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From Categories to Cayley via Yoneda
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Motivation

Goal of the talk:

Show that Category Theory is a useful tool for understanding and
proving theorems.

Work toward showing that Cayley’s Theorem is an instance of a
fundamental categorical result.
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What is a Category?

A category consists of:

A collection of objects.

For each pair of objects x, y, a set of morphisms f : x — y.
Morphisms satisfy:

Composition: if f: x > yand g:y — z,thengof :x — z.

Identities: each object has an identity morphism.
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Examples of Categories

Groups:

Objects: groups.

Morphisms: group homomorphisms.
Vector spaces:

Objects: vector spaces.

Morphisms: linear maps.
Sets:

Objects: sets.

Morphisms: functions.
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A More Abstract Example: BG

Let G be a group. Define the category BG:
One object .

Morphisms # — x correspond exactly to elements of G. Composition
is defined by group composition.
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Functors

A functor F : C — D assigns:

To each object x € C, an object F(x) € D.

To each morphism f : x — y, a morphism F(f): F(x) — F(y).
Preserves:

Composition: F(gof) = F(g)o F(f).

Identities: F(1x) = 1r(y).
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Functors Preserve Isomorphisms

If f:x — yis an isomorphism with inverse g, then:

F(f)F(g) = F(fg) = F(1x) = 1p(x

so F(f) is also an isomorphism.
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Examples of Functors

Forgetful functor:

U : Grp — Set: sends a group to its underlying set, and
homomorphisms to functions between underlying sets

U : Top — Set: sends a topological space to its underlying set, and
continuous functions to functions between underlying sets

Constant functor:
Sends every object to a fixed object y.

Sends every morphism to 1,.
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The Hom Functor

For an object x € C, define:
Hom(x,—) : C — Set

Objects y are sent to sets Hom(x, y).

Morphisms f : y — y’ are sent to functions

Hom(x, f) : Hom(x,y) — Hom(x,y’), hw foh.
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Hom Functor on BG

In BG:
One object .
Hompgg(x, *) = |G|.
For each g : x — =:
Hompg(+,8) : [G] — [G]

is given by left multiplication by g. Thus the Hom functor defines a left
action of G on itself.

Ailsa Sun Category Theory 10/17



I
Natural Transformations
Given two functors F, H : C — D, a natural transformation
n:F=H

assigns to each object x a morphism 7, : Fx — Hx such that the
naturality square commutes:

F(c) —“— H(c)
F(f) H(f)

F(c') —— G(c)

H(f) o1 = e o F(F).
Category Set®, which is the category of functors C — Set, in which
morphisms are natural transformations.
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Natural Transformations on BG

A natural transformation
f : Hompg(*, —) = Hompg(*, —)
is determined by a single function f : G — G such that
f(gx) = gf (x)
for all g,x € G. These are precisely the G-equivariant maps G — G.
Hompg (, *) —r, Hompg (3, *)

Homgg(*,g)l lHomBG(*»g)

Hompg (x, *) — Hompg (*, *)
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The Yoneda Lemma

The Yoneda Lemma states that for some F : C — Set,x € C,
Nat(Home(x, —), F) = Fx

Two interpretations:
Natural transformations from the hom-functor to F correspond to
elements of Fx.
Homset between F and Hom¢(x, —) in the category Set€ is bijective
to the set Fx.
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Applying Yoneda to BG

Yoneda's Lemma defines a functor y : BG — SetB¢ that sends * to
Hom(x, —) and g to a G-equivariant function.
Natural transformations

Hompgg(*, —) = Hompg(*, —)

correspond to elements of Hom(x, %) = G.
Thus:

G-equivariant endomorphisms of G correspond to elements of G.

All such equivariant maps are automorphisms.
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Arriving at Cayley

Yoneda gives:
G = {G-equivariant maps between |G|, |G|}

This is exactly Cayley’s Theorem:

G = H,H < Sym(G)
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Why Does This Matter?

1. Yoneda formalizes a philosophy: Objects are determined by their
relationships.

2. It unifies diverse mathematical areas.
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Thanks!
Mentor: Etienne Philips
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