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Motivation

In topology, we consider spaces to be the same if there is a
homeomorphism (continuous, reversible deformation) between them.

We can attach invariants to spaces, a property that does not change
under homeomorphism.

By showing that an invariant differs between two spaces, we can show
that the spaces are not homeomorphic.
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Motivation

The fundamental group is one such invariant.

Intuitively, the fundamental group of a space describes all the loops in the
space that cannot be continuously deformed into one another.

For example:

In R2, any loop can be deformed to a point, hence the fundamental
group is the trivial group

In R2\{0}, a circle around the origin cannot be deformed to a point
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Definition

Definition

Two paths A and B with the same fixed endpoints are homotopic,
denoted as A ≃ B, if there is a continuous family of paths with the same
fixed endpoints connecting them.

Definition

[f ] is the homotopy class of f and denotes the equivalence class of f
under the equivalence relation of homotopy.

Definition

In a topological space X , the paths f : [0, 1] → X with
f (0) = f (1) = x0 ∈ X are called loops, and x0 is called the basepoint.
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Definition

Definition

The fundamental group π1(X , x0) is the group whose elements are all
homotopy classes [f ] of loops f : [0, 1] → X with the basepoint x0. The
group operation is loop concatenation.

Note that if X is a path-connected space, then the choice of basepoint
does not matter.
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Fundamental Group of the Circle

Theorem

π1(S
1) ∼= Z.

In particular, letting S1 be the unit circle in R2, its fundamental group is
the infinite cyclic group generated by the homotopy class of the loop
w1(t) = (cos(2πt), sin(2πt)) based at (1, 0).

It suffices to show that any loop f in S1 is homotopic to
wn(t) = (cos(2πnt), sin(2πnt)) for a unique n ∈ Z.
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Fundamental Group of the Circle

Proof.

Consider a map of the real line onto the circle via the function
p : R → S1, p(x) = (cos(2πx), sin(2πx)).

For any loop f : [0, 1] → S1 with basepoint (1, 0), there is a unique path
f̃ : [0, 1] → R starting at f̃ (0) = 0 such that p ◦ f̃ = f .

Since the endpoint f̃ (1) maps to (1, 0) under p, f̃ (1) = n for some n ∈ Z.
Because R is simply connected, there is a homotopy from f̃ to w̃n(t) = nt.
Composing with p, we get a homotopy from f to wn.

If f undergoes a homotopy, then the endpoint of its lifted path f̃ (1)
changes continuously. But it can only take a discrete set of values, so it
must stay fixed at n. Thus, f is not homotopic to wm for any m ̸= n. ■
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Applications: Brouwer’s Fixed Point Theorem

Theorem

Every continuous map h : D2 → D2 has a fixed point, that is, a point
x ∈ D2 such that h(x) = x.

Proof.

For contradiction, suppose h has no fixed point. Then there is a
continuous map r : D2 → S1 that fixes S1, defined by letting r(x) be the
point where the ray from h(x) through x intersects S1.

If f0 is a loop in S1, then in D2 it can be shrunk to a point via a linear
homotopy ft . Composing r with ft gives a homotopy in S1 from f0 to a
point. This implies π1(S

1) is trivial, contradicting π1(S
1) = Z. ■
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Applications: Fundamental Theorem of Algebra

Theorem

Every non-constant polynomial with coefficients in C has a complex root.

Proof.

Let p(x) = xn + a1x
n−1 + · · ·+ an with ai ∈ C for all 1 ≤ i ≤ n, n ≥ 1.

Suppose p does not have any root. Let fr (s) =
p(re2πis)/p(r)
|p(re2πis)/p(r)| for

r ∈ R, r ≥ 0. fr is a loop in S1 ⊂ C with the basepoint at 1, and r = 0
corresponds to the trivial loop. As r varies, fr is a homotopy of loops
based at 1. So, we can claim [fr ] = 0 for all r . However, for arbitrarily
large r , fr (s) converges to e2πins as p(x) = xn + relatively small terms.
This is a contradiction because [fr ] = n ̸= 0. ■
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