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0 Introduction

This expository paper is the result of the Spring 2026 Directed Reading Program in Mathematics at UC
Berkeley, conducted under Spencer Gregg Taylor. We read Glen Bredon’s Topology and Geometry [1] as our
primary text, and later on supplemented this with John M. Lee’s Introduction to Smooth Manifolds [3] when
I became more interested in differentiable manifolds as a potential paper topic.

Here, we first introduce basic topological concepts and notions before following Bredon and Lee to introduce
two equivalent definitions of a differentiable manifold. Then, we discuss topological groups and conclude by
introducing the notion of a Lie group.

The intent is for this paper to be a quick and simple introduction to these topics with minimal background
knowledge. Undergraduate Real Analysis and Abstract Algebra (MATH 104 and 113 at Berkeley) covers
more than enough background knowledge. Hypothetically, everything discussed in the first two sections will
make sense provided a basic knowledge of set theory. The third section requires some basic concepts of group
theory and linear algebra, and is more open-ended.

1 Basic Topology

We first construct definitions of general topology and topological spaces, primarily using some basic set
theory.

Def. 1.1. (Topological Space). A topological space is a set X together with a collection of subsets of X
called open sets such that:

1. the intersection of two open sets is open;

2. the union of any collection of open sets is open;

3. the empty set ) and whole space X are open.
Additionally, a subset C' C X is called closed if its complement X \ C' is open.
Def. 1.2. (Separation Axioms).

(Th) A topological space X is called a Tp-space if for any two points x # y there is an open set containing
one of them but not the other.

(T1) A topological space X is called a Ti-space if for any two points x # y there is an open set containing x
but not y and another open set containing y but not x.

(T>) A topological space X is called a Ty-space or Hausdorff if for any two points x # y there are disjoint
open sets U and V withx € U and y € V.



(T5) A Ti-space is called a Ts-space or regular if for any point x and closed set F' not containing x there are
disjoint open sets U and V with z € U and FF C V.

(Ty) A Ty-space X is called a Ty-space or normal if for any two disjoint closed sets F' and G there are disjoint
open sets U and V with FF C U and G C V.

For our purposes, we care only about (7%); the primary object of study here is by definition Hausdorff, as we
shall soon see.

The next two definitions should be familiar to anyone who has encountered real analysis, as the notions of a
neighborhood and continuity are some of the field’s most fundamental concepts.

Def. 1.3. (Neighborhood Basis) If X is a topological space and « € X, then a set N is called a neighborhood
of x in X if there is an open set U C N with z € U. A collection By of subsets of X containing x is called a
neighborhood basis at x in X if each neighborhood of x in X contains some element of By and each element
of By is a neighborhood of z.

Def. 1.4. (Continuity) A function f : X — Y between topological spaces is said to be continuous at x,
where z € X, if, given any neighborhood N of f(z) in Y, there is a neighborhood M of z in X such that
f(M) C N. Equivalently, f is continuous if f~1(U) is open in X for every open set U C Y.

Def. 1.5. (Topological basis) If X is a topological space and B is a collection of subsets of X, then B is
called a basis for the topology of X if the open sets are precisely the unions of members of B. (In particular,
the members of B are open.) A collection S of subsets of X is called a subbasis for the topology of X if the
set B of finite intersections of members of S is a basis.

Def. 1.6. (First and Second Countable) A topological space is said to be first countable if each point has
a countable neighborhood basis. A topological space is said to be second countable if its topology has a
countable basis.

Lastly, we arrive at the most fundamental and famous concept in topology: homeomorphism.

Def. 1.7. A function f: X — Y between topological spaces is called a homeomorphism if f =1 :Y — X
exists (i.e., f is one-one and onto/bijective) and both f and f~! are continuous.

In other words, two topological spaces are homeomorphic if there is a bijective correspondence between them
as sets which also makes open sets correspond.

With these basic topological definitions laid out, we are now able to begin defining the notion of a differentiable
manifold.

2 Differentiable Manifolds

Bredon gives two definitions of a differentiable manifold. The first needs only the definitions and notions
from the prior section, plus some abstract algebra. The second requires more novel definitions regarding
coordinate charts; it is more traditional and is also covered in Lee. Differentiable manifolds are also called
smooth manifolds in some texts, such as Lee’s, and occasionally C*° manifolds, for reasons that will become
clear.

Let’s first define what a manifold is:

Def 2.1 (Topological Manifold) Let X be a topological space. X is a topological manifold of dimension n or
a topological n-manifold if it has the following properties:

1. X is Hausdorff;

2. X is second-countable;



3. X islocally Euclidean of dimension n, that is, each point of X has a neighborhood that is homeomorphic
to an open subset of R"”.

The first definition (which Bredon actually gives second) requires a few additional algebraic concepts:

Def. 2.2. (Functional Structure). Let X be a topological space. A functional structure on X is a function
Fx defined on the collection of open sets U in X, such that:

1. Fx(U) is a subalgebra of the algebra of all continuous real-valued functions on U (that is, Fx(U) is a
subset of the continuous real valued functionson U and f,g € Fx(U),a € R = f+y, fg,af € Fx(U));

2. Fx(U) contains all constant functions;

3. VCU, fe Fx(U) = flv € Fx(V) (f|v denotes the restriction of f to a smaller open set V C U);
and

4. U=U, and f|y, € Fx(U,) for all « = f € Fx(U).

Note that the fourth condition expresses locality: a real-valued function belongs to the algebra Fx (U)
whenever this can be checked on an open cover of U. Together with the third condition, this is similar to the
conditions of locality and gluing for sheaves [4].

The pair (X, Fx) is called a functionally structured space. Examples of functional structures with X = R"
include:

1. Fx(U) = C°(U), all continuous real valued functions on Uj;

2. Fx(U) = C*(U), all continuous real valued functions whose continuous partial derivatives exist up to
order k on U;

3. Fx(U) = C*(U), all functions with continuous partial derivatives of all orders on U;
4. Fx(U) = C¥(U), all real analytic functions on U.
Note that for each finite k, C«(U) C C>(U) c C*(U) c C°(U).

Def. 2.3. (Morphism and Isomorphism) A morphism of functionally structured spaces (X, Fx) — (Y, Fy) is
a continuous map ¢ : X — Y such that, for every open set U C Y, composition f — f o ¢ carries Fy (U) into
Fx(¢=1(U)). An isomorphism of functionally structured spaces is a bijective morphism ¢ whose inverse ¢!
is also a morphism.

Notationally, we write (X, Fx) = (Y, Fy) to mean that (X, Fx) and (Y, Fy) are isomorphic as functionally
structured spaces. Note this is not the same as a homeomorphism: isomorphism between functionally
structured spaces is stronger, requiring the distinguished algebras of functions to be preserved as well.

Remark. Since morphisms of functionally structured spaces are continuous maps, and an isomorphism is
required to have an inverse that is also a morphism, an isomorphism of functionally structured spaces is
automatically a homeomorphism on the underlying topological spaces. Thus, if (X, Fx) = (Y, Fy), then X
and Y are homeomorphic. The converse need not hold, since a homeomorphism does not need to preserve
the distinguished algebras of functions.

We now reach the first definition.

Def. 2.4. (Differentiable Manifold) An n-dimensional differentiable manifold is a second countable functionally
structured Hausdorff space (M™, F') which is locally isomorphic to (R™, C°°). That is, each point in M has a
neighborhood U such that (U, Fiy) = (V, Cy) for some open V C R™.

Here Fy denotes the restricted functional structure on U, defined by Fy (W) = F(W) for open W C U, and
Cy® denotes the functional structure on V' assigning to each open W C V' the algebra C*°(W).



In this case, a morphism is called a differentiable or smooth map, an isomorphism is called a diffeomorphism,
and members of F(U) are differentiable real-valued functions. A diffeomorphism is also a homeomorphism.

The second definition appears in both Bredon and Lee, but Bredon gives a much more condensed version
while Lee’s is more detailed. The following is a combination of the two, leaning more towards Lee’s treatment
of the material.

Def. 2.5. (Smooth Map, Diffeomorphism) If U and V are open subsets of Euclidean spaces R™ and R™,
respectively, a function F : U — V is said to be smooth (or C°°, or infinitely differentiable) if each of its
component functions has continuous partial derivatives of all orders. If in addition F is bijective and has a
smooth inverse map, it is called a diffeomorphism.

Def. 2.6. (Chart) A coordinate chart, or simply chart, on a topological n-manifold M is a pair (U, ¢) where
U is an open subset of M and ¢ : U — U is a homeomorphism from U to an open subset U = ¢(U) C R™.

Def. 2.7. (Transition Map, Smoothly Compatible) If (U, @), (V, 1)) are two charts such that U NV # (), the
composite map Yo ¢t : H(UNV) — (U NV) is called the transition map from ¢ to 1, and since it is
a composition of homeomorphisms, it is itself a homeomorphism. If either the transition map o ¢! is a
diffeomorphism or U NV = (), the two charts (U, ¢), (V, ) are said to be smoothly compatible.

Def. 2.8. (Atlas, Smooth and Maximal) An atlas, denoted A, is a collection of charts whose domains cover a
topological manifold M. An atlas A is called a smooth atlas if any two charts in A are smoothly compatible
with each other. A smooth atlas on M is mazimal if it is not properly contained in any larger smooth atlas.
In other words, A is maximal if any chart that is smoothly compatible with every chart in A is already in A.

Def. 2.9. (Differentiable Manifold, traditional definition) If M is a topological manifold, a smooth structure
on M is a maximal smooth atlas. A differentiable or smooth manifold is a pair (M, .A), where M is a
topological manifold and A is a smooth structure on M.

We should ensure these definitions are indeed equivalent. We follow Bredon’s proof.

Proof: (Def. 24 = Def. 2.9) Let (M™, F) be a second countable functionally structured Hausdorff space
which is locally isomorphic to (R™, C*). By Def. 2.4, each point of M has a neighborhood U such that
(U, Fy) = (V,Cy°) for some open set V. C R". Let ¢ : (U, Fy) — (V,C{°) be such an isomorphism. Since an
isomorphism of functionally structured spaces is a homeomorphism (see our earlier remark), (U, ¢) is a chart
in the sense of Def. 2.6. The domains of the charts cover M by Definition 2.4.

It remains to show that the transition functions between two charts are smooth. Let ¢ : (U, Fyy) — (U’, CgR)
and ¢ : (V,Fy) — (V',C%) be two such charts. On U NV, the transition function is
0=¢oyp i p(UNV) = d(UNV).

Since ¢ and v are isomorphisms of functional structures, after restricting to U NV, 6 is also an isomorphism
of functional structures. Therefore, all that remains is to show that a morphism 6 : (W, Cyy) — (W', Cy))
between open subsets W, W’ C R”™ is the same thing as a smooth map W — W',

By definition, 6 is a morphism if and only if, for every f € C°(W’), fo6 € C>°(W). Thus, it suffices to show
6:W — W' issmooth <= fofeC®W)forall feC®(W).

The forward implication = follows from the chain rule. For <= | suppose f o6 € C>(W) for every
f € C®(W'). Let f be a coordinate function (projection to a coordinate axis in R™) and decompose 6 into
its coordinate functions 8(x1,...,2,) = (01(x1,...,Zn), ..., 0n(21,...,2,)). Then f o =06; when f is the
ith coordinate function. Thus, each coordinate function 6; is C'*°, i.e. smooth, so 6 is smooth.

Therefore, the transition functions between the charts are smooth. Applying the same argument to !, the
transition functions are diffeomorphisms. Hence, the charts are smoothly compatible and form a smooth



atlas. Extending this atlas to the maximal smooth atlas of all compatible charts gives a smooth structure on
M, so M is a differentiable manifold in the sense of Definition 2.9.

(Def. 2.9 = Def. 2.4) Suppose M™ is a differentiable manifold in the sense of Def. 2.9. Therefore, M is a
topological n-manifold equipped with a maximal smooth atlas A. It suffices to define F(U) locally, since
condition 4 of Def. 2.2 says that membership in F'(U) can be checked on an open cover of U. Let U be the
domain of a chart ¢ : U — U’ C R™. Define

FU)={fo¢: feC>=U)}

Equivalently, g € F(U) if and only if go ¢! € C>(U").

This definition is independent of the chosen chart: if ¢ : U — U” C R"™ is another chart, then go ¢~ =
(godp™1)o(powp™1), and ¢porp~" is smooth by smooth compatibility of charts. By the chain rule, smoothness
in one chart is equivalent to smoothness in the other. For an arbitrary open set A C M, define g € F(A) if
this condition holds locally in charts. The conditions of Definition 2.2 are then inherited from the properties
of smooth functions on open subsets of R™: they are closed under algebraic operations, contain constants, are
closed under restriction, and are smooth whenever they are smooth locally.

By construction, every chart ¢ : U — U’ C R™ is an isomorphism (U, Fyy) = (U’,Cg?). Since the chart
domains cover M, (M, F) is locally isomorphic to (R™, C>), as required. Since M is already a topological
n-manifold, it is Hausdorff and second countable. Therefore, M is a differentiable manifold in the sense of
Definition 2.4. O

What we have now defined, in two equivalent ways, is a space that can be globally complicated, but is locally
similar to the familiar Euclidean space we normally do calculus on. This allows us to generalize and apply
geometric and analytic methods to more general topological spaces beyond Euclidean space.

3 Topological Groups

We conclude by introducing the notions of topological groups, leading to the definition of a Lie group, and
discussing some examples.

Def. 3.1. (Topological Group) A topological group is a Hausdorfl topological space G together with a group
structure on G such that:

1. group multiplication (g, h) — gh of G x G — G is continuous; and

1

2. group inversion g — g~ of G — G is continuous.

A subgroup H of a topological group G is a subspace which is also a subgroup in the algebraic sense. That is,
H is closed under the binary operation of G, H contains the identity element of G, and for all a € H, a~ " is
also in H.

There are many important types of topological groups. For this exposition, though, we will introduce one
particularly important type of topological group, where a smooth manifold structure is also present: Lie
groups.

Def. 3.2. (Lie group) A Lie group is a topological group G which also has the structure of a smooth manifold
for which the group operations (product and inverse) are smooth maps.

This definition is a stronger version of a topological group by requiring all operations to be smooth. A Lie
group is therefore a group whose algebraic operations are compatible not only with a topology, but with a
smooth manifold structure. As such, Lie groups combine the three main structures discussed here: a topology,
a smooth manifold, and a group operation. The resulting object is at the intersection of topology, algebra,
and geometry.



Example 3.3. A simple example of a Lie group is the circle group
S'={zeC:|z| =1},

with group operation given by complex multiplication. It is a topological group with the subspace topology
inherited from C, and it is also a smooth one-dimensional manifold. Since multiplication and inversion are
smooth, S! is a Lie group. Geometrically, S' may be viewed as the group of rotations of the plane about the
origin.

Example 3.4. Another example of a Lie group is GL(n,R), the ”general linear group” of invertible n x n
real matrices. It is defined as

GL(n,R) = {A € M,(R) : det(A) # 0}.

This is a group under matrix multiplication. Since M, (R) = R™* and det is continuous, GL(n,R) =
det ' (R \ {0}) is an open subset of M, (R), hence a smooth manifold. Multiplication is smooth because the

entries of AB are polynomial functions of the entries of A and B, and inversion is smooth by Cramer’s rule.
Therefore GL(n,R) is a Lie group.

Additional examples include the so-called ”Classical” Lie groups, of which GL(n,R) is one. The others
include, per Bredon,

e GL(n,C) and GL(n,H), the general linear groups over the complex numbers and quaternions;

e SL(n,R) and SL(n, C), the special linear subgroups of GL(n,R) and GL(n,C) consisting of matrices
with determinant 1;

e O(n), the orthogonal group, consisting of real matrices satisfying AAT = I;

e SO(n), the special orthogonal group, consisting of matrices in O(n) with determinant 1;
e U(n), the unitary group, consisting of complex matrices satisfying AA* = T;

e SU(n), the special unitary group, consisting of matrices in U(n) with determinant 1; and

e Sp(n), the symplectic group, consisting of quaternionic matrices satisfying AA* = I, where A* is the
quaternionic conjugate transpose.

One immediate consequence of this definition is that the group operation produces diffeomorphisms of the
manifold G:

Def. 3.5. (Left and Right Translations) If G is a Lie group, any element g € G defines maps Ly, R, : G — G,
called left translation and right translation, respectively, by Ly(h) = gh and R,4(h) = hg. Since multiplication
is smooth, both Ly and R, are smooth. Moreover, their inverses are L,-1 and R,-1, respectively, so these
translations are diffeomorphisms of G. Thus, any point of G' can be moved to any other point by a global
diffeomorphism resulting from the group structure [3].

Group structures are a natural choice for describing symmetry. For instance, symmetries of a geometric
object can typically be composed, inverted, and include an identity symmetry, making them a group. Lie
groups refine this by adding a smooth structure, allowing symmetries to vary continuously and differentiably
with parameters. In this sense, Lie groups can be understood as smooth spaces of symmetries. As a result,
Lie groups are very important to physics as well. For example, SU(2) arises in the study of gauge theories,
or Yang-Mills theories, a class of quantum field theories built from continuous symmetry [2].
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