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Abstract

This note surveys the role of matrix analysis in quantum information theory, with a primary
focus on entropy inequalities. We review key properties of quantum relative entropy, such as
joint convexity and monotonicity, to provide a self-contained derivation of the subadditivity
and strong subadditivity of von Neumann entropy. Furthermore, we synthesize active research
frontiers at the intersection of these fields, including generalized Rényi relative entropies and sig-
nificant open problems in matrix analysis, such as the Matrix Spencer conjecture and Crouzeix’s
conjecture.
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1 Introduction

1.1 From Classical to Quantum Information Theory

In classical information theory [CT06], the uncertainty of a discrete random variable X is quan-
tified by its entropy, defined as H(X) = −

∑
x p(x) log p(x). This quantity represents the average

number of bits required to describe X. When considering a composite system of two random vari-
ables (X,Y ), the joint entropy is defined as H(X,Y ) = −

∑
x,y p(x, y) log2 p(x, y). A fundamental

property of classical entropy is subadditivity :

H(X,Y ) ≤ H(X) +H(Y ).
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This inequality states that the uncertainty of the joint system (X,Y ) is at most the sum of the
uncertainties of the individual systems X and Y , reflecting the intuition that correlations reduce
total uncertainty.

In quantum information theory, classical probability distributions are replaced by density ma-
trices, and random variables are replaced by observables (Hermitian operators). Composite systems
are described using the tensor product of Hilbert spaces, while the concept of marginalization (sum-
ming out variables) is replaced by the partial trace. A central question in this field is determining
whether analogous entropy inequalities, such as subadditivity and its generalizations, hold in the
quantum setting.

1.2 Quantum Analogue

We restrict our attention to finite-dimensional Hilbert spaces, denoting H ∼= Cn.

Definition 1 (Density Matrix). A density matrix ρ acting on a finite-dimensional Hilbert space
H is a positive semidefinite Hermitian operator with unit trace, i.e., ρ ⪰ 0 and Tr(ρ) = 1.

Definition 2 (Von Neumann Entropy). The von Neumann entropy of a density matrix ρ is defined
as:

S(ρ) = −Tr(ρ log ρ).

Definition 3 (Partial Trace). Let H1 and H2 be finite-dimensional Hilbert spaces with dimensions
d1 and d2, respectively. The partial trace over the second subsystem, denoted Tr2 : L(H1 ⊗H2) →
L(H1), is the unique linear map satisfying the condition:

Tr2(M ⊗N) = Tr(N)M

for all linear operators M ∈ L(H1) and N ∈ L(H2).

This definition naturally extends to multipartite systems. Consider a composite Hilbert space
H =

⊗N
k=1Hk. Let K = {1, . . . , N} be the set of indices, and let I ⊆ K be a subset of subsystems

we wish to retain, with complement J = K \ I. We define the reduced density matrix ρI by tracing
out the subsystems in J :

ρI := TrJ(ρ).

The commutativity of partial traces over disjoint subsystems ensures that the order of tracing out
subsystems in J does not influence the final state. Consequently, it suffices to analyze the bipartite
case.

The following lemmas establish the technical machinery for our main results. While Lemma 1
recalls standard trace identities, Lemma 2 (below) introduces a vital variational characterization
of the partial trace. This ”pinching” or mixing property is particularly powerful as it allows us to
reduce complex matrix inequalities to simpler commutative cases.

Lemma 1. Let ρ be a density operator on the composite Hilbert space H1 ⊗ H2. For any linear
operators σ1 ∈ L(H1) and σ2 ∈ L(H2), the following trace identities hold:

Tr[ρ(σ1 ⊗ I2)] = Tr(ρ1σ1) and Tr[ρ(I1 ⊗ σ2)] = Tr(ρ2σ2),

where ρ1 = Tr2(ρ) and ρ2 = Tr1(ρ) denote the reduced density matrices.
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Lemma 2 (Carlen [Car09], Lemma 4.17). Let {X1, . . . , Xm} ⊂ L(H1 ⊗ H2) be a finite family of
operators. There exists a sequence of quantum channels {Cn}n∈N defined by random unitary mixing
on the second subsystem:

Cn(X) =

Nn∑
j=1

pn,j Un,jXU∗
n,j , (1)

where pn,j > 0 with
∑Nn

j=1 pn,j = 1, and each Un,j = I1 ⊗ Vn,j is a local unitary acting non-trivially
only on H2. This sequence approximates the partial trace in the sense that:

lim
n→∞

Cn(Xℓ) = Tr2(Xℓ)⊗
I2
d2

, for each ℓ = 1, . . . ,m.

2 Subadditivity and Strong Subadditivity

In the study of composite quantum systems, characterizing the correlations between subsystems is
crucial. The von Neumann entropy of a joint state and its marginals are linked through powerful
inequalities known as subadditivity and strong subadditivity. These relations not only distinguish
quantum information from its classical counterpart but also underpin the theoretical limits of
information processing tasks. To establish these inequalities rigorously, we rely on the quantum
relative entropy, a measure of distinguishability between density matrices that serves as the primary
analytical tool for proving convexity and monotonicity properties.

2.1 Relative Entropy and Convexity

Definition 4 (Relative Entropy). Given two density matrices ρ and σ, the quantum relative entropy
is defined as:

S(ρ∥σ) = Tr(ρ log ρ− ρ log σ).

Relative entropy is a cornerstone of quantum information theory. Key properties include:

1. Non-negativity (Klein’s Inequality): S(ρ∥σ) ≥ 0, with equality if and only if ρ = σ.

2. Unitary Invariance: S(UρU∗∥UσU∗) = S(ρ∥σ) for any unitary matrix U .

3. Joint Convexity: The relative entropy is jointly convex in its arguments:

S
(
λρ1 + (1− λ)ρ2∥λσ1 + (1− λ)σ2

)
≤ λS(ρ1, σ1) + (1− λ)S(ρ2, σ2).

We sketch the proof of the third property, joint convexity, following Section IX.6 of [Bha97].
This result relies on Lieb’s Concavity Theorem.

Theorem 1 (Lieb). For each matrix X and each real number 0 ≤ t ≤ 1, the function

f(A,B) = Tr
(
X∗AtXB1−t

)
is jointly concave on pairs of positive matrices A,B.

Consider the auxiliary function Jt(M) := Tr(X∗M tXM1−t−X∗XM). By setting A = B = M
in Lieb’s Theorem, the first term is concave in M , and the second term is linear; thus, Jt(M) is a
concave function of M .
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As noted in Theorem IX.6.5 (Lindblad), we apply this to the block matrices:

M =

(
ρ 0
0 σ

)
, X =

(
0 0
I 0

)
.

Through this construction, the relative entropy can be recovered by S(ρ∥σ) = − d
dtJt(M)

∣∣
t=0

Since
M is linear in (ρ, σ), the convexity of −Jt(M) implies the joint convexity of the relative entropy.

2.2 Subadditivity

We first examine the bipartite system, where subadditivity is a direct consequence of the properties
of relative entropy.

Theorem 2 (Subadditivity of Quantum Entropy). Let ρ be a density matrix on H = H1 ⊗ H2.
Then the von Neumann entropy satisfies:

S(ρ) ≤ S(ρ1) + S(ρ2), (2)

with equality if and only if ρ = ρ1 ⊗ ρ2.

Proof. Consider the relative entropy between the state ρ and the product state σ = ρ1 ⊗ ρ2. By
Klein’s inequality, we know S(ρ∥σ) ≥ 0. We expand this quantity directly:

S(ρ∥ρ1 ⊗ ρ2) = Tr(ρ log ρ)− Tr(ρ log(ρ1 ⊗ ρ2))

= −S(ρ)− Tr [ρ(log ρ1 ⊗ I2 + I1 ⊗ log ρ2)] .

Applying the definition of the partial trace (Lemma 1), the second term simplifies naturally:

Tr[ρ(log ρ1 ⊗ I2)] + Tr[ρ(I1 ⊗ log ρ2)] = Tr(ρ1 log ρ1) + Tr(ρ2 log ρ2) = −S(ρ1)− S(ρ2).

Substituting this back yields the identity:

S(ρ∥ρ1 ⊗ ρ2) = S(ρ1) + S(ρ2)− S(ρ).

Since relative entropy is non-negative, it follows that S(ρ1)+S(ρ2)−S(ρ) ≥ 0. The equality holds
if and only if S(ρ∥σ) = 0, which implies ρ = ρ1 ⊗ ρ2.

2.3 Strong Subadditivity

The analysis becomes more profound in the multipartite setting, particularly with the strong sub-
additivity inequality (SSA). Widely considered the most fundamental inequality in quantum infor-
mation theory, SSA generalizes subadditivity to three systems. Unlike the classical case, its proof
in the quantum regime is non-trivial and relies on deep properties of matrix convexity.

Theorem 3. Let ρ123 be a density matrix on the tensor product H1 ⊗ H2 ⊗ H3 of three finite-
dimensional Hilbert spaces. Define the reduced density matrices by partial traces:

ρ12 := Tr3 ρ123, ρ23 := Tr1 ρ123, ρ2 := Tr13 ρ123.

Then the von Neumann entropy satisfies

S(ρ123) + S(ρ2) ≤ S(ρ12) + S(ρ23). (3)
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Proof. We prove this result by showing it is equivalent to the monotonicity of relative entropy
under partial trace. Consider the inequality:

S

(
ρ123

∥∥∥∥ I1
d1

⊗ ρ23

)
≥ S

(
ρ12

∥∥∥∥ I1
d1

⊗ ρ2

)
. (4)

We expand the left-hand side of (4) using the definition S(ρ∥σ) = −S(ρ)−Tr(ρ log σ). Noting that

log
(

I1
d1

⊗ ρ23

)
= −(ln d1)I123 + I1 ⊗ log ρ23, we have:

S

(
ρ123

∥∥∥∥ I1
d1

⊗ ρ23

)
= −S(ρ123)− Tr [ρ123 (−(ln d1)I123 + I1 ⊗ log ρ23)]

= −S(ρ123) + ln d1 − Tr(ρ23 log ρ23)

= −S(ρ123) + S(ρ23) + ln d1.

By an identical calculation for the right-hand side (RHS), and substituting these expressions back
into (4), the inequality becomes:

−S(ρ123) + S(ρ23) + ln d1 ≥ −S(ρ12) + S(ρ2) + ln d1.

Canceling ln d1 and rearranging terms directly yields the strong subadditivity inequality (3).
To complete the proof, we now want to prove (4). Notice RHS can be seen as partial trace

over system 3: S
(
Tr3 ρ123

∥∥∥Tr3 I1
d1

⊗ ρ23

)
. By Lemma 2, the partial trace over H3 is the limit of

a sequence of mixed unitary channels Cn(·) =
∑

j pn,jUn,j(·)U∗
n,j . The joint convexity of relative

entropy implies that it decreases under such mixing operations:

S(Cn(ρ)∥Cn(σ)) ≤
∑
j

pn,jS(Un,jρU
∗
n,j∥Un,jσU

∗
n,j) = S(ρ∥σ),

where the equality follows from unitary invariance. As n → ∞, Cn(ρ) converges to ρ12 ⊗ I3
d3
. Since

relative entropy is stable under tensor products with the identity (i.e., S(ρ′⊗τ∥σ′⊗τ) = S(ρ′∥σ′)),
the limit yields the monotonicity inequality S(ρ12∥σ12) ≤ S(ρ123∥σ123), thereby proving the strong
subadditivity of quantum entropy.

An alternative derivation of strong subadditivity, as discussed in [Cox18], follows directly from
the generalized trace inequalities established in [SBT16].

3 Applications and Future Directions

Building on the fundamental inequalities established in the preceding sections, we now explore active
research frontiers. This section outlines open problems at the intersection of quantum statistics and
matrix analysis, ranging from the monotonicity of generalized entropies to matrix concentration
bounds and spectral conjectures.

3.1 Generalized Rényi Relative Entropies

We have previously discussed the equivalence between the convexity of relative entropy and its
monotonicity under partial trace. The partial trace is a specific instance of a linear, completely
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positive, and trace-preserving (CPTP) map, formally known as a quantum channel N . The prop-
erties of convexity and monotonicity extend to general quantum channels [Lin75,Uhl77], yielding
the Data Processing Inequality (DPI):

S(ρ∥σ) ≤ S(N (ρ)∥N (σ)). (5)

Refinements of this inequality, involving a remainder term, have been characterized in the context
of recoverability, defining an equivalent class of relative entropies [BLW15].

In the classical setting, the Shannon entropy is generalized by the Rényi entropy. This fam-
ily admits a quantum analogue, for which a comprehensive analysis of properties is provided
in [MLDS+13]. To classify the exact regions of joint convexity and concavity for the underlying
trace functionals, Audenaert and Datta introduced the α− z Rényi relative entropies:

Dα,z(ρ∥σ) :=
1

α− 1
log Tr

[(
σ

1−α
2z ρ

α
z σ

1−α
2z

)z]
. (6)

A central open problem in this domain is the complete characterization of the parameter regions in
the (α, z)-plane for which the Data Processing Inequality holds. While the validity of the DPI on
the lines z = α and z = 1 was resolved early on, the off-diagonal regions have proven more elusive.
The Audenaert-Datta conjecture posits that monotonicity holds if and only if the parameters satisfy
specific inequalities derived from the operator monotonicity of the associated power functions.

Significant progress was made in 2024 by Hiai and Jenčová [HJ24], who successfully classified
large regions of the (α, z)-plane, confirming the conjecture for several previously ambiguous cases.
However, a complete classification remains an open challenge (see [CFL18] for details).

Conjecture 1 (Audenaert-Datta). Let MN denote the set of complex N × N matrices and PN

denote the subset of positive definite matrices. If 1 ≤ p ≤ 2 and −1 ≤ q < 0, then for any K ∈ MN

the map

PN × PN ∋ (A,B) 7−→ Tr
(
Bq/2K∗ApKBq/2

)1/(p+q)

is jointly convex.

3.2 Other Open Questions in Matrix Analysis

3.2.1 Matrix Concentration

Matrix concentration inequalities are central to modern random matrix theory; for a thorough
introduction, see [Tro15]. Standard results, such as the Matrix Bernstein inequality, typically yield
bounds that scale with a factor of O(

√
log d), where d is the dimension of the matrix.

A major open question is whether this logarithmic factor can be removed in settings where it
does not reflect the true physical behavior of the system. A comprehensive list of such problems is
provided in [BKMR25].

The inspiration for removing this factor comes from classical discrepancy theory, specifically
the Six Standard Deviations Suffice theorem [Spe85]. This theorem establishes that for any set of
vectors vi in the unit ball, there exist signs ϵi ∈ {±1} such that ∥

∑
ϵivi∥∞ ≤ 6

√
n. The Matrix

Spencer Conjecture seeks to extend this guarantee to the non-commutative setting, with recent
updates discussed in [Ban24]:

Conjecture 2 (Matrix Spencer). There exists a positive universal constant C such that, for all
positive integers n, and all choices of n self-adjoint n×n real matrices A1, . . . , An satisfying ∥Ai∥ ≤
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1 for all i ∈ [n] (where ∥ · ∥ denotes the spectral norm), we have

min
ε∈{±1}n

∥∥∥ n∑
i=1

εiAi

∥∥∥ ≤ C
√
n.

3.2.2 Spectral Constants and Numerical Range

While matrix concentration explores the probabilistic behavior of operators, Crouzeix’s Conjecture
represents a quest for deterministic universality. Originally proposed by Michel Crouzeix in 2004,
the conjecture posits a fundamental relationship between the numerical range of a matrix and its
operator norm stability.

Conjecture 3 (Crouzeix). For any n × n complex matrix A and any function f analytic in the
numerical range (or field of values) of A, W (A) = {⟨Ax, x⟩ : ∥x∥ = 1}, the following inequality
holds:

∥f(A)∥2 ≤ 2 sup
z∈W (A)

|f(z)|,

For nearly a decade, the best-known universal bound for the constant C was 1 +
√
2 ≈ 2.414.

Recent work [MMOR24] has demonstrated that the optimal constant CN for N × N matrices is
strictly less than 1+

√
2. Furthermore, significant progress has been made on equivalent conditions

for proving this conjecture [OV23].
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[HJ24] Fumio Hiai and Anna Jenčová, α-z-rényi divergences in von neumann algebras: data-
processing inequality, reversibility, and monotonicity properties in α, z, 2024.

7
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