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Introduction: Dynamical Systems

@ A dynamical system is a collection of equations that describe
the evolution of initial conditions in a state space.

@ A trajectory is the flow a specific initial condition traces with
time.

@ A system is autonomous if its equations are invariant with
time.




Introduction: Example #1

Consider a one-dimensional system:

x = rsin(x)

Blue: x(0) = 0.2; : x(0) =27 —0.5. For r = 1, these
trajectories converge to the fixed point at 7:
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Figure: r=1



Introduction: Example #1 Phase Plane

For the previous system with r = 1, we have this phase plane:

Figure: Strogatz, p.17



Introduction: What Are We Interested In?

o A fixed point, (x{,...,x;;), is where xi(t) = ... = x,(t) = 0.
@ A stable fixed point or an attractor is a point which

trajectories flow towards; an unstable fixed point or repeller
is the opposite.

@ A global attractor is a fixed point approached by all
trajectories.

o Key Question: How do trajectories evolve?

e Does the system have fixed points? If so, where are they?
e Varying a hyper-parameter, how do fixed points change?
o Any other identifiable structures that influence the dynamics?



Introduction: Example #1 Revisited

x(t) = rsin(x)

Blue: x(0) = 0.2; : x(0) =27 —0.5.

Time (ms) - Time(ms)
Figure: r=1 Figure: r = -1

Key ldea: The dynamics changed when r =1 — r = —1.



Introduction: Bifurcations

Definition:
@ Qualitative changes in the dynamics are called bifurcations.

@ The critical parameter values at which a change occurs are
called bifurcation points.

x(t) = —x + Btanh(x)
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7 7

B<1 B=1 B>1

Figure: Strogatz, p.64



Introduction: Limit Cycles

Definition:

@ A limit cycle is a closed trajectory with neighboring
trajectories that spiral:
o stable: toward the limit cycle
o unstable: away from the limit cycle
o half-stable: one side towards the limit cycle, the other side
away from the limit cycle.

@stable @unstable @hal f-stable

limit cycle limit cycle limit cycle

Figure: Strogatz. p.219



The Lorenz System

The Lorenz System is given by:

x(t) = oy —x)

y(t)=rx—y —xz

z(t) = xy — bz
o,r,b>0

Lorenz (1963) derived this system for a simplified model of
convection rolls in the atmosphere and used o = 10, b = %.

An aside: o is the ratio of viscosity to thermal conductivity; b is a measure of the geometry of the system; r is the

temperature difference within the roll.



The Lorenz System: Fixed Points

Claim: For r < 1, the origin is a globally stable attractor.

Consider: V/(x(t),y(t),z(t)) = 1x? 4+ y? + 22

T o

- 1
V=—xx+yy+zz
o

N =

=x(o(y —x)) +y(rx —y — xz) + z(xy — bz)
= (r+1)xy — x*> — y? — bz?

r+1 r—+1
== — PP - [1= () - b2 <0
Thus, (x*,y*,z*) =(0,0,0) O

Upshot: The Lorenz System does not experience "chaos” for
r<1.



The Lorenz System: 3 Bifurcations: First Bifurcation

Claim: At r =1, a bifurcation occurs; the origin becomes
half-stable and births symmetric fixed points C*, C~, which

become attractors at r > 1.

For CT, C™, set all derivatives to 0 and solve for solutions:

— X(t) = oy — %)
O=y(t)=mx—y—xz
0=2(t) =xy — bz

Thus, x* = y* = £,/b(r — 1), z* = r — 1. C* lie at this pair of

points. )




The Lorenz System: 3 Bifurcations: First Bifurcation

For instability of the origin when r > 1, observe:

y] g —bz°

Need sufficiently large y & sufficiently small x, z for V > 0. DJ

Upshot: The origin has distinct unstable and stable manifold
when the above conditions holds.



The Lorenz System: 3 Bifurcations: First Bifurcation

So far, for r > 1, we have the following dynamics:
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Figure: Zhang, §2.2
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The Lorenz System: 3 Bifurcations: Middle Bifurcation

Definition
@ In the (3D) Lorenz System, a saddle cycle has a 2D unstable
and a 1D stable manifold.

Fact: At r ~ 13.926, saddle cycles form around C*. As r
increases, these saddle cycles constrict around C=.

ra~13.926 r > 13.926

Figure: Zhang, §2.2 Figure: Zhang, §2.2



The Lorenz System: 3 Bifurcations: Middle Bifurcation

saddle cycle

unstable manifold
of saddle cycle

Figure: Strogatz, p. 352



The Lorenz System: 3 Bifurcations: Last Bifurcation

Claim: At a critical ry, the saddle cycles engulf C*, leading a 2D
unstable and 1D stable manifolds.

@ Compute J, then compute characteristic equation.
o det(J— )= 3+ (o +b+1)N2+(r+0)bA+2bo(r—1) =0
@ Assume \ = jw, w € R, a pair of imaginary eigenvalues

appear when ry = o(ZE2£3)

o All eigenvalues are real and negative below ry, and 2
eigenvalues switch to real and positive above ry.

Ol

V.

Upshot: Below ry, C* are stable; above ry, C* are half stable.
For 0 =10,b = %, ry ~ 24.74.



The Lorenz System: 3 Bifurcations: Middle Bifurcation

Upshot: Within 1 < r < ry,C* are still attractors, with a 3D
stable manifold. But after ry, C* develops an 2D unstable
manifold.

saddle cycle

unstable manifold
of saddle cycle

Figure: Strogatz, p. 352



The Lorenz System: 3 Bifurcations: Connections

Between 13.926 < r < 24.74:

e C* are attractors encircled by saddle cycles that are
constricting as r increases.

@ Trajectories on the unstable manifold of the origin are
attracted to the stable manifold of CT; they travel for time
proportional to r

Fact: At r = 24.06, the time spent wandering becomes infinite.

Figure: r = 24.1



The Lorenz System: 3 Bifurcations: Connections

We have attracting & C ', with (x0, y0,20) = (107°,1075,
107°) for both plots. This is the same trajectory at different r!

Figure: r =14 Figure: r =24.1



The Lorenz System: Bifurcation Summary

For CT, we have the following; C~ has an analogous plot reflected
about the r-axis.

unstable _ _ _ _ _
limitcycle =TT 7=~ e--

' T S
' .
X \ . .
"
' Pid ’
K .
------------------------- 1= -------T
2474 =1n,
stable . +
|_origin stable fixed points C*, C |
I I 1
transient chaos strange attractor

Figure: Strogatz, p. 366



The Lorenz System: Nearby Trajectories

Claim: There is a exponential divergence of nearby trajectories.
Consider x(t) and x(t) + do.

prediction
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\| 2initial conditions,
almost indistinguishable

Figure: Strogatz, p. 357

Figure: (X07y0720) = ( a]-a
5o =10"12, r =241



The Lorenz System: What is this?

Definition

Chaos has three qualities:
@ Aperiodic: trajectories do not settle down as t — oc.
@ Deterministic: trajectories are not influenced by noisy inputs
or parameters.
o Sensitive Dependence: nearby trajectories separate
exponentially fast.

A strange attractor is an attractor which exhibits chaos.

Key Takeaway: The Lorenz System develops a strange attractor!



The Lorenz Attractor

Figure: Abraham and Shaw (1983), p. 88



The Lorenz Attractor: An Example Solution

Two trajectories with initial conditions (1,1,1) and (1.1,1.1.1.1),
with C~ and drawn.

Figure: r=28,0 =10,b=$



The Lorenz Attractor: An Example Solution, Continued

Figure: r =28,0 =10,b = g
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