
SOME NOTIONS IN ÉTALE COHOMOLOGY

ETHAN EUGENE WYNNER

Abstract. This note presents a selective introduction to the (surprisingly) rather congenial subject
of étale cohomology. We discuss étale morphisms, k-algebras, fundamental groups, the étale site, and
some important cohomological computations and curiousities, culminating with the étale cohomology
surrounding the Kummer sequence over a smooth projective curve (up to, but not including, the H2

part). It may be replete with errors and is certainly full of uncomely blocks of exposition. Thanks to
Will Fisher for advising my DRP, and also Joe Hlavinka and Gabe Beiner for the extra discussion,
and for sharing your office space.

Étale morphisms

There are quite a few ways of describing when a morphism of schemes is étale. In the front
of my mind is that a morphism of schemes f : X −→ Y of locally finite type1 is étale if it is flat
and unramified. At that, one should be reminded that f is flat if for every x ∈ X, the local ring
OX,x is a flat OY,f(x)-module. Moreover, f is unramified at a point x ∈ X if the field extension

κ(y) ↪→ OX,x/myOX,x

is finite separable, where f(x) = y. Perhaps more intuitively, consider a ring homomorphism
φ : A −→ B of finite type. We say that φ is unramified at p ∈ Spec(B) when q = φ−1(p)
generates the maximal ideal of Bp and κ(p)/κ(q) is a finite separable field extension. So we say
that the morphism f is unramified if it is unramified at every point x ∈ X.

Proposition. (Milne, 3.2)

Let f : X −→ Y be of locally finite type. The following are equivalent:
(1) f is unramified
(2) for all y ∈ Y, the fiber Xy = X ×Y Spec(κ(y)) −→ Spec(κ(y)) is unramified
(3) if ksep −→ Y is a ring map, then X ×Y Spec(ksep) −→ Spec(ksep) is unramified.
(4) for all y ∈ Y, we have Xy

∼=
∐

i Spec(Li), where the Li are finite separable field
extensions of κ(y)

Proof. See [Milne] Proposition 3.2

Example of an étale morphism. Let f : A1
C −→ A1

C be the morphism of schemes given by the
map C[y] −→ C[x] sending y 7→ x2. Then f is étale away from zero. There are many ways of
showing this, but we will use a fan favorite; that is, (4) in the previous proposition (noting
that k = C is algebraically closed, of course). In the case where X,Y are schemes over C, (4)
reduces to showing that the fibers of X over C-points of Y are isomorphic to a disjoint union of
copies of Spec(C). A C-point a ∈ HomC(C[y],C) is the morphism y 7→ a. This corresponds to a
closed point (y − a) ∈ A1

C. The residue field κ(y − a) ∼= C, hence our fiber is

Spec(C[x])×Spec(C[y]) Spec(C) ∼= Spec(C[x]⊗C[y] C).

Notice that we have turned C into a C[y]-algebra by the assignment y 7→ a. So when we actually
pass through the pushout diagram induced by the tensor product C[x]⊗C[y] C, we can see that
we are enforcing both the C[y]-algebra structure on C, and the C[y]-algebra structure on C[x],
where y 7→ x2. Hence we have

C[x]⊗C[y] C ∼= C[t]/(t2 − a).

1This is a consequence of being unramified; locally of finite type is necessary for defining an unramified
morphism.
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Here is where it matters that we are away from zero. Notice that we can split (t2 − a) =
(t−
√
a)(t−

√
a), so by Sunzi’s theorem we have

C[t]/(t2 − a) ∼= C[t]/(t−
√
a)× C[t]/(t−

√
a) ∼= C× C.

So the fiber
Spec(C[x]⊗C[y] C) ∼= Spec(C× C) ∼= Spec(C) ⊔ Spec(C)

which is the unramified condition! But let’s rewind to right after we computed C[x]⊗C[y] C ∼=
C[t]/(t2 − a). If a = 0, this is just C[t]/(t2), the spectrum of which is NOT isomorphic to a
disjoint union of copies of Spec(C), even though it is homeomorphic to a single copy of Spec(C).
So we must be careful. This map is étale only when a ̸= 0.

Remark.

Another important characterization of unramified, and hence étale morphisms is the notion
that the cotangent sheaf ΩX/Y = 0 when f : X −→ Y is unramified. This can be concretely
illustrated by the following example/proposition.

Proposition.

Let k ↪→ L be a finite and separable field extension. Let f : Spec(L) −→ Spec(k) be the
corresponding morphism of schemes. Then f is a finite étale morphism.

Proof. Clearly f is finite, since L is a finite k-vector space. Moreover, any k-vector space is a
free k-module, and therefore a flat k-module. We just need to show that ΩL/k = 0, then we are
done. By the primitive element theorem, L = k(α) for some α. Let q(t) ∈ k[t] be the minimal
polynomial, so q(α) = 0. Suppose d is the universal derivation. Then d(q(α)) = 0. But we have

q(α) = αn + an−1α
n−1 + · · ·+ a0 =

n∑
i=0

aiα
i, (an = 1)

and hence

d(q(α)) =

n∑
i=0

ai · iαi−1dα = q′(α)dα = 0.

But L is separable, so q′(α) ̸= 0. Thus dα = 0, and since for all x ∈ L, we have x = g(α) with
g ∈ k[t], so dx = d(g(α)) = g′(α)dα = 0. Thus ΩL/k = 0, so f is unramified, hence étale.

An immediate consequence of this is the fact that many notable field extensions are now
known to produce finite étale morphisms. In particular, if p is a prime number, the morphism
Spec(Fpn) −→ Spec(Fp) is finite étale. In fact, any quadratic extension such as k(

√
a)/k

produces a finite étale morphism, except for when char k = 2. For instance, when char k = p > 0,
the field extension k(t1/p)/k is never separable, since the minimal polynomial f(t) = tp − a
satisfies f ′(t) = ptp−1 = 0. One can see that this coincides with the fact that Ωk(t1/p)/k ̸= 0.

Hence Spec(k(t1/p)) −→ Spec(k) is never an étale morphism.

1. Étale algebras over a field

Let k be a field. We begin by giving a rather simple definition of when a k-algebra is étale.
In general, we say that a ring map R −→ A is étale if the corresponding Spec(A) −→ Spec(R)
is an étale morphism. In this sense we say that A is an étale R-algebra. One may notice from
the previous section that if k ↪→ L is a (finite) separable field extension, then the morphism
Spec(L) −→ Spec(k) is necessarily flat and unramified, hence (finite) étale. This allows us
to identify the notion of an étale k-algebra with that of a separable field extension of k. The
following structural lemma works to expand on this notion.

Lemma 1.1. Let k be a field. Let A be a finite k-algebra. Then A is étale over k if and only if

A ∼=
r∏

i=1

Li

where the Li are finite separable field extensions of k.
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Proof. Suppose A is a finite k-algebra such that A ∼=
∏r

i=1 Li with Li/k finite separable field
extensions. By the previous proposition, for each i, the map

Spec(Li) −→ Spec(k)

is finite étale. Notice that

Spec(A) =

r∐
i=1

Spec(Li)

is a cover of Spec(A). Scheme theoretically, étale-ness is a local property on the source and
target. This is because an étale morphism is flat and unramified. Both of these are explicitly
local conditions; i.e. we could define étaleness by covering the source (or the target) with affines
and mandating that the restrictions are étale. In our case here, this is precisely the idea; locality
on the source means that the map

f : Spec(A) −→ Spec(k)

is (finite) étale iff the restriction f |Ui to each element of an open cover by
⋃

i Ui is étale. Hence
we take each Ui = Spec(Li) and we conclude f is finite étale. Moreover,

f : Spec
( r∏

i=1

Li

)
−→ Spec(k)

is given by the map k −→
∏r

i=1 Li, hence
∏r

i=1 Li is a finite étale k-algebra. Conversely,
suppose that A is a finite étale k-algebra. Any finite k-algebra is noetherian and artinian. We’ll
want to use that A is a finite artinian k-algebra, since this means that it is a product of finitely
many local artinian k-algebras (its localizations) and then show that A is reduced and go from
there. First, let k be the algebraic closure of k. Then the base change A⊗k k is a finite étale
k-algebra (finite and étale are stable under base change). Then

A⊗k k ∼=
r∏

k

since k is algebraically closed, and admits no nontrivial algebraic extensions2. Thus A ⊗k k
is a finite product of fields, hence reduced. We need a little bit of algebra here: namely,
we have that k ↪→ k is faithfully flat, as any field extension is. This is because the map
Spec k −→ Spec k is (rather trivially) surjective. If you do not agree that surjectivity + flatness
implies faithfully flatness, I will sketch the argument: Suppose φ : R −→ A is a flat ring map
with Spec(S) −→ Spec(R) surjective. Let M be an R-module, and suppose that

M ⊗R S = 0

with M ≠ 0. Choose p ∈ Spec(R) with Mp ≠ 0. Since the map on spectra is surjective, there
exists q ∈ Spec(A) lying over p, i.e. φ−1(q) = p. Then

(M ⊗R S)q = Mp ⊗Rp
Sq.

Sq is flat over Rp so Mp ̸= 0 implies that Mp ⊗Rp
Sq ≠ 0. But (M ⊗R S)q is certainly zero, so

this is a contradiction. Hopefully we are all convinced. Now I claim another algebraic lemma: If
R −→ A is faithfully flat, B an A-module, and B ⊗R A is reduced, then B is reduced. Suppose
that b ∈ B such that there exists m where bm = 0. Then (b ⊗ 1)m = 0. By faithful flatness,
b = 0. So B is reduced. In our case we have k ↪→ k faithfully flat, and A⊗k k is reduced. Thus
A is reduced. Now we are back on track. Recall that A is artinian. Hence we can write

A =

r∏
i=1

Ai

where each Ai is a local artinian k-algebra. Since A is reduced, each Ai is reduced. What
happens when you are reduced, local, and artinian? Well, each Ai has a unique maximal ideal
mi. Since Ai is artinian, the chain

mi ⊃ m2
i ⊂ m3

i ⊃ · · ·

2Hello!! Hi!! Can you see me through this gigantic hand wave?
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will eventually stabilize. That is, there exists some N where mN
i = mN+1

i = · · · and so on.
Then mi(m

N
i ) = mN

i =⇒ mN
i = 0 by Nakayama’s lemma. But Ai is reduced, so mi = 0. Thus

Ai has no nontrivial proper ideals, hence it is a field. Only now do we invoke the notion that A
is étale over k. Indeed, we can make a similar argument as before: We have an étale morphism

Spec(A) ∼=
r∐

i=1

Spec(Ai) −→ Spec(k),

hence étale morphisms Spec(Ai) −→ Spec(k) for each i. By definition, these maps are unramified,
hence Ai/k is a separable field extension. And it is a priori finite, so we are done. 3

2. The Étale Topology

Let X be a scheme. We denote by Xét the full subcategory of Sch/X consisting of schemes
U over X with étale structure morphism. Recall that a site is a category C equipped with
a Grothendieck topology (there are many references for this, see Milne [i] for instance). We
(cursorily) construct the étale topology on Xét as follows:

Definition 2.1. Let U ∈ Xét. An étale covering {Ui −→ U}i∈I is a collection of Ui ∈ Xét with
maps φi : Ui −→ U such that

U =
⋃
i

φi(Ui).

This is equivalent to saying that the cover {Ui −→ U} is jointly surjective. The category Xét
equipped with this topology, called the étale topology, is called the (small) étale site on X.4

2.1. Sheaves on the étale site. Fix a scheme X. A presheaf on Xét is a contravariant functor

F : Xop
ét −→ Ab

which assigns an abelian group F (U) to each object U ∈ Xét. As per usual, we say that F is a
sheaf if, given an étale cover {Ui −→ U}i∈I , the diagram

F (U)
∏

F (Ui)
∏

F (Ui ×U Uj)

is an equalizer diagram.

3. Galois theory and the étale fundamental group

It is a natural urge for us algebraists to consider the category k-Algfinét of finite étale k-
algebras... We might even seek to determine certain facts about this category and its relatives.
As it turns out, we are barking up the correct tree and there is a very nice Galois theory of
finite étale k-algebras, which can be summed up by the following premise: Fix a separable
closure ksep ⊂ k of a field k, and let Gk = Gal(ksep/k) denote the absolute Galois group of k.
Recall that a Gk-set is a set equipped with an action of Gk which is continuous with respect to
the Krull topology, i.e. the profinite topology that identifies

Gal(ksep/k) = lim←−
L⊂ksep

Gal(L/k)

where L ranges finite Galois extensions of k contained in ksep. Denote by Gk-Setsfin the
category of finite Gk-sets.

Theorem 3.1. There is an equivalence of categories

k-Algfinét
∼= Gk-Setsfin

given by the functors A 7−→ Homk(A, ksep) and S 7→ {f ∈
∏

s∈S ksep : σ · f = f ∀σ ∈ Gk}.

Proof. See Milne[i+ 1] Chapter 8.

3Good exercise: Let k be an algebraically closed field. Suppose X = Spec(A) with A a finite étale k-algebra.
Compute the Hilbert polynomial of X.

4The ’big étale site is the site we get by restricting from Xét to the X-schemes whose structure morphisms
are locally of finite type.



SOME NOTIONS IN ÉTALE COHOMOLOGY 5

3.1. The étale fundamental group. More generally, suppose we are given a connected
noetherian scheme X. Let

x̄ : Spec(K) −→ X

be a geometric point. In the étale setting we can actually take K to be something like κ(x)sep,
which is not necessarily algebraically closed. This to say that separable extensions are really
sufficient for studying the étale fundamental group. But of course we still write geometric point,
and for convenience we can suppose here that K is algebraically closed. Consider the category
FEt(X) of finite étale covers of X. Let Y −→ X be such a cover. Then the fiber product

Y ×X Spec(K) Spec(K)

Y X

gives a finite étale morphism Yx̄ := Y ×X Spec(K) −→ Spec(K) (étale + finite are stable under
base change!). So there is an isomorphism

Yx̄
∼=

r∏
i=1

Spec(K)

by our previous characterization, and since K is algebraically closed (or just separably closed).
Thus we can view Yx̄ as a finite set of points, which induces a functor

Fx̄ : FEt(X) −→ FinSets

sending Y 7−→ Yx̄. We define the étale fundamental group of X at a geometric point x̄ as the
group of natural automorphisms of Fx̄, which we denote by πét

1 (X, x̄).

Example. Let X = Spec(k). Then πét
1 (Spec(k), Spec(ksep)) ∼= Gal(ksep/k). We will show this.

Fix a separable closure ksep, and a geometric point x̄ : Spec(ksep) −→ Spec(k). Let Y −→
Spec(k) be a finite étale cover. In this case, Y = Spec(A) where A is a finite étale k-algebra.
We have the fiber

Spec(A⊗k ksep) Spec(ksep)

Spec(A) Spec(k)

which says that Spec(A⊗k ksep) −→ Spec(ksep) is a finite étale morphism. That is, A⊗k ksep

is a finite étale ksep-algebra. We can write

A⊗k ksep ∼=
∏

φ∈Homk(A,ksep)

ksep

so the functor Fx̄ sends Spec(A) −→
∐

φ∈Homk(A,ksep) Spec(k
sep), whose underlying set corre-

sponds to Homk(A, ksep). By Theorem 3.1, we are looking at a finite Gal(ksep/k)-set. More-
over, any σ ∈ Gal(ksep/k) induces a natural automorphism Fx̄ −→ Fx̄ given by composition
A −→ ksep −→ ksep. This gives a map

Gal(ksep/k) −→ πét
1 (Spec(k), x̄)

by the assignment σ 7→ (φ 7→ σ ◦φ). This map is an isomorphism, since if σ ≠ id then φ 7→ σ ◦φ
is not the identity either, and surjectivity follows from the Yoneda lemma. Hence we have
our result. It may be noticeable that the identification Gal(ksep/k) ∼= πét

1 (Spec(k), x̄) begs the
question whether we can generalize our earlier theorem. Specifically, we have identified that a
finite étale cover of a particular scheme X = Spec(k) corresponds to a finite set with continuous
πét
1 (X, x̄)-action.

Theorem 3.2. There is an equivalence of categories

FEt(X) ∼= { finite sets with continuous πét
1 (X, x̄)-action}
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4. Cohomology

4.1. Kummer Theory. Let X be a scheme, and consider the étale site Xét of X. Let n ∈ Z
such that n is invertible in X. For instance, if X is over a field k, we’d want to make sure
that char k does not divide n. Consider the sheaf Gm defined, for a scheme U étale over X, by
Gm(U) = Γ(U,OU )

×. Since n is invertible in X, we have a map

Gm(U) −→ Gm(U)

sending u 7→ un. The kernel of this map is then µn = {u ∈ Γ(U,OU )
× | un = 1}, which is the

familiar group of n-th roots of unity. Viewing µn as a sheaf (indeed, it is a kernel of a morphism
of sheaves), we have a left exact sequence

0 µn Gm Gm
(−)n

about which I am prepared to make the following claim:

Proposition. The sequence

0 µn Gm Gm 0
(−)n

is exact, and called the Kummer sequence.5 In other words, the morphism (−)n : Gm −→ Gm

is surjective as a morphism of sheaves.

Proof. Let U ∈ Xét. We essentially would like to convey that given a unit u ∈ Γ(U,OU ), we can
find an étale cover of U and sections whose n-th powers restrict to u. Luckily for us, there is a
satisfying way to do this. Recall the very first example of an étale morphism that we considered,
where we map t 7→ t2 under a morphism A1 −→ A1 over C. We eventually see that the fibers
of C-points are of the form Spec(C[t]/(t2 − a)), which we can simplify to abet our point. When
a ≠ 0 (i.e. a ∈ C is a unit), we concluded that the ring inside Spec is an étale C-algebra, hence
we have an étale morphism. We simply make a small generalization here. Our structural lemma
for finite étale k-algebras tells us that we decompose into a finite product of finite separable
field extensions of k. In the previous example, C is an algebraically closed field, and so there are
no finite separable field extensions which are not C. But the core of what we did was precisely
an example of the following: Take u ∈ Γ(U,OU )

×. We wish to find a surjective étale morphism
into U which supplies us with an n-th root of u. Since étaleness (and surjectivity) is local on
both source and target, let us assume U = Spec(A) is affine. Then the morphism

α : Spec(A[T ]/(Tn − u)) −→ Spec(A)

is precisely what we desire in this proof. The only thing that is not clear is perhaps why this
map is surjective. Let p ∈ Spec(A). Consider the fiber

α−1(p) ∼= Spec(A[T ]/(Tn − u)⊗A κ(p)) ∼= Spec(κ(p)[T ]/(Tn − u))

where we identify u with its image in κ(p). The polynomial Tn − u is not a unit in κ(p)[T ];
these are reserved for nonzero constants. Hence the ring κ(p)[T ]/(Tn − u) is nonzero; i.e. the
fiber α−1(p) is nonempty. Thus the map α : Spec(A[T ]/(Tn−u)) −→ Spec(A) is an étale cover
which identifies an n-th root of u.

We now wish to approach some computations of étale cohomology; specifically, with a
projective curve over an algebraically closed field. First some preliminaries.

Theorem 4.1. (Hilbert 90) Let X be a scheme. There is an isomorphism

H1
ét(X,Gm) ∼= H1

Zar(X,O×
X).

Proof.

5This is not part of the proposition.
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4.2. Étale cohomology over a curve. Now let C be a smooth projective curve6 over an
algebraically closed field k. We wish to compute the cohomology of Gm over C. Let K denote
the function field of C. We have an exact sequence

0 −→ O×
X −→ K× −→

⊕
codim{x}=1

ix∗Z −→ 0

for which the right hand map is div : f 7→
∑

x ordOC,x
(f) ·x, and we take K× to be the constant

sheaf with value K×. Consider for any open U ⊂ C, we have( ⊕
codim{x}=1

ix∗Z
)
(U) =

⊕
x∈U

Z.

Hence the global sections of this sheaf are precisely Div(C). Taking cohomology, we have

k× −→ K× −→ Div(C) −→ H1(C,O×
C) −→ 0.

Thus H1(C,O×
C)
∼= Div(C)/im(div) ∼= Pic(C), so by Hilbert 90, we make the identification

H1
ét(C,Gm) ∼= Pic(C).

Now let’s plug this back into the Kummer sequence. We have a long exact sequence

H0(C, µn) −→ Γ(C,OC)
× −→ Γ(C,OC)

× −→ H1
ét(C, µn) −→ Pic(C) −→ Pic(C)

−→ H2
ét(C, µn) −→ H2

ét(C,Gm) −→ H2
ét(C,Gm) −→ · · ·

First we note that Γ(C,OC)
× ∼= k×, and since k is algebraically closed, every element of k×

has an n-th root, so the map (−)n : k× −→ k× is surjective. This opens the door to computing
H0(C, µn) and H1(C, µn). First, we have H0(C, µn) = µn(k) = {a ∈ k× : an = 1}. Since k
is algebraically closed, the polynomial f(T ) = Tn − 1 has exactly n roots with multiplicity.
Moreover, n is prime to char k by assumption, so f ′(T ) = nTn−1 ≠ 0, i.e. f(T ) is separable,
hence has n distinct roots. Thus µn(k) has n elements, and it is a finite abelian subgroup of
k×, hence cyclic of order n. For H1

ét(C, µn), we identify

H1
ét(C, µn) ∼= ker((−)⊗n : Pic(C) −→ Pic(C))

since k× → k× is surjective. Let’s recall some things about the Picard group. For any scheme
X, the group law of Pic(X) is given by

[L1] + [L2] = [L1 ⊗L2]

for two invertible OX -modules L1 and L2. Hence

ker(−)⊗n = {L ∈ Pic(C) | n[L ] = OC} = Pic(C)[n],

where Pic(C)[n] is the n-torsion subgroup of Pic(C), since n[L ] = [L ⊗n]. So far we have

H0(C, µn) ∼= Z/nZ

H1
ét(C, µn) ∼= Pic(C)[n],

but we can actually say more about Pic(C)[n]. Consider the degree map

deg : Pic(C) −→ Z

sending a line bundle L to its degree. This map is surjective, since if i : X ↪→ Pn
k is an

embedding of any projective scheme, L ⊗ i∗OPn
k
(d) = L (d) is invertible. Hence there is an

exact sequence

0 Pic0(C) Pic(C) Z 0
deg

which splits Pic(C) ∼= Pic0(C)⊕ Z. So then

Pic(C)[n] ∼= (Pic0(C)⊕ Z)[n] = Pic0(C)[n]

6Maybe everyone knows this but since k is algebraically closed, it is sufficient to consider C as a regular
projective variety of dimension 1
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since of course Z does not have n-torsion. A general fact about smooth projective curves C
which we will state without proving is that there exists an abelian variety Jac(C) of dimension
equal to the genus g of C, called the Jacobian of C, such that

Pic0(C) ∼= Jac(C)(k),

where Jac(C)(k) is the k-points of Jac(C). Here’s another fact about abelian varieties in general
which will come in handy: that is, if A/k is an abelian variety with A(k) its k-points, the
n-torsion subgroup A(k)[n] satisfies

A(k)[n] ∼= (Z/nZ)2d

where d = dimA. In our case, we have Pic0(C) ∼= Jac(C)(k) where dimJac(C) = g, hence

H1
ét(C, µn) ∼= Pic0(C)[n] ∼= (Z/nZ)2g.
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