
DRP Project Report

Theo Danial Mentor Etienne Phillips

May 08, 2026

1 Categories, Functors, and Natural Transformations
Definition 1.1. (Category): A category consists of a collection of objects and morphisms 

between them such that

• Each morphism has a specified domain object and a specified codomain object.

• Each object 𝑥 has an identity morphism 1𝑥 : 𝑥 → 𝑥.

• Each pair of morphisms 𝑓, 𝑔 with cod(𝑓) = dom(𝑔) has a specified composite morphism 

𝑔 ∘ 𝑓 = 𝑔𝑓 satisfying dom(𝑔𝑓) = dom(𝑓), cod(𝑔𝑓) = cod(𝑔).

and the following axioms are satisfied:

• For any morphism 𝑓 : 𝑥 → 𝑦, 𝑓1𝑥 = 1𝑦𝑓 = 𝑓.
• Composition is associative. That is, for any composable triple of morphisms 𝑓, 𝑔, ℎ,

ℎ(𝑔𝑓) = (ℎ𝑔)𝑓.

[Rie16, §1.1]

Definition 1.2. (Locally Small Category): A category is called locally small if there are a set’s 

worth of morphisms between each pair of objects. The (possibly empty) set of morphisms from 

𝑥 to 𝑦 in a locally small category is denoted 𝐶(𝑥, 𝑦). [Rie16, §1.1]

Definition 1.3. (Isomorphism): Given a morphism 𝑓 : 𝑥 → 𝑦, if there exists a morphism 

𝑔 : 𝑦 → 𝑥 such that 𝑔𝑓 = 1𝑥 and 𝑓𝑔 = 1𝑦, then 𝑔 is called the inverse of 𝑓, 𝑓 is called an 

isomorphism, and 𝑥 and 𝑦 are called isomorphic. [Rie16, §1.1]

Example 1.4. (Category of Sets): There is a category Set whose objects are sets and whose 

morphisms are set functions. Isomorphisms in Set are invertible functions (bijections), and 

isomorphic objects in Set are sets with the same cardinality. Set is locally small. [Rie16, §1.1]

Example 1.5. (Category of Monoids): There is a category Monoid whose objects are monoids 

and whose morphisms are monoid homomorphisms. [Rie16, §1.1]

Example 1.6. (Category of 𝑅-modules): For a fixed unital ring 𝑅, there is a category Mod𝑅 

whose objects are 𝑅-modules and whose morphisms are 𝑅-module homomorphisms.[Rie16, §1.1]

Definition 1.7. (Functor): A (covariant) functor 𝐹 : 𝐶 → 𝐷 between categories 𝐶 and 𝐷 

consists of

• an object 𝐹𝑐 ∈ ob(𝐷) for each object 𝑐 ∈ ob(𝐶),
• a morphism 𝐹𝑓 : 𝐹𝑥 → 𝐹𝑦 in mor(𝐷) for each morphism 𝑓 : 𝑥 → 𝑦 in mor(𝐶),

such that the following axioms are satisfied:

• For every composable pair 𝑓, 𝑔 in 𝐶, 𝐹(𝑔 ∘ 𝑓) = 𝐹𝑔 ∘ 𝐹𝑓.
• For every object 𝑥 ∈ ob(𝐶), 𝐹1𝑥 = 1𝐹𝑥.

[Rie16, §1.3]

1



Example 1.8. (Identity Endofunctor): For every category 𝐶, there is an identity endofunctor 

1𝐶 : 𝐶 → 𝐶 that sends each object to itself and each morphism to itself. [Rie16, §1.3]

Example 1.9. (Covariant Hom Functor): Let 𝐶 be a locally small category. For each object 

𝑥 ∈ ob(𝐶), there is a functor 𝐶(𝑥, −) : 𝐶 → Set which sends an object 𝑦 ∈ ob(𝐶) to the set 

of morphisms 𝑥 → 𝑦 and which sends a morphism 𝑓 : 𝑦 → 𝑧 to the postcomposition function 

𝑓∗ : 𝐶(𝑥, 𝑦) → 𝐶(𝑥, 𝑧). The image of a morphism 𝑔 : 𝑥 → 𝑦 under 𝑓∗ is the composite morphism 

𝑓 ∘ 𝑔 : 𝑥 → 𝑧. [Rie16, §1.3]

Example 1.10. (Forgetful Functor from Mod𝑅 to Set): There is a “forgetful” functor 

𝑈 : Mod𝑅 → Set which sends an 𝑅-module to its underlying set of linear combinations and 

which sends an 𝑅-module homomorphism to its underlying function. There is an analogous 

forgetful functor from Monoid to Set. [Rie16, §1.3]

Example 1.11. (Free Functor from Set to Mod𝑅): There is a “free” functor 𝐹 : Set → Mod𝑅 

which sends a set 𝑆 to the 𝑅-module consisting of formal 𝑅-linear combinations of elements of 

𝑆 and which sends a set function 𝑓 : 𝑆 → 𝑇  to the induced 𝑅-module homomorphism between 

𝐹𝑆 and 𝐹𝑇 . Namely, 𝐹𝑓 is the homomorphism that satisfies

𝐹𝑓(∑
𝑠∈𝑆

𝑟𝑠𝑠) = ∑
𝑠∈𝑆

𝑟𝑠𝑓(𝑠)

There is an analogous free functor from Set to Monoid. [Rie16, §1.3]

Definition 1.12. (Natural Transformation): Given parallel functors 𝐹, 𝐺 : 𝐶 ⇉ 𝐷, a natural 

transformation 𝛼 : 𝐹 ⇒ 𝐺 consists of a morphism 𝛼𝑐 : 𝐹𝑐 → 𝐺𝑐 for each 𝑐 ∈ ob(𝐶) such that 
for every morphism 𝑓 : 𝑐 → 𝑐′ in mor(𝐶), the following diagram commutes:

𝐹𝑓

𝛼𝑐′

𝛼𝑐

𝐺𝑓

𝐹𝑐

𝐹𝑐′ 𝐺𝑐′

𝐺𝑐

That is, 𝐺𝑓 ∘ 𝛼𝑐 = 𝛼𝑐′ ∘ 𝐹𝑓. If every component of 𝛼 is an isomorphism, then 𝛼 is called a 

natural isomorphism. [Rie16, §1.4]

Example 1.13. (Identity Natural Isomorphism): For every functor 𝐹 : 𝐶 → 𝐷, there is an 

identity natural isomorphism 1𝐹 : 𝐹 ⇒ 𝐹  whose component at an object 𝑐 ∈ 𝐶 is the identity 

morphism 1𝐹𝑐. [Rie16, §1.4]

Proposition 1.14. (Whiskered Natural Transformation): Given functors 𝐹, 𝐺 : 𝐶 ⇉ 𝐷, a 

natural transformation 𝛼 : 𝐹 ⇒ 𝐺, and functors 𝑋 : 𝐵 → 𝐶, 𝑌 : 𝐷 → 𝐸 there is a natural 

transformation 𝑌 𝛼𝑋 : 𝑌 𝐹𝑋 ⇒ 𝑌 𝐺𝑋 whose component at an object 𝑏 ∈ 𝐵 is 𝑌 𝛼𝑋𝑏. [Rie16, 

§1.7]

Proof. Naturality of 𝑌 𝛼𝑋 is equivalent to the statement that 𝑌 𝐺𝑋𝑓 ∘ 𝑌 𝛼𝑋𝑏 = 𝑌 𝛼𝑋𝑏′ ∘ 𝑌 𝐹𝑋𝑓 

for any morphism 𝑓 : 𝑏 → 𝑏′ in 𝐵. By naturality of 𝛼 and functoriality,

𝑌 𝐺𝑋𝑓 ∘ 𝑌 𝛼𝑋𝑏 = 𝑌 (𝐺𝑋𝑓 ∘ 𝛼𝑋𝑏) = 𝑌 (𝛼𝑋𝑏′ ∘ 𝐹𝑋𝑓) = 𝑌 𝛼𝑋𝑏′ ∘ 𝑌 𝐹𝑋𝑓

□

2



Proposition 1.15. (Vertical Composition of Natural Transformations): Given functors 𝐹, 𝐺, 
and 𝐻 from 𝐶 to 𝐷 and natural transformations 𝛼 : 𝐹 ⇒ 𝐺 and 𝛽 : 𝐺 ⇒ 𝐻, there is a composite 

natural transformation 𝛽 ⋅ 𝛼 : 𝐹 ⇒ 𝐻 whose component at an object 𝑐 ∈ ob(𝐶) is 𝛽𝑐 ∘ 𝛼𝑐.[Rie16, 

§1.7]

Proof. Naturality of 𝛽 ⋅ 𝛼 is equivalent to the statement that 𝐻𝑓 ∘ (𝛽 ⋅ 𝛼)𝑐 = (𝛽 ⋅ 𝛼)𝑐′ ∘ 𝐹𝑓 for 

any morphism 𝑓 : 𝑐 → 𝑐′ in 𝐶. By naturality of 𝛼 and 𝛽,

𝐻𝑓 ∘ (𝛽 ⋅ 𝛼)𝑐 = 𝐻𝑓 ∘ 𝛽𝑐 ∘ 𝛼𝑐 = 𝛽𝑐′ ∘ 𝐺𝑓 ∘ 𝛼𝑐 = 𝛽𝑐′ ∘ 𝛼𝑐′ ∘ 𝐹𝑓 = (𝛽 ⋅ 𝛼)𝑐′ ∘ 𝐹𝑓

□

Definition 1.16. (Equivalence and Isomorphism of Categories): An isomorphism of categories 

𝐶 and 𝐷 is a functor 𝐹 : 𝐶 → 𝐷 with an inverse; that is, a functor 𝐺 : 𝐷 → 𝐶 such that 

𝐹𝐺 = 1𝐷 and 𝐺𝐹 = 1𝐶 .

An equivalence of categories 𝐶 and 𝐷 is a functor 𝐹 : 𝐶 → 𝐷 with a pseudo-inverse; that is, a 

functor 𝐺 : 𝐷 → 𝐶 such that 𝐹𝐺 =∼ 1𝐷 and 𝐺𝐹 =∼ 1𝐶 . [Rie16, §1.5]

2 Adjunctions
Definition 2.1. (Adjunction): An adjunction 𝐹 ⊣ 𝐺 consists of a pair of functors 𝐹 : 𝐶 → 𝐷 

and 𝐺 : 𝐷 → 𝐶 with an isomorphism 𝐷(𝐹𝑐, 𝑑) =∼ 𝐶(𝑐, 𝐺𝑑) for each 𝑐 ∈ ob(𝐶) and 𝑑 ∈ ob(𝐷) 
that is natural in both variables. In particular, naturality in 𝑐 and 𝑑 means that the following 

diagrams commute for any 𝑘 : 𝑑 → 𝑑′ in 𝐷 and any ℎ : 𝑐′ → 𝑐 in 𝐶:

𝑘∗

=∼

(𝐺𝑘)∗

=∼

ℎ∗(𝐹ℎ)∗

=∼=∼

𝐷(𝐹𝑐, 𝑑)

𝐷(𝐹𝑐, 𝑑′) 𝐶(𝑐, 𝐺𝑑′)

𝐶(𝑐, 𝐺𝑑) 𝐷(𝐹𝑐, 𝑑) 𝐶(𝑐, 𝐺𝑑)

𝐶(𝑐′, 𝐺𝑑)𝐷(𝐹𝑐′, 𝑑)

where 𝑘∗ and ℎ∗ are the induced postcomposition and precomposition functions, respectively. 

That is,

Φ𝑐,𝑑′ ∘ 𝑘∗ = (𝐺𝑘)∗ ∘ Φ𝑐,𝑑,

Φ𝑐′,𝑑 ∘ (𝐹ℎ)∗ = ℎ∗ ∘ Φ𝑐,𝑑

where Φ𝑐,𝑑 is the component bijection at (𝑐, 𝑑). A pair of morphisms corresponding under the 

bijection are called transposes of each other. A pair of transposes is denoted

𝐹𝑐 ⟶
𝑓♯

𝑑  and 𝑐 ⟶
𝑓♭

𝐺𝑑.

The functor 𝐹  is called the left adjoint, and 𝐺 is called the right adjoint. [Rie16, §4.1]
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Example 2.2. (Free ⊣ Forgetful Adjunction Between Set and Mod𝑅): Let 𝐹 : Set → Mod𝑅 

and 𝑈 : Mod𝑅 → Set be the free and forgetful functors, respectively, between Set and Mod𝑅. 

Then there is an adjunction 𝐹 ⊣ 𝑈 . In particular, for a set 𝑆 and an 𝑅-module 𝑀 , there is 

an isomorphism

Mod𝑅(𝐹𝑆, 𝑀) =∼ Set(𝑆, 𝑈𝑀)

where the 𝑅-module homomorphism corresponding to a set function 𝑓 : 𝑆 → 𝑈𝑀  is the unique 

𝑅-module homomorphism whose restriction to the singleton linear combinations is 𝑓 . There 

is an analogous adjunction between the free and forgetful functors between Set and Monoid.
[Rie16, §4.1]

Proposition 2.3. (Unit and Counit of an Adjunction): Given an adjunction 𝐹 ⊣ 𝐺, there is 

a natural transformation 𝜂 : 1𝐶 ⇒ 𝐺𝐹  called the unit whose component 𝜂𝑐 : 𝑐 → 𝐺𝐹𝑐 is the 
transpose of 1𝐹𝑐. Additionally, there is a natural transformation 𝜀 : 𝐹𝐺 ⇒ 1𝐷 called the counit 

whose component 𝜀𝑑 : 𝐹𝐺𝑑 → 𝑑 is the transpose of 1𝐺𝑑. [Rie16, §4.2]

Proof. Naturality of 𝜂 is equivalent to the left square commuting for every 𝑓 : 𝑐 → 𝑐′ in 𝐶:

𝑓

𝜂𝑐′

𝐺𝐹𝑓

𝜂𝑐

𝐹𝑓

1𝑐′

𝐹𝑓

1𝑐
𝑐

𝑐′ 𝐺𝐹𝑐′

𝐺𝐹𝑐 𝐹𝑐

𝐹𝑐′ 𝐹𝑐′

𝐹𝑐

The right square is the transpose of the left square; by naturality of the adjunction 

isomorphisms, the right square commutes if and only if the left square does. Since the right 

square trivially commutes, so does the left square. Naturality of the counit follows similarly.□

Example 2.4. (Unit and Counit of Free ⊣ Forgetful Adjunction Between Set and Mod𝑅): Let 

𝐹 ⊣ 𝑈  be the free and forgetful functors, respectively, between Set and Mod𝑅. The component 

of the unit 𝜂𝑆 : 𝑆 → 𝑈𝐹𝑆 at a set 𝑆 is the function which sends an element 𝑠 ∈ 𝑆 to the 

singleton linear combination 1𝑅 ⋅ 𝑠 ∈ 𝑈𝐹𝑆. The component of the counit 𝜀𝑀 : 𝐹𝑈𝑀 → 𝑀  at 

an 𝑅-module 𝑀  is the 𝑅-module homomorphism that sends each basis element of 𝐹𝑈𝑀  to 

itself in 𝑀 . [Rie16, §4.2]

Proposition 2.5. (Equivalent Definition of an Adjunction): An adjunction 𝐹 ⊣ 𝐺 consists of

• a pair of functors 𝐹 : 𝐶 ⇄ 𝐷 : 𝐺,

• natural transformations 𝜂 : 1𝐶 ⇒ 𝐺𝐹 , 𝜀 : 𝐹𝐺 ⇒ 1𝐷

such that the following diagrams commute:

𝐹𝜂

𝜀𝐹
1𝐹

𝜂𝐺

𝐺𝜀
1𝐺

𝐹 𝐹𝐺𝐹

𝐹

𝐺 𝐺𝐹𝐺

𝐺

[Rie16, §4.2]
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Proof. It suffices to use the unit and counit to define a natural bijection 𝐷(𝐹𝑐, 𝑑) =∼ 𝐶(𝑐, 𝐺𝑑). 
Given 𝑓 ♯ : 𝐹𝑐 → 𝑑 and 𝑔♭ : 𝑐 → 𝐺𝑑, define their images under the bijection to be

𝜂𝑐 𝐺𝑓 ♯ 𝜀𝑑𝐹𝑔♭

𝑓 ♭ = 𝑐 𝐺𝐹𝑐 𝐺𝑑 𝑔♯ = 𝐹𝑐 𝐹𝐺𝑑 𝑑

These operations are inverses of each other, so they induce a bijection. For example, in this 

diagram, the top composite is the transpose of the transpose of 𝑔♭, and the bottom composite 

is 𝑔♭. The left cycle commutes by naturality of 𝜂 and the right cycle commutes by a triangle 

identity.

𝜂𝑐 𝐺𝐹𝑔♭ 𝐺𝜀𝑑

1𝐺𝑑

𝑔♭
𝜂𝐺𝑑

𝑐 𝐺𝐹𝑐 𝐺𝐹𝐺𝑑 𝐺𝑑

𝐺𝑑

The proof for the transpose of the transpose of 𝑓 ♯ is analogous. The bijection is natural by 

construction. □

3 Monads
Definition 3.1. (Monad): A monad on a category 𝐶 consists of

• a functor 𝑇 : 𝐶 → 𝐶,

• a unit natural transformation 𝜂 : 1𝐶 ⇒ 𝑇 ,

• a multiplication natural transformation 𝜇 : 𝑇 2 ⇒ 𝑇 ,

such that the following diagrams commute:

𝑇𝜇

𝜇𝜇𝑇

𝜇

𝜂𝑇

𝜇
1𝑇 1𝑇

𝑇𝜂
𝑇 3 𝑇 2

𝑇𝑇 2

𝑇 𝑇 2

𝑇

𝑇

[Rie16, §5.1]

Definition 3.2. (Algebra of a Monad): An algebra of a monad (𝑇 , 𝜂, 𝜇) on a category 𝐶 is a 

pair (𝐴 ∈ ob(𝐶), 𝑎 : 𝑇𝐴 → 𝐴) such that the following diagrams commute:

𝜂𝐴

𝑎
1𝐴

𝜇𝐴

𝑎𝑇𝑎

𝑎

𝐴 𝑇𝐴

𝐴

𝑇 2𝐴 𝑇𝐴

𝐴𝑇𝐴

[Rie16, §5.2]
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Definition 3.3. (Category of 𝑇 -algebras): Given a monad (𝑇 , 𝜂, 𝜇) on a category 𝐶, there is 

a category of 𝑇 -algebras consisting of

• objects (𝐴 ∈ ob(𝐶), 𝑎 : 𝑇𝐴 → 𝐴) which are 𝑇 -algebras,

• morphisms 𝑓 : (𝐴, 𝑎) → (𝐵, 𝑏) which are 𝑇 -algebra homomorphisms; that is, morphisms 

𝑓 : 𝐴 → 𝐵 in mor(𝐶) such that the following diagram commutes:

𝑎

𝑇𝑓

𝑏

𝑓

𝑇𝐴

𝐴

𝑇𝐵

𝐵

[Rie16, §5.2]

Example 3.4. (Free and Forgetful Algebra Functors): For any monad (𝑇 , 𝜂, 𝜇) on a category 

𝐶, there is a forgetful functor 𝑈𝑇 : 𝐶𝑇 → 𝐶 and a free functor 𝐹𝑇 : 𝐶 → 𝐶𝑇 . The functor 

𝑈𝑇  sends an algebra (𝐴, 𝑎) to 𝐴 ∈ ob(𝐶) and sends an algebra homomorphism 𝑓 to itself in 

mor(𝐶). The functor 𝐹𝑇  sends an object 𝐴 ∈ ob(𝐶) to the free 𝑇 -algebra (𝑇𝐴, 𝜇𝐴) and sends a 

morphism 𝑓 : 𝐴 → 𝐵 to the free 𝑇 -algebra morphism 𝑇𝑓 : (𝑇𝐴, 𝜇𝐴) → (𝑇𝐵, 𝜇𝐵). [Rie16, §5.2]

Proposition 3.5. (Monads Induce Adjunctions): For any monad (𝑇 , 𝜂, 𝜇) on a category 𝐶, 

there is an adjunction 𝐹𝑇 ⊣ 𝑈𝑇 . [Rie16, §5.2]

Proof. The unit of the adjunction is 𝜂, and the component of the counit at an algebra (𝐴, 𝑎) is 
𝑎 : (𝑇𝐴, 𝜇𝐴) → (𝐴, 𝑎). It suffices to show that the unit and counit satisfy the triangle identities. 

The free functor satisfies

𝜀𝐹𝑇 𝐴 ∘ 𝐹𝑇 𝜂𝐴 = 𝜀(𝑇𝐴,𝜇𝐴) ∘ 𝑇𝜂𝐴 = 𝜇𝐴 ∘ 𝑇𝜂𝐴 = 1(𝑇𝐴,𝜇𝐴) = 1𝐹𝑇 𝐴,

and the forgetful functor satisfies

𝑈𝑇 𝜀(𝐴,𝑎) ∘ 𝜂𝑈𝑇 (𝐴,𝑎) = 𝑈𝑇 𝑎 ∘ 𝜂𝐴 = 𝑎 ∘ 𝜂𝐴 = 1𝐴 = 1𝑈𝑇 (𝐴,𝑎).

□

Proposition 3.6. (Adjunctions Induce Monads): Any adjunction 𝐹 ⊣ 𝐺 with unit 𝜂 and counit 

𝜀 induces a monad (𝐺𝐹 , 𝜂, 𝐺𝜀𝐹) on the domain of 𝐹 . [Rie16, §5.1]

Proof. It suffices to show the following diagrams commute:

𝐺𝐹𝐺𝜀𝐹

𝐺𝜀𝐹𝐺𝜀𝐹𝐺𝐹

𝐺𝜀𝐹

𝜂𝐺𝐹

𝐺𝜀𝐹
1𝐺𝐹 1𝐺𝐹

𝐺𝐹𝜂
𝐺𝐹𝐺𝐹𝐺𝐹 𝐺𝐹𝐺𝐹

𝐺𝐹𝐺𝐹𝐺𝐹

𝐺𝐹 𝐺𝐹𝐺𝐹

𝐺𝐹

𝐺𝐹

The square commutes by naturality of 𝐺𝜀 : 𝐺𝐹𝐺 ⇒ 𝐺 applied at 𝜀𝐹 , and the triangles commute 

by the triangle identities. □
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Example 3.7. (List Monad): The free ⊣ forgetful adjunction between Set and Monoid gives 

rise to a monad on Set with the endofunctor 𝑈𝐹 , unit 𝜂, and multiplication map 𝑈𝜀𝐹 . The 

endofunctor sends a set to the set of finite-length lists of elements of that set. The component 

of the unit at a set 𝑆 is the function that sends an element 𝑠 ∈ 𝑆 to the singleton list (𝑠). The 

component of the multiplication map at a set 𝑆 is the function that collapses a list of lists into 

a single list; for example, ((1, 2, 3), (4, 5)) ↦ (1, 2, 3, 4, 5). [Rie16, §5.1]

Example 3.8. (Free 𝑅-module Monad): The free ⊣ forgetful adjunction between Set and Mod𝑅 

gives rise to a monad on Set with the endofunctor 𝑈𝐹 , unit 𝜂, and multiplication map 𝑈𝜀𝐹 . The 

endofunctor sends a set to the set of finite 𝑅-linear combinations of elements of that set. The 

component of the unit at a set 𝑆 is the function that sends an element 𝑠 ∈ 𝑆 to the singleton 

linear combination 1𝑅𝑠. The component of the multiplication map at a set 𝑆 is the function that 

distributes linear combinations; for example, if 𝑅 = ℤ, 2(1𝑎 + 1𝑏) + 1(1𝑎) ↦ 3𝑎 + 2𝑏. [Rie16, 

§5.1]

Proposition 3.9. (Category of Algebras is Terminal): Given a monad (𝑇 , 𝜂, 𝜇) on a category 

𝐶 and an adjunction 𝐹 ⊣ 𝑈 inducing 𝑇 , there is a unique functor 𝐾 from the codomain of 𝐹  to 

𝐶𝑇  that commutes with the left and right adjoints. In particular, there is a unique 𝐾 : 𝐷 → 𝐶𝑇  

such that 𝑈 = 𝑈𝑇 𝐾, 𝐹𝑇 = 𝐾𝐹 , and 𝐾 commutes with the counits of the adjunctions and 

preserves transposes.

𝐹𝑇

𝑈𝑇𝐹

𝑈

∃!𝐾

𝐶

𝐶𝑇𝐷

𝐾 is called the canonical comparison functor. [Rie16, §5.2]

Proof. For any algebra (𝐴, 𝑎) ∈ ob(𝐶𝑇 ), the component of the counit of 𝐹𝑇 ⊣ 𝑈𝑇  at (𝐴, 𝑎) is 
𝑎 : (𝑇𝐴, 𝜇𝐴) → (𝐴, 𝑎). Thus, 𝑎 is the transpose of the identity morphism on 𝐴 = 𝑈𝑇 (𝐴, 𝑎).

For 𝑑 ∈ 𝐷, 𝜀𝑑 is the transpose of 1𝑈𝑑 in 𝐹 ⊣ 𝑈 ; since 𝐾 preserves transposes, 𝐾𝑑 = (𝑈𝑑, 𝑈𝜀𝑑).

The action of 𝐾 on morphisms is also fully determined because 𝑈 = 𝑈𝑇 𝐾. In particular, for 

any morphism 𝑓 : 𝑑 → 𝑑′ in 𝐷, the underlying morphism of 𝐾𝑓 must be 𝑈𝑓 . □

4 Monadicity Theorem
Definition 4.1. (Coequalizer): Given a parallel pair 𝑓, 𝑔 : 𝑥 ⇉ 𝑦, a coequalizer is a universal 

morphism ℎ : 𝑦 → 𝑧 such that ℎ𝑓 = ℎ𝑔. In particular, any morphism 𝑘 : 𝑦 → 𝑤 uniquely factors 

through the coequalizer:

𝑔

ℎ𝑓

∃!𝑑
𝑘

𝑥 𝑦 𝑧

𝑤

Equivalently, a coequalizer is the colimit of, or initial cone under, a diagram indexed by the 

double arrow category. [Rie16, §3.1]
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Definition 4.2. (𝑈-Split Coequalizer): Given a functor 𝑈 : 𝐷 → 𝐶, a 𝑈-split coequalizer is a 

pair of parallel morphisms 𝑓, 𝑔 : 𝑥 ⇉ 𝑦 in 𝐷 with additional morphisms ℎ, 𝑠, 𝑡 in 𝐶 that extend 

𝑈𝑓, 𝑈𝑔 : 𝑈𝑥 ⇉ 𝑈𝑦 to a diagram of shape

𝑈𝑔

ℎ𝑈𝑓

𝑠𝑡

𝑈𝑥 𝑈𝑦 𝑧

satisfying ℎ𝑈𝑓 = ℎ𝑈𝑔, ℎ𝑠 = 1𝑧, 𝑈𝑔𝑡 = 1𝑈𝑦, and 𝑈𝑓𝑡 = 𝑠ℎ. [Rie16, §5.4]

Proposition 4.3. (𝑈-split Coequalizers Are Absolute Coequalizers): The underlying fork

𝑈𝑔

ℎ𝑈𝑓
𝑈𝑥 𝑈𝑦 𝑧

of a 𝑈-split coequalizer diagram is always a coequalizer diagram. Additionally, every functor 

preserves this coequalizer. [Rie16, §5.4]

Proof. It suffices to show that for any 𝑘 : 𝑈𝑦 → 𝑤 satisfying 𝑘𝑈𝑓 = 𝑘𝑈𝑔, 𝑘 uniquely factors 

through ℎ. At least one factorization exists since

𝑘𝑠ℎ = 𝑘𝑈𝑓𝑡 = 𝑘𝑈𝑔𝑡 = 𝑘.

Furthermore, this factorization is unique since for any two factorizations 𝑘 = 𝑑1ℎ = 𝑑2ℎ,

𝑑1ℎ = 𝑑2ℎ ⇒ 𝑑1ℎ𝑠 = 𝑑2ℎ𝑠 ⇒ 𝑑1 = 𝑑2.

Every functor preserves this coequalizer since it is just a commutative diagram. □

Example 4.4. (Algebras Are Quotients of Free Algebras): For a monad (𝑇 , 𝜂, 𝜇) on a category 

𝐶, the following diagram is a 𝑈𝑇 -split coequalizer in 𝐶:

𝜇𝐴

𝑎𝑇𝑎

𝜂𝐴𝜂𝑇𝐴

𝑇 2𝐴 𝑇𝐴 𝐴

By Proposition 4.6, the following diagram is a coequalizer:

𝜇𝐴

𝑎𝑇𝑎
(𝑇 2𝐴, 𝜇𝑇𝐴) (𝑇𝐴, 𝜇𝐴) (𝐴, 𝑎)

Coequalizers generalize the notion of quotients; the above coequalizer can be interpreted as the 

statement that all algebras for a monad are quotients of free algebras. [Rie16, §5.4]
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Definition 4.5. (Creating Coequalizers of 𝑈-split Pairs): A functor 𝑈 : 𝐷 → 𝐶 creates 

coequalizers of 𝑈-split pairs if any 𝑈-split coequalizer 𝑓, 𝑔 : 𝑥 ⇉ 𝑦 admits a coequalizer 𝑒 ∈ ob(𝐷) 
such that 𝑈𝑒 =∼ 𝑧, and any object 𝑒 with a morphism 𝑦 → 𝑒 whose image under 𝑈 is ℎ satisfying 

𝑈𝑒 =∼ 𝑧 is a coequalizer.

𝑈𝑔

ℎ𝑈𝑓

𝑠𝑡

𝑔

𝑓 ∃

𝑈𝑥 𝑈𝑦 𝑧

𝑥 𝑦 𝑒

𝑈 strictly creates coequalizers of 𝑈-split pairs if every 𝑈-split coequalizer admits a unique 

coequalizer in 𝐷. [Rie16, §5.4]

Proposition 4.6. (𝑈𝑇 Strictly Creates Coequalizers of 𝑈𝑇 -split pairs): Given a monad 

(𝑇 , 𝜂, 𝜇) on a category 𝐶, the forgetful functor 𝑈𝑇 : 𝐶𝑇 → 𝐶 strictly creates coequalizers of 𝑈𝑇

-split pairs. [Rie16, §5.4]

Proof. Suppose a 𝑈𝑇 -split coequalizer is given for the parallel pair 𝑓, 𝑔 : (𝐴, 𝑎) ⇉ (𝐵, 𝑏):

𝑔

ℎ𝑓

𝑠𝑡

𝐴 𝐵 𝐸

It suffices to show that 𝐸 admits a unique algebra structure 𝑒 : 𝑇𝐸 → 𝐸 such that 

ℎ : (𝐵, 𝑏) → (𝐸, 𝑒) is a coequalizer of 𝑓 and 𝑔 in 𝐶𝑇 . Since functors preserve 𝑈𝑇  split 

coequalizers, 𝑇ℎ is the coequalizer of 𝑇𝑓 and 𝑇𝑔. Then by the universal property of the 

coequalizer, there is a unique map 𝑒 : 𝑇𝐸 → 𝐸 such that the top and bottom left squares and 

the right square below commute:

𝑇𝑔

𝑇ℎ

𝑔 ℎ

∃!𝑒𝑏𝑎

𝑇𝑓

𝑓

𝑇𝐴 𝑇𝐵 𝑇𝐸

𝐴 𝐵 𝐸

Thus, if (𝐸, 𝑒) is a 𝑇 -algebra, then ℎ is a 𝑇 -algebra homomorphism. (𝐸, 𝑒) is a 𝑇 -algebra if the 

following diagrams commute:

𝜂𝐸

𝑒
1𝐸

𝜇𝐸

𝑒𝑇𝑒

𝑒

𝐸 𝑇𝐸

𝐸

𝑇 2𝐸 𝑇𝐸

𝐸𝑇𝐸
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The left square commutes because

𝑒 ∘ 𝜂𝐸 ∘ ℎ = 𝑒 ∘ 𝑇ℎ ∘ 𝜂𝐵 = ℎ ∘ 𝑏 ∘ 𝜂𝐵 = ℎ ∘ 1𝐵 = ℎ ⇒ 𝑒 ∘ 𝜂𝐸 = 1𝐸

where ℎ is right-cancellable since it is a coequalizer, and all coequalizers are epimorphisms. 

Likewise, the right square commutes:

𝑒 ∘ 𝜇𝐸 ∘ 𝑇 2ℎ = 𝑒 ∘ 𝑇ℎ ∘ 𝜇𝐵 = ℎ ∘ 𝑏 ∘ 𝜇𝐵 = ℎ ∘ 𝑏 ∘ 𝑇 𝑏 = 𝑒 ∘ 𝑇ℎ ∘ 𝑇 𝑏 = 𝑒 ∘ 𝑇𝑒 ∘ 𝑇 2ℎ

⇒ 𝑒 ∘ 𝜇𝐸 = 𝑒 ∘ 𝑇𝑒

since 𝑇 2ℎ is also a coequalizer and therefore an epimorphism.

It remains to show that ℎ is a coequalizer in 𝐶𝑇 ; if it is, it is the unique coequalizer mapped 

to ℎ in 𝐶 by 𝑈𝑇  since the forgetful functor maps 𝑇 -algebra homomorphisms to the underlying 

morphisms in 𝐶. Given 𝑘 : (𝐵, 𝑏) → (𝐷, 𝑑) such that 𝑘𝑓 = 𝑘𝑔, there is a unique factorization 

𝑘 = 𝑗ℎ by the universal property of ℎ as a coequalizer in 𝐶. To see that 𝑗 is actually a 𝑇 -algebra 

homomorphism, note that

𝑗 ∘ 𝑒 ∘ 𝑇ℎ = 𝑗 ∘ ℎ ∘ 𝑏 = 𝑘 ∘ 𝑏 = 𝑑 ∘ 𝑇𝑘 = 𝑑 ∘ 𝑇 𝑗 ∘ 𝑇ℎ ⇒ 𝑗 ∘ 𝑒 = 𝑑 ∘ 𝑇 𝑗

as desired. □

Definition 4.7. (Monadicity): A functor 𝑈 : 𝐷 → 𝐶 is called monadic if it admits a left adjoint 

𝐹  such that the canonical comparison functor from 𝐷 to the category of algebras for the induced 

monad on 𝐶 defines an equivalence of categories. An adjunction 𝐹 ⊣ 𝑈 with this property is 

called a monadic adjunction. [Rie16, §5.3]

Theorem 4.8. (Monadicity Theorem): A right adjoint functor 𝑈 is monadic if and only if it 

creates coequalizers of 𝑈-split pairs. [Rie16, §5.5]

Proof. Let 𝐾 denote the canonical comparison functor 𝐷 → 𝐶𝑇 . Then 𝑈 = 𝑈𝑇 𝐾 and 

𝐹𝑇 = 𝐾𝐹.

(⟹): If 𝑓, 𝑔 : 𝐴 ⇉ 𝐵 is a 𝑈 -split pair in 𝐷, then 𝐾𝑓, 𝐾𝑔 : 𝐾𝐴 ⇉ 𝐾𝐵 is a 𝑈𝑇 -split pair in 𝐶𝑇 . 
Since 𝑈𝑇  strictly creates coequalizers of 𝑈𝑇 -split pairs, there is a unique coequalizer of 𝐾𝑓, 𝐾𝑔 

in 𝐶𝑇 .

Given 𝑈  is monadic, 𝐾 is an equivalence of categories and so has a pseudoinverse 𝐿 : 𝐶𝑇 → 𝐷. 

Because equivalence preserves limits and colimits and 𝐿𝐾 =∼ 1𝐷, the image of the coequalizer 

of 𝐾𝑓, 𝐾𝑔 under 𝐿 is a coequalizer for 𝑓, 𝑔 in 𝐷 that is isomorphic to the given coequalizer of 

the 𝑈 -split pair in 𝐷. Thus, 𝑈  creates coequalizers of 𝑈 -split pairs.

(⟸): It suffices to define an inverse equivalence 𝐿 : 𝐶𝑇 → 𝐷. Define the action of 𝐿 on free 

algebras and free algebra morphisms:

𝐿(𝑇𝐴, 𝜇𝐴) = 𝐹𝐴, 𝐿𝑇𝑓 = 𝐹𝑓.

Further, define the action of 𝐿 on any algebra as the coequalizer

𝜀𝐹𝐴

𝐹𝑎
𝐹𝑈𝐹𝐴 𝐿(𝐴, 𝑎)𝐹𝐴

which is the image of
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𝜇𝐴

𝑎𝑇𝑎
(𝑈𝐹𝑈𝐹𝐴, 𝜇𝑈𝐹𝐴) (𝑈𝐹𝐴, 𝜇𝐴) (𝐴, 𝑎)

under 𝐿. Likewise, define the action of 𝐿 on morphisms 𝑓 : (𝐴, 𝑎) → (𝐵, 𝑏) and 

𝑔 : (𝐵, 𝑏) → (𝐸, 𝑒) as the unique maps so the following diagram commutes:

𝜀𝐹𝐴

𝜀𝐹𝐵

∃!𝐿𝑓𝐹𝑓𝐹𝑈𝐹𝑓

𝐹𝑎

𝐹𝑏

𝐹𝑈𝐹𝑔 𝐹𝑔 ∃!𝐿𝑔

𝜀𝐹𝐸

𝐹𝑒

𝐹𝑈𝐹𝐴 𝐹𝐴 𝐿(𝐴, 𝑎)

𝐹𝑈𝐹𝐵 𝐹𝐵 𝐿(𝐵, 𝑏)

𝐹𝑈𝐹𝐸 𝐹𝐸 𝐿(𝐸, 𝑒)

The commutativity of the above diagram ensures the composition axioms are obeyed, and it 

can be verified that 𝐿 sends identities to identities. Thus, this construction of 𝐿 is functorial.

First, show 𝐾𝐿 =∼ 1𝐶𝑇 . Observe that for any algebra (𝐴, 𝑎), 𝑈 = 𝑈𝑇 𝐾 sends

𝜀𝐹𝐴

𝐹𝑎
𝐹𝑈𝐹𝐴 𝐿(𝐴, 𝑎)𝐹𝐴

to

𝜇𝐴

𝑈𝐹𝑎
𝑈𝐹𝑈𝐹𝐴 𝑈𝐹𝐴 𝑈𝑇 𝐾𝐿(𝐴, 𝑎)

where 𝑈  preserves coequalizers because it creates them. By Example 4.4, the above diagram 

is a 𝑈𝑇 -split coequalizer diagram. Since 𝑈𝑇  strictly creates coequalizers of 𝑈𝑇 -split pairs 

and Example 4.4 gives that 𝑈𝑇 (𝐴, 𝑎) = 𝐴 is also a coequalizer of the above diagram, 

𝐾𝐿(𝐴, 𝑎) =∼ (𝐴, 𝑎) and 𝐾𝐿 =∼ 1𝐶𝑇 .

The following lemma is useful to show 𝐿𝐾 =∼ 1𝐷:

Lemma 4.9. If 𝐹 ⊣ 𝑈 is an adjunction such that 𝑈 creates coequalizers of 𝑈-split pairs, then 

the following is a coequalizer diagram:

𝜀𝐹𝑈𝐷

𝜀𝐷𝐹𝑈𝜀𝐷
𝐹𝑈𝐹𝑈𝐷 𝐹𝑈𝐷 𝐷

Proof. Observe 𝐹𝑈𝜀𝐷, 𝜀𝐹𝑈𝐷 is a 𝑈 -split pair:
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𝑈𝜀𝐹𝑈𝐷

𝑈𝜀𝐷𝑈𝐹𝑈𝜀𝐷

𝜂𝑈𝐷𝜂𝑈𝐹𝑈𝐷

𝑈𝐹𝑈𝐹𝑈𝐷 𝑈𝐹𝑈𝐷 𝑈𝐷

□

Note 𝐿𝐾𝐷 is defined as the coequalizer of 𝐹𝑈𝜀𝐷, 𝜀𝐹𝑈𝐷 : 𝐹𝑈𝐹𝑈𝐷 ⇉ 𝐹𝑈𝐷, and by the above 

lemma, 𝐷 is also the coequalizer of this diagram. Thus, 𝐷 =∼ 𝐿𝐾𝐷 and 𝐿𝐾 =∼ 1𝐷 as desired.□

Example 4.10. (Monadic Functors): It can be shown by the monadicity theorem that forgetful 

functors from the following categories into Set are monadic:

• Set𝐵𝐺, Mod𝑅, and Vect𝕜, the categories of left 𝐺-sets, 𝑅-modules and 𝕜-vector spaces, 

respectively,

• Monoid, Group, Ab, Ring, the categories of monoids, groups, abelian groups, and unital 

rings, respectively. [Rie16, §5.5]

Example 4.11. (Objects Are Quotients of Free Objects): Since the forgetful functors from the 

above categories into Set are monadic, objects in those categories can be regarded as algebras for 

the induced monads on Set. Then every object in those categories is a quotient of an appropriate 

free object.

Bibliography
[Rie16] Riehl, Emily. Category Theory in Context. Dover Publications, 2016.
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1 Background



Motivation                    

Monads provide a very general way to study algebraic structures.

DRP Presentation Monads & Monadicity Theorem



Example: Free 𝑅-modules                    

When performing an operation multiple times on an object, there is 

sometimes a natural way of collapsing the result into something that could 

have been obtained by performing the operation just once.

Free 𝑅-module

For a set 𝑆 and unital ring 𝑅, denote 𝑅[𝑆] as the free 𝑅-module over 𝑆. 

In other terms, 𝑅[𝑆] is the set of finite, formal 𝑅-linear combinations of 

elements of 𝑆.

There is a “distribution” function from 𝑅[𝑅[𝑆]] to 𝑅[𝑆].
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Example: Distribution                    

Let 𝑅 = ℤ and 𝑆 = {𝑎, 𝑏, 𝑐}.

ℤ[𝑆] = {𝑧𝑎𝑎 + 𝑧𝑏𝑏 + 𝑧𝑐𝑐 | (𝑧𝑎, 𝑧𝑏, 𝑧𝑐) ∈ ℤ3}

ℤ[ℤ[𝑆]] =
{

 ∑
𝑚∈ℤ[𝑆]

𝑧𝑚𝑚 | 𝑧𝑖 ∈ ℤ∀𝑖
}



There is a “distribution” function ℤ[ℤ[𝑆]] → ℤ[𝑆]. For example,

2(𝑎) + 2(𝑎 + 𝑏) − 2(𝑎 + 𝑏 + 𝑐) ↦ 2𝑎 − 2𝑐.

However, there is not an obvious function ℤ[𝑆] → 𝑆 for every set 𝑆.

DRP Presentation Monads & Monadicity Theorem



Example: Evaluation                    

Desired properties of “evaluation” functions 𝑓 : ℤ[𝑆] → 𝑆:

• Identity:

𝜄

𝑓
id

𝑆 ℤ[𝑆]

𝑆
• Commute with distribution:

𝑓(𝑟″(𝑟𝑠 + 𝑟′𝑠′)) = 𝑓(𝑟″𝑟𝑠 + 𝑟″𝑟′𝑠′) = 𝑓(𝑟″𝑓(𝑟𝑠 + 𝑟′𝑠′)).

Example: treat the elements of 𝑆 = {𝑎, 𝑏, 𝑐} as residues mod 3.

Spoiler: the collection of sensible evaluation functions over all sets is 

equivalent to the collection of ℤ-modules. In fact, we could have defined ℤ-

modules this way!
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2 Monads and Algebras



Monads                    

Monad

A monad on a category 𝐶 consists of a functor 𝑇 : 𝐶 → 𝐶 , a unit natural 

transformation 𝜂 : 1𝐶 ⇒ 𝑇 , and a multiplication natural transformation 

𝜇 : 𝑇 2 ⇒ 𝑇  such that the following diagrams commute:

𝑇𝜇

𝜇𝑇

𝜇

𝜇

𝜂𝑇 𝑇𝜂

𝜇
1𝑇 1𝑇

𝑇 3 𝑇 2

𝑇 2 𝑇

𝑇 𝑇 2 𝑇

𝑇
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Algebras                    

Algebra

An algebra for a monad (𝑇 , 𝜂, 𝜇) on a category 𝐶 is an object-morphism 

pair (𝐴, 𝑎 : 𝑇𝐴 → 𝐴) such that the following diagrams commute:

𝜂𝐴

1𝐴
𝑇𝑎

𝑎

𝜇𝐴

𝑎𝑎

𝐴 𝑇𝐴

𝐴

𝑇 2𝐴

𝑇𝐴 𝐴

𝑇𝐴
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Category of Algebras                    

For each monad (𝑇 , 𝜂, 𝜇) on a category 𝐶 , there is a category 𝐶𝑇  of algebras 

of 𝑇  such that

• an object is a 𝑇 -algebra (𝐴, 𝑎 : 𝑇𝐴 → 𝐴),
• a morphism 𝑓 : (𝐴, 𝑎) → (𝐵, 𝑏) is a structure-preserving morphism in 𝐶 :

𝑎

𝑓

𝑇𝑓

𝑏

𝑇𝐴

𝐴 𝐵

𝑇𝐵
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Monads from Adjunctions                    

An adjunction consists of

• opposing functors 𝐹 : 𝐶 ⇄ 𝐷 : 𝑈 ,

• natural transformations 𝜂 : 1𝐶 ⇒ 𝑈𝐹, 𝜀 : 𝐹𝑈 ⇒ 1𝐷,

such that the diagrams below commute:

𝐹𝜂

𝜀𝐹
1𝐹

𝜂𝑈

𝑈𝜀
1𝑈

𝐹 𝐹𝑈𝐹

𝐹

𝑈 𝑈𝐹𝑈

𝑈

Proposition: Every adjunction induces a monad (𝑈𝐹 , 𝜂, 𝑈𝜀𝐹) on 𝐶 .
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Adjunctions from Monads                    

Every monad (𝑇 , 𝜂, 𝜇) induces an adjunction 𝐹𝑇 ⊣ 𝑈𝑇 , where

• 𝐹𝑇  is the free 𝑇 -algebra functor: 𝐹𝑇𝐴 = (𝑇𝐴, 𝜇𝐴),
• 𝑈𝑇  is the forgetful functor: 𝑈(𝐴, 𝑎) = 𝐴.

Proposition: Given an adjunction 𝐹 ⊣ 𝑈  inducing the monad (𝑇 , 𝜂, 𝜇), there 

is a unique functor 𝐾 : 𝐷 → 𝐶𝑇  that commutes with the adjunctions 𝐹 ⊣ 𝑈  

and 𝐹𝑇 ⊣ 𝑈𝑇 . 𝐾 is called the canonical comparison functor.

𝐹

𝐹𝑇

𝑈𝑇
𝑈

∃!𝐾

𝐶

𝐷 𝐶𝑇
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3 Monadicity Theorem



Coequalizers                    

Coequalizer

A coequalizer is the colimit of a diagram indexed by the double arrow 

category, or equivalently, an initial cone under a diagram as shown 

below:

𝑔

𝑓 ℎ

∃!𝑑
𝑘

• • •

•
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Coequalizers and Quotients                    

Coequalizers generalize quotients.

Example:

0

𝑓 𝜋
𝐺 𝐻 𝐻/ im(𝑓)

Proposition: every algebra in 𝐶𝑇  is the quotient of a free algebra. 

Equivalently, the following is always a coequalizer:

𝑎𝑇𝑎

𝜇𝐴
(𝑇 2𝐴,𝜇𝑇𝐴) (𝑇𝐴, 𝜇𝐴) (𝐴, 𝑎)
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𝑈-split coequalizers                    

𝑈-split coequalizer

Given a functor 𝑈 : 𝐷 → 𝐶 , a 𝑈 -split coequalizer is a parallel pair 𝑓, 𝑔 :
𝑥 ⇉ 𝑦 in 𝐷 with maps ℎ, 𝑠, 𝑡 in 𝐶 so that ℎ𝑈𝑓 = ℎ𝑈𝑔, ℎ𝑠 = 1𝑧, 𝑈𝑔𝑡 =
1𝑦, 𝑈𝑓𝑡 = 𝑠ℎ.

𝑈𝑔

𝑈𝑓 ℎ

𝑠𝑡

𝑥 𝑦 𝑧

𝑈  creates coequalizers of 𝑈 -split pairs if any 𝑈 -split coequalizer admits a 

coequalizer in 𝐷 whose image under 𝑈  is isomorphic to the given coequalizer 

in 𝐶 , and every fork in 𝐷 with this property is a coequalizer.
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Monadicity Theorem                    

Monadicity Theorem

The canonical comparison functor 𝐾 of an adjunction 𝐹 ⊣ 𝑈  is an 

equivalence of categories if and only if 𝑈  creates coequalizers of 𝑈 -split 

pairs. Adjunctions with these properties are called monadic.

𝐹𝑇

𝑈𝑇𝑈

∃!𝐾

𝐶

𝐷 𝐶𝑇
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Proof Ideas                    

Sketch (if): construct an inverse equivalence 𝐿 : 𝐶𝑇 → 𝐷 such that 𝐿(𝐴, 𝑎) 
is the colimit of the following diagram:

𝜀𝐹𝐴

𝐹𝑎
𝐹𝑈𝐹𝐴 𝐹𝐴 𝐿(𝐴, 𝑎)

Sketch (only if): factor a 𝑈 -split pair through 𝑈 = 𝑈𝑇𝐾 and use the property 

that the monadic forgetful functor 𝑈𝑇  strictly creates coequalizers of 𝑈𝑇 -

split pairs.
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Consequences                    

It can be shown by the Monadicity Theorem that free/forgetful adjunctions 

between many familiar categories and Set are monadic:

• Set∗, the category of pointed sets

• Set𝐵𝐺, Mod𝑅 , Vect𝕜
• Monoid, Group, Ab, Ring

This is good since monads are supposed to encode algebraic structure!
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Reference & Thanks                    

The reference for my project was Category Theory in Context by Emily Riehl.

Thanks to my mentor Etienne and the DRP organizers!
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