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Abstract

There is a profound connection between the representation theory of the symmetric

group Sn and the ring of symmetric functions Λ. By introducing the Frobenius charac-

teristic map, we establish an isometric isomorphism between the class functions of Sn

and symmetric functions of degree n. We highlight this correspondence by examining

standard representations of the symmetric group, including the defining permutation

representation on Cn and the regular representation. Finally, we examine the induced

trivial representation of a Young subgroup, 1Sn
Sµ
, showing its deep connection to the

complete homogeneous symmetric functions hµ, and exploring its decomposition into

irreducible representations via Kostka numbers.
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1 Introduction

The symmetric group on n letters, denoted Sn, is one of the most fundamental objects in

abstract algebra. Its representation theory—the study of how Sn acts linearly on vector

spaces—turns out to be governed entirely by the combinatorics of integer partitions and

Young tableaux. Parallel to this is the algebraic study of symmetric functions, which are

polynomials invariant under the permutation of their variables.

At first glance, the linear representations of a finite group and the formal algebraic rings

of symmetric polynomials appear to live in different mathematical universes. However, a

beautiful bridge known as the Frobenius characteristic map connects them perfectly.

2 Basics

To build the Frobenius characteristic map, we first need to define the objects on both sides

of the bridge: the representation theory of Sn and the ring of symmetric functions. Both of

these rely on a common combinatorial foundation.

2.1 Partitions and Tableaux

Definition 2.1. A partition λ of an integer n, denoted λ ⊢ n, is a sequence of weakly

decreasing positive integers λ = (λ1, λ2, . . . , λk) such that
∑k

i=1 λi = n. The integers λi are

called the parts of the partition.

For example, the partitions of n = 3 are (3), (2, 1), and (1, 1, 1).

Definition 2.2. A Young diagram (or Ferrers diagram) of shape λ is a finite collection of

boxes arranged in left-justified rows, with the i-th row containing exactly λi boxes.

Definition 2.3. A Semistandard Young Tableau (SSYT) of shape λ is a way of filling

the boxes of the Young diagram of λ with positive integers such that:

1. The entries weakly increase along each row (from left to right).

2. The entries strictly increase down each column.

If the tableau of shape λ ⊢ n uses exactly the numbers 1, 2, . . . , n each exactly once, it is

called a Standard Young Tableau (SYT).

The content (or weight) of an SSYT is a sequence µ = (µ1, µ2, . . . ), where µi is the

number of times the integer i appears in the tableau.
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2.2 Representation Theory of Sn

A complex representation of a finite group G is a group homomorphism ρ : G → GL(V ) for

some finite-dimensional complex vector space V . We often simply refer to the vector space

V as a G-module.

Definition 2.4. A representation V is irreducible if it contains no non-trivial proper

G-invariant subspaces. By Maschke’s Theorem, every finite-dimensional complex represen-

tation of a finite group decomposes uniquely (up to isomorphism) into a direct sum of

irreducible representations.

Definition 2.5. The character of a representation V , denoted χV : G → C, is defined

by χV (g) = Tr(ρ(g)). Characters are class functions, meaning they are constant on the

conjugacy classes of G.

A foundational result in representation theory states that the number of irreducible rep-

resentations of a finite group is exactly equal to the number of its conjugacy classes. For the

symmetric group Sn, two permutations are conjugate if and only if they have the same cycle

type. Since cycle types correspond to integer partitions of n, the conjugacy classes of Sn are

indexed by partitions λ ⊢ n.

Consequently, the irreducible representations of Sn are also indexed by partitions. (Isn’t

that marvelous?)

Definition 2.6. For each λ ⊢ n, the corresponding irreducible representation of Sn is called

the Specht module, denoted V λ (or Sλ). Its corresponding irreducible character is denoted

χλ.

2.3 The Ring of Symmetric Functions

Let Λ be the ring of symmetric functions in countably many variables x1, x2, x3, . . . . We can

grade this ring by degree: Λ =
⊕

n≥0 Λ
n, where Λn is the space of homogeneous symmetric

functions of degree n.

There are several important bases for the vector space Λn, all indexed by partitions λ ⊢ n:

1. Power Sum Symmetric Functions (pλ): We define pk =
∑

i x
k
i . For a partition

λ = (λ1, . . . , λk), we define pλ = pλ1pλ2 · · · pλk
.

2. Complete Homogeneous Symmetric Functions (hλ): We define hk as the sum

of all monomials of degree k. Then hλ = hλ1 · · ·hλk
.
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3. Schur Functions (sλ): The most important basis is the Schur basis. While it has an

algebraic definition via determinants, it can be defined combinatorially as the gener-

ating function of semistandard Young tableaux:

sλ =
∑

T∈SSYT(λ)

xT

where xT = xµ1

1 xµ2

2 · · · and µ is the content of the tableau T .

3 The Frobenius Characteristic Map

We are now ready to state the main connection between Sn-modules and Λn.

Definition 3.1. Let Rn be the space of class functions on Sn. The Frobenius character-

istic map Frob : Rn → Λn is defined by:

Frob(f) =
1

n!

∑
w∈Sn

f(w)pρ(w)

where pρ(w) is the power-sum symmetric function indexed by the cycle type ρ(w) of the

permutation w.

We can extend this definition linearly. If V is an Sn-module with character χV , we write

Frob(V ) to mean Frob(χV ).

Theorem 3.2 (Frobenius). The map Frob is an isometric isomorphism between Rn (equipped

with the standard character inner product) and Λn (equipped with the Hall inner product).

Crucially, the irreducible characters of Sn map exactly to the Schur functions:

Frob(χλ) = sλ

This theorem is incredibly powerful. It means that to decompose any representation of

Sn into its irreducible components V λ, we simply need to find its Frobenius characteristic

and expand it as a linear combination of Schur functions sλ. This result was the spark of

my motivation for this paper.

4 The Permutation Representation: Sn acting on Cn

To see representation theory in action, we begin with the most natural and intuitive repre-

sentation of the symmetric group: permutations moving coordinates around.
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Definition 4.1. Let V = Cn with standard basis vectors e1, e2, . . . , en. The symmetric

group Sn acts on V by obviously permuting the basis elements: for any σ ∈ Sn and basis

vector ei, we define the action as:

σ · ei = eσ(i)

This induces a linear representation called the defining permutation representation.

Question 4.2. How does this permutation representation decompose into irreducible rep-

resentations?

To find the decomposition, we look for Sn-invariant subspaces. It is immediately clear

that there is a 1-dimensional subspace invariant under this action. Consider the vector

consisting of all ones (in the standard basis):

vtriv = e1 + e2 + · · ·+ en

For any permutation σ ∈ Sn, we have σ · vtriv = vtriv because addition is commutative and

the permutation simply reorders the terms. The action of Sn on the one-dimensional line

spanned by vtriv is trivial. This gives us a copy of the trivial representation. The trivial

representation of Sn corresponds to the single-row partition (n), and its Specht module is

denoted V (n).

By Maschke’s Theorem, there must exist a complementary Sn-invariant subspace W such

that Cn = V (n) ⊕W . Using the standard inner product on Cn, the orthogonal complement

to vtriv is the space of all vectors whose coordinates sum to zero:

W =

{
n∑

i=1

ciei

∣∣∣∣∣
n∑

i=1

ci = 0

}

This (n−1)-dimensional subspaceW is invariant under Sn because permuting the coordinates

of a vector does not change the sum of those coordinates. It turns out that W contains no

smaller invariant subspaces—it is irreducible.

This specific irreducible module is known as the standard representation of Sn, and

representation theory dictates that it corresponds to the hook-shaped partition (n − 1, 1).

Its Specht module is denoted V (n−1,1).

Thus, we have completely decomposed the defining permutation representation:

Cn ∼= V (n) ⊕ V (n−1,1)

Using the Frobenius characteristic map, we could equivalently state that the character

of Cn maps to the symmetric function s(n) + s(n−1,1).
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5 The Regular Representation: Sn acting on Sn

Another fundamental construction in the representation theory of finite groups is obtained

by allowing a group to act on itself.

Definition 5.1. The regular representation of a finite group G is the group algebra C[G]

equipped with the action of G by left multiplication. The elements of G form a basis for

C[G]. We act on a basis element (a permutation) simply by multiplying it on the left.

For the symmetric group Sn, the regular representation has dimension |Sn| = n!. A

celebrated result from classical character theory describes the exact decomposition of the

regular representation for any finite group.

Theorem 5.2. In the regular representation of a finite group G, if V is an irreducible

representation of G, the multiplicity of V appearing in the decomposition of the regular

representation is exactly dim(V ).

Remark 5.3. While we will not prove this theorem here, it intuitively ”feels right” when

constructing character tables. The regular representation has character χreg(e) = |G| and
χreg(g) = 0 for g ̸= e. Taking the inner product with any irreducible character χV yields

⟨χreg, χV ⟩ = 1
|G|(|G|χV (e)) = dim(V ).

Applying Theorem 5.2 to the symmetric group, let V λ be the Specht module correspond-

ing to λ ⊢ n. The number of times V λ appears in the regular representation of Sn is exactly

dim(V λ). Therefore:

C[Sn] ∼=
⊕
λ⊢n

(dimV λ)V λ

What is the dimension of V λ? A profound combinatorial theorem states that dim(V λ) =

fλ, where fλ is the number of Standard Young Tableaux (SYT) of shape λ.

We can map this entire situation through the Frobenius characteristic map. Since the

Frobenius map is linear, the characteristic of the regular representation is the sum of the

characteristics of its irreducible components. Because Frob(V λ) = sλ, we obtain:

Frob(C[Sn]) =
∑
λ⊢n

fλsλ

Since fλ counts the number of Standard Young Tableaux of shape λ, we can rewrite this

sum elegantly by iterating over all standard tableaux directly:

Frob(C[Sn]) =
∑

T∈SYT

sshape(T )
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where the sum ranges over all Standard Young Tableaux of size n. This formula beau-

tifully encapsulates the relationship between the algebraic regular representation and the

combinatorics of tableaux shapes.

6 Induced Representations and Complete Homogeneous

Symmetric Functions

We can generalize the simple permutation action on Cn to actions on subsets or block

structures. This leads to the concept of Young subgroups and their induced representations.

6.1 Young Subgroups and Mµ

Definition 6.1. Given a partition µ = (µ1, µ2, . . . , µk) ⊢ n, we define the Young subgroup

Sµ as the internal direct product of smaller symmetric groups acting on disjoint blocks of

{1, 2, . . . , n} of sizes µ1, µ2, . . . , µk:

Sµ = Sµ1 × Sµ2 × · · · × Sµk
⊆ Sn

Let 1Sµ denote the one-dimensional trivial representation of this subgroup Sµ. We can

use the algebraic operation of induction to create a representation of the full symmetric

group Sn.

Definition 6.2. The permutation module Mµ is the induced representation:

Mµ = IndSn
Sµ
(1Sµ)

Combinatorially, Mµ can be viewed as the action of Sn on the set of tabloids of shape

µ. A tabloid is an equivalence class of fillings of a Young diagram where we only care about

the sets of entries in each row, not their order.

6.2 Connection to hµ and Kostka Numbers

A fundamental theorem relates this induced representation Mµ directly to the complete

homogeneous symmetric function hµ = hµ1hµ2 . . . hµk
.

Theorem 6.3. The Frobenius characteristic of the induced representation Mµ is exactly the

complete homogeneous symmetric function hµ:

Frob(Mµ) = hµ
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Because Mµ is a finite-dimensional representation of Sn, Maschke’s Theorem guarantees

it decomposes into a direct sum of irreducible Specht modules V λ. Because the Frobenius

map is an isomorphism, finding the multiplicities of each V λ in Mµ is algebraically equivalent

to expanding the polynomial hµ in terms of the Schur basis sλ.

This change of basis is governed by a famous set of constants known as the Kostka

numbers, denoted Kλµ.

Theorem 6.4. The expansion of hµ into Schur functions is given by:

hµ =
∑
λ⊢n

Kλµsλ

where the Kostka number Kλµ is equal to the number of Semistandard Young Tableaux

(SSYT) of shape λ and content µ.

In the language of modules, this implies the canonical decomposition:

Mµ ∼=
⊕
λ⊢n

KλµV
λ

Notice that Kλµ is non-zero only if the partition λ dominates µ in the dominance order of

partitions. Furthermore, Kµµ = 1.

6.3 A Specific Example: µ = (2, 1) for n = 3

To solidify these abstract concepts, let us compute a specific example thoroughly. Let n = 3

and consider the partition µ = (2, 1).

The associated Young subgroup is S(2,1) = S2 × S1 ⊆ S3. The corresponding symmetric

function is h(2,1) = h2h1.

Our goal is to find the decomposition of the induced module M (2,1) = IndS3
S2×S1

(1). To do

this, we calculate the Kostka numbers Kλ,(2,1) for all possible partitions λ ⊢ 3. The possible

shapes λ are (3), (2, 1), and (1, 1, 1).

We must construct Semistandard Young Tableaux of shape λ with content µ = (2, 1).

This means our tableaux must contain exactly two 1’s and one 2.

1. For λ = (3): The shape is a single row of three boxes. We need to fill it with {1, 1, 2}.
To satisfy the SSYT condition, rows must weakly increase. There is only one way to

arrange these:

1 1 2

Therefore, there is exactly 1 such tableau, giving K(3),(2,1) = 1.

2. For λ = (2, 1): The shape has two boxes in the first row and one box in the second

row. We must fill it with {1, 1, 2}. Because columns must strictly increase, the first
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column must contain 1 and 2. Because the top row must weakly increase, the second

box in the first row must be 1. This uniquely forces the filling:

1 1

2

There is exactly 1 such tableau, giving K(2,1),(2,1) = 1.

3. For λ = (1, 1, 1): The shape is a single column of three boxes. The SSYT rules

require columns to strictly increase. This means a column of length 3 would require

three strictly distinct numbers (e.g., 1, 2, 3). However, our content only provides the

numbers 1 and 2. It is impossible to fill this shape. Therefore, K(1,1,1),(2,1) = 0.

Translating these combinatorial calculations back through our symmetric function iden-

tities, we find the change of basis equation:

h(2,1) = 1 · s(3) + 1 · s(2,1) + 0 · s(1,1,1)

h(2,1) = s(3) + s(2,1)

Finally, by applying the inverse of the Frobenius characteristic map, we arrive at the

exact decomposition of our induced representation:

IndS3
S2×S1

(1) ∼= V (3) ⊕ V (2,1)

Recalling our earlier work, V (3) is the trivial representation of S3 and V (2,1) is the 2-

dimensional standard representation of S3. The induced module M (2,1) is structurally iden-

tical to the defining permutation representation on C3!

This concrete example elegantly demonstrates the core thesis of this paper: the combi-

natorial constraints of filling boxes in Young tableaux entirely dictate the structural decom-

position of infinite-dimensional polynomial rings and abstract group representations.
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