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Graphs and their 
matrices
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What insights can we learn about graphs by assigning 
them matrices and investigating their eigenstuff?



Preliminaries (linear algebra)

Spectral Theorem. For every n x n, real, symmetric matrix M, there exist n 
orthonormal eigenvectors v1, …, vn corresponding to real eigenvalues λ1, …, λn.

For any matrix M, the quadratic form is the functional x → xTMx. M is positive 
semidefinite if and only if M is symmetric and its quadratic form is ≥ 0 for all x.



Quadratic form ↔ eigenvalues

For any symmetric matrix M with orthonormal eigenvectors v1, …, vn 
corresponding to eigenvalues λ1, …, λn, we can show the quadratic form of a unit 
vector x is a weighted average of λ1, …, λn.

(Since x is a unit vector, a1
2 + … + an

2 = 1.)

Expressing x as a linear combination x = a1v1 + … + anvn, we get



Preliminaries (graph theory)

A graph G = (V, E) is a set V of vertices and a set E 
of edges of the form (a, b), where a, b ∈ V.

G is said to be d-regular if the degree of each 
vertex is d, that is, for all a ∈ V:

A complete graph on n 

vertices is (n-1)-regular



The Laplacian L of a d-regular graph G is a 
symmetric matrix such that:

- along the diagonal,

- off the diagonal,

L is n x n where |V| = n

- row sums are zero

Laplacian matrix of a graph 3-regular Graph

Laplacian



3-regular Graph

The normalized Laplacian N of a d-regular 
graph G is a rescaling of the Laplacian:

Also n x n and symmetric

Normalized Laplacian

Normalized Laplacian



Quadratic Form + Eigenvalues of L

Laplacian Quadratic Form. Given x ∈ ℝn, if x(a) denotes the value that x assigns 
to the vertex a ∈ V, then the quadratic form xTLx 
measures the variance in x across edges.

The Laplacian is positive semidefinite, since its 
quadratic form is ≥ 0 for any vector x. This implies 
that the eigenvalues of L are also ≥ 0

Also, since the row sums of the Laplacian are all 0, 
the all-ones vector is an eigenvector of L with 
eigenvalue 0:



Quadratic Form + Eigenvalues of N

The normalized Laplacian quadratic form is simply a rescaling of the Laplacian 
quadratic form

The normalized Laplacian is also positive semidefinite, so the eigenvalues of N 
are also ≥ 0.

Also, since the row sums of the normalized Laplacian are also 0, the all-ones 
vector is an eigenvector of N with eigenvalue 0:



By appropriately renaming the vertices s.t. S = {1, …, k}, we 

   
Then, the indicator vector is a second, 
linearly independent eigenvector with eigenvalue 0. So 0 
has geometric multiplicity ≥ 2.

By appropriately renaming the vertices s.t. S = {1, …, k}, we 

can split N into 2 submatrices:   

Proposition. Let 0 = 𝜈1 ≤ 𝜈2 ≤ … ≤ 𝜈n be the eigenvalues of the normalized Laplacian 
of a graph G. 𝜈2 > 0 if and only if G is connected.

Connectedness ↔ Eigenvalues of N

Disconnected Graph
Intuition. If G is disconnected, there exists an isolated 
subset of vertices S ⊂ V s.t. ∀ a ∈ S, ∀ b ∉ S    (a,b) ∉ E.

S



Connectivity is on a 
spectrum
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Can we define a quantitative 
notion of connectivity?



Conductance
Intuition. If a graph can be split into two 
pieces of similar size without “breaking” many 
edges, it’s not well-connected.



Given G = (V,E) and a subset of its vertices S ⊂ V, Given G = (V,E) and a subset of its vertices S ⊂ V,  
                 is the boundary of S 

(the set of edges between S and V - S).

Example:

S

Conductance
∂(S)

The conductance of G is defined as:

The conductance of S is defined as:

|∂(S)| = 4

|S| = 2

|V-S| = 2



Examples

0 conductance high conductancelow conductance



Can we connect 
the conductance 
to the spectrum 

of the Laplacian?



If S is the smaller set, the conductance is related to the quadratic form of N with 
the indicator vector 1S

Conductance
Indicator vector

recall the quadratic form of a unit vector x is a 
weighted average of eigenvalues 𝜈1, …, 𝜈n

dividing by the 
square norm of 1S



Cheeger’s Inequality
The conductance of a graph G is bounded above and below by functions of the 
second eigenvalue ν2 of its normalized Laplacian N:

Intuition. The conductance equals the quadratic form of a symmetric matrix 
evaluated at 1S which is a weighted average of the eigenvalues.

Cheeger’s inequality extends the notion that the second eigenvalue 𝜈2 tells us 
whether or not G is connected.



Upper bound is constructive
The proof of the upper bound that      is constructive, namely, we 
construct a set S ⊂ V with conductance

In general, to find the conductance of G, we have to check the conductances of 2n 
possible subsets S.

But in the proof of Cheeger’s inequality, we check only n subsets and manage to 
find a S of low conductance

- note:  may be even smaller than



Conclusions

The connectedness of any graph can be measured 
by the conductance.

The conductance is bounded above and below by 
Cheeger’s inequality

The proof of the upper bound is constructive, so we 
can efficiently find a set of low conductance.
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Do you have any questions?
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