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Part I: The Classical Case (n = 1)



Fermat’s Theorem (n = 1)

Theorem 1 (Fermat)
An odd prime p is of the form x* + y? if and only if p =1 (mod 4).

Why does this work?
e The proof relies on unique factorization in Z[i].

e Crucial Fact: Z][i] is a Principal Ideal Domain (PID).
e Class Number: h(—4) = 1.

This algebraic structure ensures that if p splits in Q(/)
(Reciprocity), it is represented by the form (Descent).



Step 1: The Reciprocity Step

[Reciprocity] If p=1 (mod 4), then p | x*> + y? with
ged(x,y) = 1.
Proof (Euler/Cox):

o Let p =4k + 1. By Fermat's Little Theorem, x*< =1
(mod p).

e Factor: (x* —1)(x?)+1) =0 (mod p).

e There exists x such that x?* # 1 (mod p), so x> +1=0
(mod p).

o Let xo = x*. Then p | x3 + 1.

This is equivalent to the Legendre Symbol condition:
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Step 2: The Descent Step

Lemma 2 (Descent Principle)
If p | a® + b with gcd(a, b) = 1, then p = x? + y2.

Key Tools:

1. Identity (1.3):
(x2 + y2)(22 + w?) = (xz £ yw)? + (xw F yz)2.

2. Lemma 1.4: If N = a° + b? and g = x? + y? divides N, then
N/q is a sum of two squares.

Logic: If p were not a sum of squares, we could construct an
infinite sequence of smaller primes p > g > ¢'... not sums of

squares.



Part Il: Quadratic Forms




Why Classical Descent Fails for n = 14

Can we apply the same descent strategy to x> + 1427

The Failure:

p\x2+14y2 — p=x°+ 14y?

Reason:

e The ring Z[v/—14] is NOT a PID.
e Class Number: h(—56) =4 # 1.
e Unique factorization into elements fails.

e A prime p might divide x? + 14y? but be represented by a
different reduced form (e.g., 2x° + 7y?).

This forces us to study the entire set of forms of discriminant —56.



Binary Quadratic Forms

Definition 3 (Form and Dlscrlmmantg
A binary quadratic form is f(x,y) = ax® + bxy + cy?. The

discriminant is given by:

D = b% — 4ac

For our case x? 4+ 14y?, we have a=1,b =0, c = 14, so:

D = —56



Proper Equivalence

Definition 4 (Proper Equivalence)
Two forms f and g are properly equivalent if

g(x,y) = f(px + qy, rx + sy)

where the transition matrix satisfies:
r s

(p q) € SLy(Z) = ps—qr=1

Proper equivalence preserves the discriminant D and the set of
representable integers.



Reduction Theory

Definition 5 (Reduced Form)
A primitive positive definite form ax? + bxy + cy? is said to be

reduced if:
bl <a<c

and
b>0 ifeither |[bpj=aora=c

Theorem 6 (Uniqueness of Reduced Forms (2.8))
Every primitive positive definite form is properly equivalent to a

unique reduced form.



Forms of D = —56 (n = 14)

By applying the reduction inequalities (|b| < a < ¢ and

b? — 4ac = —56), we find exactly 4 reduced forms:
1. x2 + 14y? (1,0,14) [Principal]
2. 2x> 4+ Ty? (2,0,7)
3. 3x2 + 2xy + 5y? (3,2,5)
4. 3x% — 2xy + 5y° (3,-2,5)

Class Number: h(—56) = 4.



Part Ill: The Solution (Class Field
Theory)




The Ideal Class Group

Let K = Q(v/—14) and Ok = Z[v/—14].

Definition 7 (Ideal Class Group)
The Ideal Class Group CI(K) is the quotient group:

CI(K) = Jx/Px

where Jk is the group of fractional ideals and Pk is the group of
principal fractional ideals.

e The size of this group is the Class Number hy.
e For n = 14, we have h(—56) = 4.

e Meaning: Ok is not a PID. There are 4 distinct classes of
ideals.
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Hilbert Class Field & Artin Reciprocity

To understand the structure of ideals via field extensions, we define:

Definition 8 (Hilbert Class Field)
The Hilbert Class Field H is the maximal unramified abelian

extension of K.

Theorem 9 (Artin Reciprocity)
The Artin Map induces a canonical isomorphism:

Gal(H/K) = CI(K)

Example (n = 14): Since CI(K) = C4 (cyclic group of order 4),
the extension H/K is a cyclic extension of degree 4.

Gal(H/K) 2 Z,/4Z
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Main Theorem: Explicit Construction (n = 14)

Let pt 14 be a prime.

Main Theorem (n = 14)
p=x>+14y? —
1. (*714) =0 (Splits in K)

2. The congruence (x?> + 1) =8 (mod p) is solvable.

Origin of the Polynomial: The condition comes from the minimal
polynomial of the generator for the Hilbert Class Field H/K:

P(x)=(x*+12-8=x*+2x> -7
e H=K(a) where a = /22 — 1.
e Solvability mod p <= p splits completely in H.
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Conclusion

e Euler/Fermat (n = 1): Solved by Descent + Modular
Arithmetic because h =1 (PID).

e The Gap (n = 14): Descent fails because h = 4 (not a PID).

e The Fix: Class Field Theory provides the extra polynomial
condition to distinguish the principal form.

Q.E.D.
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