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Abstract

We develop the foundations of topological K-theory, highlighting the categor-
ical meaning of our constructions. Starting from the notion of a complex vector
bundle, we equip the collection of isomorphism classes of bundles over a fixed base
X with the structure of a commutative monoid (Vect(X),⊕), and show that the
pullback construction makes the assignment X 7→ Vect(X) into a contravariant
functor Vect(−) : hCptHausop → CMon. The Grothendieck group completion of
the additive monoid (Vect(X),⊕) then yields the K-theory ring K(X); its universal
property upgrades K(−) to a contravariant functor K : hCptHausop → CRing.
We further discuss the clutching construction and the classification of bundles over
spheres, the product theorem, Bott periodicity, and conclude by identifying topo-
logical K-theory as a 2-periodic generalized cohomology theory.
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1 Vector Bundles

A vector bundle is, intuitively, a continuous family of vector spaces parametrized by a
topological space. The rigorous formulation of this idea is the following.

1.1 Definition and basic properties

Definition 1.1. A complex (real) vector bundle of rank n over a topological spaceX
consists of a space E and a surjective map π : E → X such that each fiber Ex := π−1(x)
is equipped with a complex (real) vector space structure satisfying the local triviality
property: there exists an open cover {Uα} of X and homeomorphisms

hα : π
−1(Uα)

∼−→ Uα × Cn

that take each fiber π−1(x) to {x} × Cn by a linear isomorphism. We call E the total
space, X the base space, π the projection, Ex the fiber over x, and each pair
(Uα, hα) a local trivialization. We often write E → X when the remaining data are
understood. ⋄
Remark 1.1. In this paper we will focus on complex vector bundles for developing K-
theory, for several reasons and properties that will be exposed throughout. Most results
from the first sections are valid for both real and complex vector bundles.

Example 1.1 (Trivial bundle). For any n ≥ 0, the trivial bundle of rank n over X is

εn := X × Cn,

where π is the projection onto X. A bundle isomorphic to εn is called trivializable.

Example 1.2 (Tangent bundle). For X = Sn, the tangent bundle is the real vector
bundle π : E → Sn, where

E = {(x, v) ∈ Sn × Rn+1 | v ⊥ x}.
Each fiber Ex is an n-dimensional real vector space. Local trivializations are constructed
as follows: for any x ∈ Sn, let Ux be the open hemisphere containing x bounded by the
hyperplane H orthogonal to x; the trivialization sends (x, v) to (x, p(v)), where p denotes
the orthogonal projection onto H, which restricts to a linear isomorphism on each fiber.

Example 1.3 (Tautological line bundle). The complex projective space CPn parametrizes
lines through the origin in Cn+1. The tautological line bundle γ1 → CPn has total
space

γ1 :=
{
(ℓ, v) ∈ CPn × Cn+1 | v ∈ ℓ

}
, π(ℓ, v) = ℓ,

so the fiber over a line ℓ is ℓ itself, viewed as a one-dimensional subspace of Cn+1. This
bundle is nontrivial for n ≥ 1. The case n = 1, i.e. γ1 → CP1 ∼= S2, will play a funda-
mental role in the statement of the Product Theorem and Bott periodicity (Section 6).
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1.2 Morphisms and isomorphisms of vector bundles

Definition 1.2. Let π : E → X and π′ : E ′ → X be vector bundles over the same base. A
morphism of vector bundles f : E → E ′ is a continuous map satisfying π′ ◦ f = π and
such that the restriction to each fiber is linear. An isomorphism of vector bundles is
a morphism f : E → E ′ such that each fx := f |Ex is a linear isomorphism. ⋄

Remark 1.2. Complex vector bundles over X and their morphisms form a category, which
we denote Vect(X). Restricting to rank-n bundles gives the full subcategory Vectn(X).
The set of isomorphism classes will be written Vect(X), a set that will acquire an algebraic
structure in Section 2 and eventually give rise to the ring K(X).

2 Operations on Vector Bundles

The collection of vector bundles over X admits two natural binary operations reflecting
fiberwise linear algebra: the direct sum and the tensor product. Together, they endow
the set of isomorphism classes Vect(X) with further algebraic structure, motivating the
Grothendieck group completion introduced in Section 5.

2.1 Direct sum and tensor product

Definition 2.1. Given vector bundles E,E ′ → X, the direct sum (or Whitney sum)
E ⊕ E ′ and the tensor product E ⊗ E ′ are the vector bundles over X defined by
performing the corresponding operations fiberwise:

(E ⊕ E ′)x = Ex ⊕ E ′
x, (E ⊗ E ′)x = Ex ⊗C E ′

x.

One checks that these are indeed vector bundles by constructing local trivializations from
those of E and E ′. ⋄

Remark 2.1. One can similarly define the dual bundle E∨, whose fiber over x is (Ex)
∨ =

HomC(Ex,C).

2.2 Vect(X) as a commutative monoid

Proposition 2.1. Both ⊕ and ⊗ descend to well-defined operations on isomorphism
classes. The set Vect(X) equipped with ⊕ is a commutative monoid with unit [ε0], and
equipped with ⊗ is a commutative monoid with unit [ε1]. Moreover, ⊗ distributes over ⊕:

[E]⊗ ([F ]⊕ [G]) = ([E]⊗ [F ])⊕ ([E]⊗ [G]).

Proof. All identities reduce, fiber by fiber, to standard facts about finite-dimensional
C-vector spaces. □

Remark 2.2. The commutative monoid (Vect(X),⊕) is generally not a group: there are
no additive inverses, since E ⊕ F ∼= ε0 forces E and F to be zero-dimensional. This is
entirely analogous to (N,+) being a monoid but not a group.

However, when X is compact Hausdorff, we have the followig result:

Proposition 2.2. If X is compact Hausdorff, every vector bundle E → X admits a
complementary bundle E⊥ → X such that E ⊕ E⊥ ∼= εn for some n.
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Proof. Since X is compact, a finite open cover trivializing E yields a fiberwise injective
bundle map E ↪→ εnk, and E⊥ is its orthogonal complement in εnk. □

The existence of such complements is the key property that makes the Grothendieck
group completion meaningful in this setting.

3 Pullbacks and Functoriality

So far, Vect(X) has been studied over a fixed base. We now show that the monoid
structure on Vect(X) varies contravariantly and functorially in the base space. The key
ingredient is the pullback of a bundle along a continuous map.

3.1 Pullback of a vector bundle

Definition 3.1. Let π : E → Y be a complex vector bundle and f : X → Y a continuous
map. The pullback bundle f∗E → X is defined by

f ∗E := {(x, e) ∈ X × E | f(x) = π(e)},

with projection (x, e) 7→ x. The fiber over x is (f ∗E)x = Ef(x), and the vector space
structure is inherited from Ef(x). ⋄

Remark 3.1. The pullback bundle fits into a Cartesian square in CptHaus:

f ∗E E

X Y

f̃

πf∗E π

f

where f̃(x, e) = e.

3.2 Contravariant functoriality of Vect(−)

Proposition 3.1. Let f : X → Y be continuous. The pullback f ∗ : Vect(Y ) → Vect(X)
is a monoid homomorphism with respect to ⊕, and also preserves ⊗ and trivial bundles:
there are natural isomorphisms

f ∗(E ⊕ E ′) ∼= f ∗E ⊕ f ∗E ′, f ∗(E ⊗ E ′) ∼= f ∗E ⊗ f ∗E ′, f ∗εn ∼= εn.

Proof. Each isomorphism follows from the fiber description (f ∗E)x = Ef(x) and the cor-
responding fiberwise identities. For instance,

(f ∗(E ⊕ E ′))x = (E ⊕ E ′)f(x) = Ef(x) ⊕ E ′
f(x) = (f ∗E ⊕ f ∗E ′)x,

and these fiberwise identifications are compatible with the local trivializations, yielding a
global bundle isomorphism. □

Proposition 3.2. For composable maps X
f−→ Y

g−→ Z, there are natural isomorphisms
(g ◦ f)∗E ∼= f ∗(g∗E) for any bundle E → Z, and id∗

XE
∼= E for any bundle E → X.
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Proof. Both (g ◦ f)∗E and f ∗(g∗E) have fiber Eg(f(x)) over x ∈ X, and their transition
functions coincide. The identity statement is immediate from the definition. □

Theorem 3.1. There is a well-defined contravariant functor

Vect(−) : CptHausop −→ CMon.

Proof. See Propositions 3.1 and 3.2. □

Moreover, this functor is homotopy invariant in the following sense.

Proposition 3.3 (Homotopy invariance). Let X, Y be compact Hausdorff spaces and let
f, f ′ : X → Y be homotopic continuous maps. Then f ∗E ∼= (f ′)∗E for any vector bundle
E → Y .

Remark 3.2 (Natural domain of Vect(−)). Recall that hCptHaus has the same objects
as CptHaus but morphisms are homotopy classes of continuous maps. Thanks to Propo-
sition 3.3, the assignment [f ] 7→ f ∗ is well-defined on homotopy classes, so Vect(−) is in
fact a contravariant functor

Vect(−) : hCptHausop −→ CMon,

and the functor of Theorem 3.1 is its composite with the quotient functor q : CptHausop ↠
hCptHausop (we abuse notation by representing both functors as Vect(−)):

CptHausop hCptHausop CMonq

Vect(−)

Vect(−)

In particular, any contractible compact Hausdorff space X satisfies Vect(X) ∼= N, since
every bundle over a contractible base is trivializable. After the Grothendieck comple-
tion of Section 5, the same observation will show that K(−) is a contravariant functor
hCptHausop → CRing.

4 Classification of Vector Bundles over Sn

The homotopy invariance established in Proposition 3.3 has a direct consequence for
bundles over spheres: since both hemispheres of Sn are contractible, any bundle over Sn

is determined entirely by a single gluing map along the equator. Making this precise is
the content of the clutching construction.

4.1 The clutching construction

Write Sn = Dn
+ ∪Sn−1 Dn

−, where Dn
± denote the upper and lower closed hemispheres and

the equator is Sn−1 = Dn
+ ∩Dn

−. Let i± : D
n
± ↪→ Sn denote the respective inclusions.

Since Dn
± are contractible, Proposition 3.3 implies that any vector bundle over Dn

± is
trivializable. Therefore, for any bundle E → Sn, the pullback bundles i∗±E → Dn

± admit
trivializations

φ± : i
∗
±E

∼−→ Dn
± × Cn.

On the overlap Sn−1 = Dn
+ ∩ Dn

−, the two trivializations differ by a continuous map
f : Sn−1 → GLn(C), the clutching function of E.
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Construction 4.1. Given a continuous map f : Sn−1 → GLn(C), the clutching bundle
Ef → Sn is defined by

Ef :=
(
Dn

+ × Cn
)
⊔
(
Dn

− × Cn
) /

∼, (x, v) ∼ (x, f(x)v) for x ∈ Sn−1,

with projection [x, v] 7→ x. This is a rank-n complex vector bundle over Sn.

Remark 4.1. In the language of Section 3, Ef is obtained by gluing the trivial bundles
Dn

± × Cn along the equator Sn−1, with the gluing twisted by f .

4.2 Classification via [Sn−1,GLn(C)]
Let’s see that the clutching functions actually characterize all the vector bundles (under
isomorphism) over Sn:

Theorem 4.1 (Clutching classification). The clutching construction induces a bijection

[Sk−1,GLn(C)]
∼−→ Vectn(S

k), [f ] 7→ [Ef ].

Proof. Well-definedness. If f ≃ f ′ via a homotopy H : Sk−1 × [0, 1] → GLn(C), one
constructs an explicit isomorphism Ef

∼= Ef ′ by interpolating the gluing data along the
homotopy.

Surjectivity. Given any E → Sk, the restricted bundles i∗±E are trivializable by
contractibility of Dk

± and Proposition 3.3. Fix trivializations φ±; their comparison over
Sk−1 yields a clutching function f such that Ef

∼= E.
Injectivity. If Ef

∼= Ef ′ , any isomorphism restricts to trivializations over Dk
± that

differ from the standard ones by gauge transformations g± : D
k
± → GLn(C). Since Dk

± are
contractible, g± are null-homotopic, which forces f ≃ f ′. □

Example 4.1. For k = 1, [S0,GLn(C)] has a single element, since GLn(C) is path
connected, so every complex bundle over S1 is trivializable.

5 Topological K-Theory

As noted in Remark 2.2, the commutative monoid (Vect(X),⊕) lacks additive inverses.
The K-theory group K(X) is obtained by formally adjoining them via the Grothendieck
group completion, the most natural way to build a group out from a monoid.

5.1 The Grothendieck group completion

Definition 5.1. Let (M,+) be a commutative monoid. The Grothendieck group
K0(M) is an abelian group equipped with a monoid homomorphism ι : M → K0(M)
satisfying the following universal property: for every abelian group A and every monoid
homomorphism φ : M → A, there exists a unique group homomorphism φ̄ : K0(M) → A
making the diagram

M K0(M)

A

ι

φ
∃! φ̄

commute. Concretely, one can prove that K0(M) = (M ×M)/∼ where (a, b) ∼ (a′, b′) if
and only if there exists c ∈ M with a + b′ + c = a′ + b + c. One writes the class of (a, b)
as the formal difference a− b. ⋄
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Remark 5.1. The Grothendieck group construction is natural in the sense that the functor
K0 : CMon → Ab is left adjoint to the forgetful functor U : Ab → CMon. A canonical
example is K0(N,+) = (Z,+).

Definition 5.2. The K-group of a compact Hausdorff space X is the abelian group

K(X) := K0

(
Vect(X),⊕

)
.

Its elements are formal differences [E] − [F ] of isomorphism classes of complex vector
bundles over X. Two elements [E]− [F ] and [E ′]− [F ′] are equal in K(X) if and only if
E ⊕ F ′ ⊕G ∼= E ′ ⊕ F ⊕G for some bundle G → X. ⋄
Remark 5.2. Since every bundle over a compact Hausdorff space X admits a complemen-
tary bundle (Proposition 2.2), one can always represent an element of K(X) as [E]− [εn]
for some bundle E and some n ≥ 0. This representation is used to construct the ring
structure in the next subsection.

5.2 K(X) as a commutative ring

Proposition 5.1. The tensor product of vector bundles makes K(X) into a commutative
ring: the product is defined by

([E]− [F ]) · ([E ′]− [F ′]) := [E ⊗ E ′]− [E ⊗ F ′]− [F ⊗ E ′] + [F ⊗ F ′],

with unit [ε1]. Together with the addition from ⊕, this makes K(X) a commutative ring.

Proof. Well-definedness follows from distributivity of ⊗ over ⊕ in Vect(X), which ensures
the formula is independent of the choice of representative. Ring axioms then follow from
the corresponding identities in Vect(X), which hold fiberwise. □

5.3 The functor K : hCptHausop → CRing

Theorem 5.1. The assignment X 7→ K(X), (f : X → Y ) 7→ f ∗ defines a contravariant
functor

K(−) : hCptHausop −→ CRing.

As with Vect(−) in Remark 3.2, the natural domain of K(−) is the homotopy category
hCptHausop.

Proof. Given f : X → Y , the pullback f ∗ : Vect(Y ) → Vect(X) is a monoid homomor-
phism by Proposition 3.1. This homomorphism induces a unique ring homomorphism
K0(f

∗) : K(Y ) → K(X), which we will be denoting as f ∗ to simplify. Functoriality
((id)∗ = id and (g ◦ f)∗ = f ∗ ◦ g∗) follows from Proposition 3.2.

Since homotopic maps induce isomorphic pullback bundles (Proposition 3.3), they
induce the same map on K0, so [f ] 7→ f ∗ is well-defined on homotopy classes. The
functor K(−) is therefore defined on hCptHausop, and the composite

CptHausop hCptHausop CRing
q

K(−)

K(−)

is the factorization through the homotopy category. □

Example 5.1. K({∗}) ∼= Z, since Vect({∗}) ∼= N and K0(N) = Z.
K(S1) ∼= Z, since π0(GL(C)) = 0 (the group GL(C) is connected), so all bundles over

S1 are trivializable.
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5.4 Reduced K-theory K̃(X)

Definition 5.3. Let X be a compact Hausdorff space with basepoint x0 ∈ X. The
reduced K-theory of X is

K̃(X) := ker
(
K(X)

i∗0−→ K({x0})
)
,

where i∗0 is the map induced by the inclusion i0 : {x0} ↪→ X. Since Vect({∗}) ∼= (N,+)
and K0(N) = Z, we have K({x0}) ∼= Z, with generator [C]. ⋄

Proposition 5.2. There is a natural splitting of abelian groups

K(X) ∼= K̃(X)⊕ Z,

where the Z summand is generated by [ε1]. Moreover, K̃(X) is an ideal of K(X), and
hence inherits a ring structure from K(X).

Proof. The map i∗0 : K(X) → Z has a right inverse given by the pullback along the
constant map c : X → {x0}: c∗ : K({x0}) ∼= Z → K(X), n 7→ [εn]. Since i∗0 ◦ c∗ = id,

the sequence 0 → K̃(X) → K(X)
i∗0−→ Z → 0 splits. That K̃(X) is an ideal follows

from the fact that i∗0 is a ring homomorphism: if α ∈ K̃(X) and β ∈ K(X), then
i∗0(α · β) = i∗0(α) · i∗0(β) = 0. □

Remark 5.3. Two bundles E,F → X represent the same element in K̃(X) if and only
if E ⊕ εn ∼= F ⊕ εm for some n,m ≥ 0, i.e. they become isomorphic after adding trivial
summands of possibly different ranks.

Remark 5.4. K̃(X) is also a ring by Proposition 5.2, so it yields to a functor

hCptHausop∗ CRing
K̃(−)

6 Bott Periodicity

6.1 Product Theorem

The ring structure on K(X) interacts well with Cartesian products. Given compact
Hausdorff spaces X and Y with projections πX : X × Y → X and πY : X × Y → Y , the
external product is the ring homomorphism

µ : K(X)⊗Z K(Y ) −→ K(X × Y ), [E]⊗ [F ] 7→ [π∗
XE ⊗ π∗

Y F ].

That µ is a ring homomorphism follows from the fact that π∗
X and π∗

Y commute: µ((a⊗
b)(a′ ⊗ b′)) = π∗

X(aa
′)π∗

Y (bb
′) = π∗

X(a)π
∗
X(a

′)π∗
Y (b)π

∗
Y (b

′) = µ(a⊗ b)µ(a′ ⊗ b′).
The goal of this section is to prove that when Y = S2, the map µ is an isomorphism.

The key preliminary is a computation of K(S2). It can be shown that the tautological line
bundleH → S2 ∼= CP1 satisfies (H⊗H)⊕ε1 ∼= H⊕H, which inK(S2) readsH2 = 2H−1,
i.e., (H−1)2 = 0. This gives a ring homomorphism Z[H]/(H−1)2 → K(S2), and µ factors
as

µ : K(X)⊗Z Z[H]/(H − 1)2 −→ K(X)⊗Z K(S2) −→ K(X × S2).

Now we state and prove one of the main results of this work:
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Theorem 6.1 (Product Theorem). For any compact Hausdorff space X, the homomor-
phism

µ : K(X)⊗Z Z[H]/(H − 1)2
∼−→ K(X × S2)

is an isomorphism of rings.

Proof. First, we will use the generalized clutching construction: given a bundle E → X
and a continuous automorphism f : E×S1 → E×S1 fiberwise over X ×S1, one builds a
bundle [E, f ] → X×S2 by gluing two copies of E×D2 along E×S1 via f . Every bundle
over X × S2 arises this way. We use the notation [E,1] for the pullback of E along the
projection X × S2 → X, and [E, zn] ∼= [E,1] ⊗ Ĥn where Ĥ denotes the pullback of H
along X × S2 → S2. The proof proceeds in three steps, using the following propositions
(whose proofs we omit):

• Laurent reduction: Every [E, f ] is isomorphic to [E, ℓ] for a Laurent polynomial
clutching function ℓ = z−mq, q polynomial, and homotopic Laurent polynomial
clutching functions are Laurent-polynomial-homotopic.

• Linearization: If q is a polynomial clutching function of degree at most n, then
[E, q]⊕ [nE,1] ∼= [(n+1)E,Lnq] for a linear clutching function Lnq = a(x)z+ b(x).

• ±-splitting : Any [E, a(x)z + b(x)] splits as [E+,1] ⊕ [E−, z] for unique subbundles
E± ⊂ E. This splitting preserves direct sums.

Two further facts about the ±-splitting will be needed:

For [E,1]: E− = 0, E+ = E. (3)

For [E, z]: E+ = 0, E− = E. (4)

Statement (4) is immediate since b(x) = 0 has all eigenvalues at 0, inside S1. For (3), the
reduction procedure replaces 1 by z + t−1

0 1, whose unique eigenvalue t−1
0 > 1 lies outside

S1, so E− = 0.

Surjectivity. We show every bundle in K(X × S2) lies in the image of µ. Starting from
an arbitrary [E, f ] (vector bundles are characterized by clutching functions) and applying
the three propositions:

[E, f ] = [E, z−mq]

= [E, q]⊗ Ĥ−m

=
(
[(n+ 1)E,Lnq]− [nE,1]

)
⊗ Ĥ−m

=
(
[((n+ 1)E)+,1] + [((n+ 1)E)−, z]

)
⊗ Ĥ−m − [nE,1]⊗ Ĥ−m

= ((n+ 1)E)+ ∗H−m + ((n+ 1)E)− ∗H1−m − nE ∗H−m,

where a ∗ b := µ(a⊗ b). This last expression is in the image of µ, so µ is surjective.

Injectivity. We construct a left inverse ν : K(X × S2) → K(X) ⊗Z Z[H]/(H − 1)2 with
ν ◦ µ = id.

We first derive two formulas from the linearization, for deg q ≤ n:

[(n+ 2)E,Ln+1q] ∼= [(n+ 1)E,Lnq]⊕ [E,1], (1)
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[(n+ 2)E,Ln+1(zq)] ∼= [(n+ 1)E,Lnq]⊕ [E, z]. (2)

These follow by elementary row and column operations on the matrix representations
of Ln+1q and Ln+1(zq). From (1) and (3), together with the fact that the ±-splitting
preserves direct sums:

((n+ 2)E)− ∼= ((n+ 1)E)−,

so the minus summand is independent of n. We define, for n ≥ deg q:

ν([E, z−mq]) := ((n+ 1)E)− ⊗ (H − 1) + E ⊗H−m ∈ K(X)⊗Z Z[H]/(H − 1)2.

Well-definedness of ν. Independence of n was shown above. For independence of m, we
replace z−mq by z−m−1(zq) and apply (2) and (4):

ν([E, z−m−1(zq)]) = ((n+ 1)E)− ⊗ (H − 1) + E ⊗ (H − 1) + E ⊗H−m−1

= ((n+ 1)E)− ⊗ (H − 1) + E ⊗ (H−m −H−m−1) + E ⊗H−m−1

= ((n+ 1)E)− ⊗ (H − 1) + E ⊗H−m

= ν([E, z−mq]).

The second line uses (H − 1)2 = 0, which gives H(H − 1) = H − 1 and hence H − 1 =
H−m − H−m−1 for all m. Independence of the auxiliary parameter t0 in the ±-splitting
follows from the fact that varying t0 gives a homotopy of endomorphisms, which does
not affect the splitting. Finally, independence of the choice of clutching function: since
homotopic normalized clutching functions are Laurent-polynomial-homotopic, applying
the linearization over X × [0, 1] shows that the minus subbundles at the two ends are
isomorphic, so ν([E, z−mq]) depends only on the isomorphism class of [E, z−mq], so it is
well-defined.

Since ν takes direct sums to sums (the linearization and ±-splitting both preserve
sums), ν extends to a well-defined homomorphism K(X×S2) → K(X)⊗ZZ[H]/(H−1)2.

Verification that ν◦µ = id. Since Z[H]/(H−1)2 has additive basis {1, H} and (H−1)2 = 0
gives H +H−1 = 2, the ring K(S2) is also generated by 1 and H−1. It suffices to verify
νµ = id on elements of the form E ⊗H−m, m ≥ 0. We have µ(E ⊗H−m) = [E, z−m], so

νµ(E ⊗H−m) = ν([E, z−m]) = E− ⊗ (H − 1) + E ⊗H−m = E ⊗H−m,

since E− = 0 for the clutching function z−m with polynomial part q = 1, by (3). Hence
ν ◦ µ = id, and µ is injective. Therefore, µ is an isomorphism of rings. □

Corollary 6.1. K(S2) ∼= Z[H]/(H − 1)2. As an abelian group, K(S2) ∼= Z ⊕ Z with

generators [ε1] and [H]. In particular, K̃(S2) ∼= Z, generated by b := [H] − [ε1], named
the Bott Class.

Proof. Take X = {∗} in Theorem 6.1. □

The following Corollary shows the implications this Theorem has to the reduced K-
group:

Corollary 6.2. For compact Hausdorff spaces X and Y , there is a natural isomorphism

K̃(X ∧ Y ) ∼= K̃(X)⊗Z K̃(Y ),

where X ∧ Y = (X × Y )/(X ∨ Y ) is the smash product. In particular,

K̃(Σ2X+) ∼= K̃(X+ ∧ S2) ∼= K̃(X+)⊗Z K̃(S2).
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Proof. From the splitting K(X) ∼= K̃(X)⊕ Z and the Product Theorem,

K(X × Y ) ∼= K(X)⊗K(Y )

∼= (K̃(X)⊕ Z)⊗ (K̃(Y )⊕ Z)
∼= K̃(X)⊗ K̃(Y )⊕ K̃(X)⊕ K̃(Y )⊕ Z.

On the other hand,K(X×Y ) ∼= K̃(X×Y )⊕Z and K̃(X×Y ) ∼= K̃(X∧Y )⊕K̃(X)⊕K̃(Y ),
since X×Y = X∧Y ∨X∨Y after basepoint adjustments. Comparing the two expressions
gives K̃(X ∧ Y ) ∼= K̃(X)⊗ K̃(Y ). □

To extend K-theory into a full cohomological theory, we define higher K-groups using
iterated suspension and show that Bott periodicity makes the resulting theory 2-periodic.

6.2 Higher K-groups

Definition 6.1. For a compact Hausdorff space X and n ≥ 0, the higher K-groups are

K̃−n(X) := K̃(SnX),

where SnX denotes the n-fold reduced suspension of X. We set K̃0(X) := K̃(X). ⋄

The Bott class is the element b := [H]− [ε1] ∈ K̃(S2), which generates K̃(S2) ∼= Z.

6.3 Bott periodicity

Theorem 6.2 (Bott Periodicity). The homomorphism

β : K̃(X) −→ K̃(S2X), β(a) = b ∗ a,

is an isomorphism (of abelian groups) for all compact Hausdorff spaces X.

Proof. The map β is the composition

K̃(X) K̃(S2)⊗ K̃(X) K̃(S2X),

where the first map a 7→ b⊗ a is an isomorphism since K̃(S2) ∼= Z is infinite cyclic gener-
ated by b = H − 1, and the second map is the reduced external product of Corollary 6.2.
That this composition is an isomorphism is therefore a direct consequence of the Product
Theorem 6.1. □

Corollary 6.3. There are only two distinct higher K-groups: K̃−n(X) ∼= K̃(X) for n

even, and K̃−n(X) ∼= K̃(SX) for n odd.

Example 6.1. Bott periodicity allows the computation of K(Sn) for all n ≥ 0. From

the examples in Section 5 we know K̃(S1) = 0, and Corollary 6.1 gives K̃(S2) ∼= Z. Bott
periodicity then gives K̃(Sn) ∼= K̃(Sn−2) for all n ≥ 2, so by induction:

K̃(Sn) ∼=

{
Z n even,

0 n odd.
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Together with the splitting K(Sn) ∼= K̃(Sn)⊕ Z as abelian groups:

K(Sn) ∼=

{
Z⊕ Z n even,

Z n odd.

For n oddK(Sn) ∼= Z also as rings. For n = 2, the ring structure isK(S2) ∼= Z[H]/(H−1)2

by Corollary 6.1.

6.4 The six-term exact sequence

A pair (X,A) of compact Hausdorff spaces gives rise to an exact sequence of K̃-groups.

Applying K̃ to the sequence A ↪→ X → X/A and iterating with suspensions yields the
long exact sequence

· · · → K̃(S2X) → K̃(S2A) → K̃(S(X/A)) → K̃(SX) → K̃(SA) → K̃(X/A) → K̃(X) → K̃(A).

Setting K̃−n(X,A) := K̃(Sn(X/A)), this is the long exact sequence

· · · → K̃−2(X) → K̃−2(A) → K̃−1(X,A) → K̃−1(X) → K̃−1(A) → K̃0(X,A) → K̃0(X) → K̃0(A).

Since external tensor product with H − 1 commutes with maps between spaces, the Bott
periodicity isomorphism β : K̃0(−)

∼−→ K̃−2(−) is natural, and the long exact sequence
rolls up into a six-term periodic exact sequence. Extending to positive indices by
K̃2i(X) := K̃(X) and K̃2i+1(X) := K̃(SX), it takes the form

K̃0(X,A) K̃0(X) K̃0(A)

K̃1(A) K̃1(X) K̃1(X,A),

the exact analogue of the long exact sequence of a pair in ordinary cohomology, wrapped
into a hexagon by periodicity.

7 Application: Division Algebras

With Bott periodicity now established, we illustrate its power with one of its most striking
applications: a proof that Rn admits no division algebra structure unless n ∈ {1, 2, 4, 8}.
We will provide the proof for odd n.

Definition 7.1. A division algebra structure on Rn is a bilinear multiplication Rn ×
Rn → Rn such that for each a ̸= 0, the maps x 7→ ax and x 7→ xa are both linear and
invertible. ⋄

Theorem 7.1 (Adams). The following statements hold only for n = 1, 2, 4, 8:

(a) Rn is a division algebra.

(b) Sn−1 is parallelizable, i.e., its tangent bundle is trivial.

The proof reduces both conditions to the notion of an H-space.
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Definition 7.2. An H-space is a topological space X with a continuous multiplication
µ : X ×X → X admitting a two-sided identity element e ∈ X. ⋄

Lemma 7.1. If Rn is a division algebra (or if Sn−1 is parallelizable), then Sn−1 is an
H-space.

Proof. If Rn is a division algebra, one may modify the multiplication to assume a two-
sided identity e ∈ Sn−1; then (x, y) 7→ xy/|xy| defines an H-space structure on Sn−1,
which has no zero divisors.

If Sn−1 is parallelizable with tangent fields v1, . . . , vn−1 linearly independent at each
point, apply Gram–Schmidt to make x, v1(x), . . . , vn−1(x) orthonormal for all x. Let
αx ∈ SO(n) send the standard basis to x, v1(x), . . . , vn−1(x); then (x, y) 7→ αx(y) defines
an H-space structure on Sn−1 with identity e1. □

We now divide the proof of Theorem 7.1 into two cases. The case n even is deeper
and relies on Adams’ Hopf invariant theorem, which we do not prove here. We focus on
the case n odd, where K-theory gives a clean argument.

If n is odd and n > 1, write n = 2k + 1 with k ≥ 1, so Sn−1 = S2k is an even-
dimensional sphere. We show S2k is not an H-space, so by Lemma 7.1 it will follow that
there is no division algebra structure on R2k+1.

Proposition 7.1. S2k is not an H-space for any k ≥ 1.

Proof. Suppose for contradiction that µ : S2k × S2k → S2k is an H-space multiplication
with identity e. Let i1, i2 : S

2k → S2k × S2k be the inclusions i1(x) = (x, e) and i2(x) =
(e, x), so that µ ◦ i1 = µ ◦ i2 = id.

From Section 6 we know K(S2k) ∼= Z[α]/(α2) as rings, where α generates K̃(S2k) ∼= Z.
By the Product Theorem 6.1,

K(S2k × S2k) ∼= Z[α, β]/(α2, β2),

where α = π∗
1(α) and β = π∗

2(α) are the pullbacks along the two projections. Since µ∗ is
a ring homomorphism and µ ◦ ij = id, pulling back via i∗1 sends α 7→ α and β 7→ 0, and
i∗2 sends α 7→ 0 and β 7→ α. Therefore:

µ∗(α) = α+ β +mαβ

for some m ∈ Z. Applying µ∗ to the relation α2 = 0:

0 = µ∗(α2) =
(
µ∗(α)

)2
= (α+ β +mαβ)2 = 2αβ,

using α2 = β2 = 0. But 2αβ ̸= 0 in Z[α, β]/(α2, β2), a contradiction. Therefore, S2k can’t
be an H-space. □

Corollary 7.1. Rn admits no division algebra structure and Sn−1 is not parallelizable for
any odd n ≥ 3.

When n = 2k, the sphere Sn−1 = S2k−1 is odd-dimensional. The above argument no
longer applies since K̃(S2k−1) = 0 provides no obstruction. The proof in this case requires
Adams’ theorem on the Hopf invariant, which shows via secondary cohomology operations
that S2k−1 is an H-space only for k = 1, 2, 4. This completes the proof of Theorem 7.1.
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