
natural transformation 8 - o : F = H whose component at an object ¢ € ob(C) is B, o .. [Riel6,

§1.7]
Proof. Naturality of -« is equivalent to the statement that Hf o (8- «a), = (8- «a), o Ff for

[

any morphism f: ¢ — ¢’ in C. By naturality of o and 3,
HfO(,B.a)C=Hfo,800ac=ﬁc,onoaC=ﬂc/oac/oFf=(,B‘a)C/OFf
O

Definition 1.16. (Equivalence and Isomorphism of Categories): An isomorphism of categories
C and D is a functor F : C — D with an inverse; that is, a functor G: D — C such that

An equivalence of categories C and D is a functor F : C — D with a pseudo-inverse; that is, a
functor G : D — C such that FG =15 and GF = 1. [Riel6, §1.5]

2 Adjunctions

Definition 2.1. (Adjunction): An adjunction F 4 G consists of a pair of functors F : C — D
and G : D — C with an isomorphism D(Fc,d) = C(c,Gd) for each ¢ € ob(C) and d € ob(D)
that is natural in both variables. In particular, naturality in ¢ and d means that the following
diagrams commute for any k:d — d’ in D and any h: ¢’ — ¢ in C:

~ ~

D(Fe,d) —— Cle,Gd) D(Fe,d) —— C(c, Gd)
k, l l (Gk), (Fh)* l l h*
D(Fe,d') — Ofe,Gd) D(Fe,d) — O(c', Gd)

where k, and h* are the induced postcomposition and precomposition functions, respectively.
That is,

(I)c,d’ ° k;* = (Gk)* °© (I)c,dv
(I)c’,d ° (Fh)* =h*o (I)c,d

where ®, ; is the component bijection at (c,d). A pair of morphisms corresponding under the
bijection are called transposes of each other. A pair of transposes is denoted

bid i
Fec—d and ¢ — Gd.

The functor F' is called the left adjoint, and G is called the right adjoint. [Riel6, §4.1]



Ezample 2.2. (Free 4 Forgetful Adjunction Between Set and Mody): Let F :Set — Modp
and U : Modp — Set be the free and forgetful functors, respectively, between Set and Modp,.
Then there is an adjunction F' 4 U. In particular, for a set S and an R-module M, there is
an isomorphism

Mody(F'S, M) = Set(S,UM)

where the R-module homomorphism corresponding to a set function f : S — UM is the unique
R-module homomorphism whose restriction to the singleton linear combinations is f. There
is an analogous adjunction between the free and forgetful functors between Set and Monoid.
[Riel6, §4.1]

Proposition 2.3. (Unit and Counit of an Adjunction): Given an adjunction F - G, there is
a natural transformation n: 1, = GF called the unit whose component n,:c — GFc is the
transpose of 1. Additionally, there is a natural transformation € : FG = 1 called the counit
whose component €, : FGd — d is the transpose of 14. [Riel6, §4.2]

Proof. Naturality of n is equivalent to the left square commuting for every f: ¢ — ¢’ in C:

Ne L.
¢ — GFe Fe — Fe
fl lGFf Ffl lFf
¢ — GF¢’ F¢ — F¢’
Ner lc’

The right square is the transpose of the left square; by naturality of the adjunction
isomorphisms, the right square commutes if and only if the left square does. Since the right
square trivially commutes, so does the left square. Naturality of the counit follows similarly. O

Example 2.4. (Unit and Counit of Free 4 Forgetful Adjunction Between Set and Mody): Let
F HU be the free and forgetful functors, respectively, between Set and Mod . The component
of the unit ng: S — UFS at a set S is the function which sends an element s € S to the
singleton linear combination 15 -s € UF'S. The component of the counit €,, : FUM — M at
an R-module M is the R-module homomorphism that sends each basis element of FUM to
itself in M. [Riel6, §4.2]

Proposition 2.5. (Equivalent Definition of an Adjunction): An adjunction F 4 G consists of
e a pair of functors F: C =2 D : G,
e natural transformations n: 1o = GF, e: FG = 1p

such that the following diagrams commute:

Frn nG
F —— FGF G —— GFQG
JJ el J‘ Ge
1p lg
F G

[Riel6, §4.2]



Proof. It suffices to use the unit and counit to define a natural bijection D(Fe,d) = C(c, Gd).
Given f!: Fc — d and ¢’ : ¢ — Gd, define their images under the bijection to be

M, Gft Fg €4
fm=c —— GFc — Gd gt = Fe —— FGd — d

These operations are inverses of each other, so they induce a bijection. For example, in this
diagram, the top composite is the transpose of the transpose of ¢’, and the bottom composite
is ¢”. The left cycle commutes by naturality of n and the right cycle commutes by a triangle
identity.

GFg G&d
c —> GFec — GFGd — Gd

N

The proof for the transpose of the transpose of f! is analogous. The bijection is natural by

Gd

construction. O

3 Monads

Definition 3.1. (Monad): A monad on a category C consists of
e a functorT :C — C,

e a unit natural transformation n: 1, =T,

e a multiplication natural transformation p:T? = T,

such that the following diagrams commute:

Tp nT Tn
T3 ——= T? T T2 T
MTJ‘ ﬂu “u
1T 1T
T2=> T T
W

[Rie16, §5.1]

Definition 3.2. (Algebra of a Monad): An algebra of a monad (T';n, ) on a category C is a
pair (A € ob(C),a: TA — A) such that the following diagrams commute:

Na KA
A—— TA T2A —— TA
l a Ta J a
14
A TA —— A
a

[Rie16, §5.2]



Definition 3.3. (Category of T-algebras): Given a monad (T',n,u) on a category C, there is

a category of T-algebras consisting of

e objects (A € ob(C),a: TA — A) which are T-algebras,

e morphisms f: (A,a) = (B,b) which are T-algebra homomorphisms; that is, morphisms
f:A— B inmor(C) such that the following diagram commutes:

Tf
TA —— TB

[Riel6, §5.2]

Example 3.4. (Free and Forgetful Algebra Functors): For any monad (T',n, 1) on a category
C, there is a forgetful functor U : CT — C and a free functor FT : C — CT. The functor
UT sends an algebra (4,a) to A € ob(C) and sends an algebra homomorphism f to itself in
mor(C). The functor FT sends an object A € ob(C) to the free T-algebra (T'A, j14) and sends a
morphism f: A — B to the free T-algebra morphism T'f : (TA,u,) — (T B, ug). [Riel6, §5.2]

Proposition 3.5. (Monads Induce Adjunctions): For any monad (T',n,u) on a category C,
there is an adjunction FT 4 UT. [Riel6, §5.2]

Proof. The unit of the adjunction is 7, and the component of the counit at an algebra (A, a) is
a:(TA u,) — (A,a). It suffices to show that the unit and counit satisfy the triangle identities.
The free functor satisfies

eprac FTng=cmra)eTna=taeTna=1lra,,) = 1lpra,
and the forgetful functor satisfies
UTf‘?(A,a) °NMUT(Ae) = Ulaony=aony =1, = Lyr(4,a)-
O

Proposition 3.6. (Adjunctions Induce Monads): Any adjunction F' 4 G with unit n and counit
e induces a monad (GF,n,GeF') on the domain of F. [Riel6, §5.1]

Proof. It suffices to show the following diagrams commute:

GFGeF nGF GFn
GFGFGF ——— GFGF GF —— GFGF <— GF
GeFGF M JJ GeF \ M G%
lor lor
GFGF —————= GF GF
GeF

The square commutes by naturality of Ge : GFG = G applied at €, and the triangles commute
by the triangle identities. O



Example 3.7. (List Monad): The free - forgetful adjunction between Set and Monoid gives
rise to a monad on Set with the endofunctor UF', unit 7, and multiplication map UeF. The
endofunctor sends a set to the set of finite-length lists of elements of that set. The component
of the unit at a set S is the function that sends an element s € S to the singleton list (s). The
component of the multiplication map at a set S is the function that collapses a list of lists into
a single list; for example, ((1,2,3), (4,5)) — (1,2,3,4,5). [Riel6, §5.1]

Ezample 3.8. (Free R-module Monad): The free 4 forgetful adjunction between Set and Mod
gives rise to a monad on Set with the endofunctor U F’, unit , and multiplication map UeF'. The
endofunctor sends a set to the set of finite R-linear combinations of elements of that set. The
component of the unit at a set S is the function that sends an element s € S to the singleton
linear combination 15s. The component of the multiplication map at a set S is the function that
distributes linear combinations; for example, if R = Z, 2(1a + 1b) + 1(1a) + 3a + 2b.  [Riel6,

§5.1]

Proposition 3.9. (Category of Algebras is Terminal): Given a monad (T,n, 1) on a category
C and an adjunction F 4 U inducing T, there is a unique functor K from the codomain of F to
CT that commutes with the left and right adjoints. In particular, there is a unique K : D — CT
such that U =UTK, FT = KF, and K commutes with the counits of the adjunctions and
preserves transposes.

K
D - - » CT
U FT
F ur
C
K is called the canonical comparison functor. [Riel6, §5.2]

Proof. For any algebra (A, a) € ob(CT), the component of the counit of FT 4UT at (4,a) is
a:(TA,puy) — (A ,a). Thus, a is the transpose of the identity morphism on A = UT (A, a).

For d € D, ¢, is the transpose of 1, in F' 4 U; since K preserves transposes, Kd = (Ud,Ue,).

The action of K on morphisms is also fully determined because U = UT K. In particular, for
any morphism f:d — d’ in D, the underlying morphism of K f must be U f. O

4 Monadicity Theorem

Definition 4.1. (Coequalizer): Given a parallel pair f,g:x =y, a coequalizer is a universal
morphism h : y — z such that hf = hg. In particular, any morphism k : y — w uniquely factors
through the coequalizer:

f h
T T—=y — =z
g |
=11
k <
w

Equivalently, a coequalizer is the colimit of, or initial cone under, a diagram indexed by the
double arrow category. [Riel6, §5.1]



Definition 4.2. (U-Split Coequalizer): Given a functor U : D — C, a U-split coequalizer is a
pair of parallel morphisms f,g: x =Xy in D with additional morphisms h,s,t in C that extend
Uf,Ug:Uzx =X Uy to a diagram of shape

Uf h
Ur ———= Uy —— =z

Vg S
t s

satisfying hU f = hUg,hs =1,,Ugt = 1y;,, and U ft = sh. [Riel6, §5.4]

Proposition 4.3. (U-split Coequalizers Are Absolute Coequalizers): The underlying fork

Uf h
Ur —= Uy —— =z
Ug

of a U-split coequalizer diagram is always a coequalizer diagram. Additionally, every functor
preserves this coequalizer. [Riel6, §5.4]

Proof. Tt suffices to show that for any k: Uy — w satisfying kU f = kUg, k uniquely factors
through h. At least one factorization exists since

ksh = kU ft = kUgt = k.
Furthermore, this factorization is unique since for any two factorizations k = d,h = dyh,
dih = dyh = d hs = dyhs = d; = d,.
Every functor preserves this coequalizer since it is just a commutative diagram. O

Example 4.4. (Algebras Are Quotients of Free Algebras): For a monad (T, 7, u) on a category
C, the following diagram is a U7 -split coequalizer in C:

Ta a
T?A —=3TA —— A

Nta s/ NS

Nra Na

By Proposition 4.6, the following diagram is a coequalizer:

Ta a
(T2AJHTA) : (TAuuA) (A7a)
Ha

Coequalizers generalize the notion of quotients; the above coequalizer can be interpreted as the
statement that all algebras for a monad are quotients of free algebras. [Riel6, §5.4]



Definition 4.5. (Creating Coequalizers of U-split Pairs): A functor U:D — C creates
coequalizers of U-split pairs if any U-split coequalizer f,g : x = y admits a coequalizer e € ob(D)
such that Ue = z, and any object e with a morphism y — e whose image under U is h satisfying
Ue = z is a coequalizer.

f 3
— Y TR » e

9

Uf h

U strictly creates coequalizers of U-split pairs if every U-split coequalizer admits a unique
coequalizer in D. [Riel6, §5.4]

Proposition 4.6. (U7 Strictly Creates Coequalizers of UT-split pairs): Given a monad
(T,n, 1) on a category C, the forgetful functor UT : CT — C strictly creates coequalizers of UT
-split pairs. [Riel6, §5.4]

Proof. Suppose a UT-split coequalizer is given for the parallel pair f,g: (A, a) =X (B,b):

f h
A—/= B —— E
Ny~ ~_ S

t S

It suffices to show that E admits a unique algebra structure e:TFE — E such that
h:(B,b) — (E,e) is a coequalizer of f and g in CT. Since functors preserve UT split
coequalizers, Th is the coequalizer of T f and Tg. Then by the universal property of the
coequalizer, there is a unique map e : TE — E such that the top and bottom left squares and
the right square below commute:

Ty ; Th
TA > TB > TE
Tg !
al lb v dle
f 1
A > B > B
g h

Thus, if (E,e) is a T-algebra, then h is a T-algebra homomorphism. (E,e) is a T-algebra if the
following diagrams commute:

NE LE
E —— TE T°E —— TE
l e Te l e
1E
E TE —— E
(&4



The left square commutes because
€°7IE°h=€°Th°773=h°b°nB:h°1B:h=>€°77E=1E

where h is right-cancellable since it is a coequalizer, and all coequalizers are epimorphisms.
Likewise, the right square commutes:

eopgoT?h=ecoThoug=hoboug=hoboTb=coThoTb=eoTeoT?h
=eopup=ecoTe

since T?h is also a coequalizer and therefore an epimorphism.

It remains to show that h is a coequalizer in CT; if it is, it is the unique coequalizer mapped
to h in C by U7 since the forgetful functor maps T-algebra homomorphisms to the underlying
morphisms in C. Given k : (B,b) — (D, d) such that kf = kg, there is a unique factorization
k = jh by the universal property of h as a coequalizer in C'. To see that j is actually a T-algebra
homomorphism, note that

joeoTh=johob=kob=doTk=doTjoTh=joe=doTyj
as desired. 0

Definition 4.7. (Monadicity): A functor U : D — C' is called monadic if it admits a left adjoint
F such that the canonical comparison functor from D to the category of algebras for the induced
monad on C defines an equivalence of categories. An adjunction F 4 U with this property is
called a monadic adjunction. [Riel6, §5.3]

Theorem 4.8. (Monadicity Theorem): A right adjoint functor U is monadic if and only if it
creates coequalizers of U-split pairs. [Riel6, §5.5]

Proof. Let K denote the canonical comparison functor D — CT. Then U = UTK and
FT =KF.

(=):If f,g: A= Bis a U-split pair in D, then Kf, Kg: KA =X KB is a UT-split pair in C7.
Since U7 strictly creates coequalizers of UT-split pairs, there is a unique coequalizer of K f, Kg
in C7.

Given U is monadic, K is an equivalence of categories and so has a pseudoinverse L : CT — D.
Because equivalence preserves limits and colimits and LK = 1, the image of the coequalizer
of Kf, Kg under L is a coequalizer for f,g in D that is isomorphic to the given coequalizer of
the U-split pair in D. Thus, U creates coequalizers of U-split pairs.

(<=): It suffices to define an inverse equivalence L : CT — D. Define the action of L on free
algebras and free algebra morphisms:

L(TA,p,) = FA, LTf=Ff.

Further, define the action of L on any algebra as the coequalizer

which is the image of

10



Ta a
(UFUFA, pypy) = (UFA,py) — (A,a)
Ha

under L. Likewise, define the action of L on morphisms f:(A,a)— (B,b) and
g: (B,b) — (E,e) as the unique maps so the following diagram commutes:

Fa

A
EFA |
FUFf Ff !
1 Fb 1 v
FUFB —= FB — L(B,b)
€FB |
FUFy Fg |
NE Fe <+ ~4|/
FE

€FE

The commutativity of the above diagram ensures the composition axioms are obeyed, and it
can be verified that L sends identities to identities. Thus, this construction of L is functorial.

First, show KL = 1,r. Observe that for any algebra (A, a), U = UT K sends

Fa
FUFA —= FA ----- > L(A,a)
Era
to
UFa
UFUFA —= UFA ----- > UTKL(A,a)
Ha

where U preserves coequalizers because it creates them. By Example 4.4, the above diagram
is a U7T-split coequalizer diagram. Since U7 strictly creates coequalizers of UT-split pairs
and Example 4.4 gives that UT(A,a) = A is also a coequalizer of the above diagram
KL(A,a) = (A,a) and KL = 1,r.

)

The following lemma is useful to show LK = 1:

Lemma 4.9. If F 14U is an adjunction such that U creates coequalizers of U-split pairs, then
the following is a coequalizer diagram:

FUED €D
FUFUD —— FUD —— D
€FUD

Proof. Observe FUep,€pyp is a U-split pair:

11



UFU&D UgD
UFUFUD ——= UFUD —— UD

NUFUD "lup

O

Note LK D is defined as the coequalizer of FUep,epyp : FUFUD =X FUD, and by the above
lemma, D is also the coequalizer of this diagram. Thus, D = LK D and LK = 1, as desired.[

Example 4.10. (Monadic Functors): It can be shown by the monadicity theorem that forgetful

functors from the following categories into Set are monadic:

e SetP“ Modp, and Vect,, the categories of left G-sets, R-modules and k-vector spaces,
respectively,

e Monoid, Group, Ab, Ring, the categories of monoids, groups, abelian groups, and unital
rings, respectively. [Riel6, §5.5]

Example 4.11. (Objects Are Quotients of Free Objects): Since the forgetful functors from the
above categories into Set are monadic, objects in those categories can be regarded as algebras for
the induced monads on Set. Then every object in those categories is a quotient of an appropriate
free object.

Bibliography
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Motivation 0000000000000 0000000

Monads provide a very general way to study algebraic structures.
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Example: Free R-modules

When performing an operation multiple times on an object, there is
sometimes a natural way of collapsing the result into something that could
have been obtained by performing the operation just once.

Free R-module

For a set S and unital ring R, denote R[S] as the free R-module over S.
In other terms, R[S] is the set of finite, formal R-linear combinations of
elements of S.

There is a “distribution” function from R[R[S]] to R[S].
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Example: Distribution
Let R=Zand S = {a,b, c}.
Z1S) = {200+ 24+ 2,6 | (20020, 7) € 77}
Z|Z[S)) = { > zam|z € Zw}
meZ|S)
There is a “distribution” function Z[Z[S]] — Z[S]. For example,
2(a)+2(a+b) —2(a+b+c) > 2a —2c.

However, there is not an obvious function Z[S] — S for every set S.
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Example: Evaluation
Desired properties of “evaluation” functions f : Z[S] — S:

« Identity:

« Commute with distribution:
fr"(rs+r's")) = f(r"rs+r"r's") = f(r" f(rs +1r's")).
Example: treat the elements of S = {a, b, ¢} as residues mod 3.

Spoiler: the collection of sensible evaluation functions over all sets is
equivalent to the collection of Z-modules. In fact, we could have defined Z-
modules this way!
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2 Monads and Algebras




Monads

Monad

A monad on a category C consists of a functor T' : C' = C, a unit natural
transformation 7 : 1, = T, and a multiplication natural transformation
p : T? = T such that the following diagrams commute:

Tp nT Tn
1—'3 _ CZ_'2 T T2 T
wT Iz Iz
1T 1T
T2 > T T
12
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Algebras 00000000000 000000000

An algebra for a monad (7", n, 1) on a category C' is an object-morphism
pair (A,a : TA — A) such that the following diagrams commute:

Na Ha
A—— TA 724 ————— TA
a Ta a
1A
A TA ——— A
a
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Category ofAlgebras 00000000000000000000

For each monad (T, 7, ;1) on a category C, there is a category C7 of algebras
of T' such that

+ an object is a T-algebra (A,a: TA — A),

« amorphism f : (4, a) — (B, ) is a structure-preserving morphism in C:

Tf
TA ———— TB

A—— B
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Monads from Adjunctions

An adjunction consists of
+ opposing functors F': C 2 D : U,
+ natural transformations n : 1o = UF,e : FU = 1p,

such that the diagrams below commute:

Fn nU
F —— FUF U —— UFU
ﬂsF J‘Us
1p 1y
F U

Proposition: Every adjunction induces a monad (UF,n,UeF') on C.
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Adjunctions from Monads

Every monad (7', 7, 1) induces an adjunction F7 - U7, where
« F7T is the free T-algebra functor: FT A = (T A, i1 4),
« U7 is the forgetful functor: U(A, a) = A.

Proposition: Given an adjunction F' - U inducing the monad (7', n, ), there
is a unique functor K : D — CT' that commutes with the adjunctions F 4 U
and FT 4 UT. K is called the canonical comparison functor.

IK
D -----mmeeo - y CT
U FT
F Ut
C
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3 Monadicity Theorem




Coequalizers

Coequalizer

A coequalizer is the colimit of a diagram indexed by the double arrow
category, or equivalently, an initial cone under a diagram as shown
below:

3ld

| ||

@ (-—-—------ @
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Coequalizers and Quotients ©°®°°®®0000006000000

Coequalizers generalize quotients.

Example:
f w
G ——= H —— H/im({)
0

Proposition: every algebra in C7 is the quotient of a free algebra.
Equivalently, the following is always a coequalizer:

Ta a
(T2A7 :LLTA) : (TA7 AU’A) (Aa a)
KA
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U-split coequalizers

U -split coequalizer

Given a functor U : D — C, a U-split coequalizer is a parallel pair f, g :
x =X yin D with maps h, s,t in C so that hU f = hUg,hs = 1,,Ugt =
1,,Uft = sh.

R — Vi

U creates coequalizers of U-split pairs if any U-split coequalizer admits a
coequalizer in D whose image under U is isomorphic to the given coequalizer
in C, and every fork in D with this property is a coequalizer.
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Monadicity Theorem

Monadicity Theorem

The canonical comparison functor K of an adjunction F' - U is an
equivalence of categories if and only if U creates coequalizers of U-split
pairs. Adjunctions with these properties are called monadic.

AK
D - y CT
FT
U UT
C
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Proof Ideas

Sketch (if): construct an inverse equivalence L : CT — D such that L(A, a)
is the colimit of the following diagram:

Fa
FUFA —3 FA ----------% L(A,a)

EFA

Sketch (only if): factor a U-split pair through U = UT K and use the property
that the monadic forgetful functor U7 strictly creates coequalizers of U7 -
split pairs.
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Consequences

It can be shown by the Monadicity Theorem that free/forgetful adjunctions
between many familiar categories and Set are monadic:

 Set,, the category of pointed sets

« SetBY, Mody, Vect,

« Monoid, Group, Ab, Ring

This is good since monads are supposed to encode algebraic structure!
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The reference for my project was Category Theory in Context by Emily Riehl.

Thanks to my mentor Etienne and the DRP organizers!
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