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Abstract

This project approaches real analysis through the topological notion
of filters. We compare the classical e-0 definitions of convergence and
continuity with their filter-based counterparts, and we formalize several
of the main results in the Lean theorem prover.

1 Introduction

Real analysis in a broad sense is the rigorous study of limits, continuity, differ-
entiability, and integration of real-valued functions. In the standard approach
used by most textbooks, limits and continuity are defined using -0 or e-N
definitions. For example, a sequence (z,,) of real numbers is said to converge to
L if for every € > 0 there exists an IV € N such that

n>N = |z, — L| <¢,

and a function f: R — R is continuous at z if for every € > 0 there exists a
4 > 0 such that
|z —wo| <0 = [f(z) — flzo)| <e.

These definitions are sufficient for us when working in natural language; how-
ever, when attempting to formalize analysis using proof assistants we run into
some issues. The following example from Lean for the Curious Mathematician
2020 illustrates this:

Consider the many ways that we can think of how a function ”tends to” a
value. Even for a function f: R — R there are many different limit notions:

nh—>ngo Un =%, TlLH;lO f(.’l?) - xl—l>ra[:10+ f(x) - Y Tlina}o f(l‘) = too, Tgr—ir-loc f(l‘) = +oo, etc.

In a traditional textbook setting, we would write out the definitions for a
few of these limits and say that the others are defined in the same way. This
works perfectly well for natural-language proofs. In a proof assistant, however,
we need to be completely precise. Even if we restrict to functions f: R — R,
there are about 13 different choices for how the source variable tends and 13
choices for the target, giving 13 x 13 = 169 unique limit definitions to make



explicit. If we want lemmas about compositions of limits (“if f tends in some
way and g tends in some way, then g o f tends in some way”), this leads to
roughly 133 = 2197 lemmas to prove, not a very efficient way to organize a
theory of limits.

For this purpose, we introduce the notion of filters as a way to approach
concepts like convergence and continuity. Filters provide an abstract way to talk
about ideas such as “sufficiently large” or “sufficiently close” without mentioning
€ and § explicitly.

Definition 1.1. Let X be a set. A filter on X is a nonempty collection F of
subsets of X such that:

1. o ¢ F;
2. if A€ F and AC B C X, then B € F (closed under supersets);

3. if A,B € F, then AN B € F (closed under finite intersections).

2 Examples of Filters

We briefly list some standard examples to build intuition.

Example 2.1 (Neighbourhood filter). N, is the collection of all sets that con-
tain some open interval around x.

(x—e, z+¢)
This is the “sufficiently close” filter.
Example 2.2 (Tail Filter). The filter at +00 on R is
Niow:={UCR | 3A€R, [4,00) CU},
This is the "sufficiently large” filter
Example 2.3 (Principal filter on a finite set). Let X = {1,2,3,4} and A =
{3,4}. The principal filter generated by A is

Fa= {{37 4}7 {17 3, 4}, {27 3, 4}a {17 2,3, 4}}7
the collection of all subsets of X that contain {3,4}.

3 Notions of Convergence with Filters

We begin by establishing a particular definition of convergence using filters and
then generalize it so that we capture a wider array of “tendsto” situations from
traditional analysis. The approach here follows that of Max Garcia in his paper
Filters and Ultrafilters in Real Analysis, which we adapt by also formalizing his
definitions and proofs in Lean.



Definition 3.1. Let F,. be the collection of all cofinite subsets of N:
Fr={S CN:N\S is finite}.

Lemma 1. Let A C N. Then A € F, if and only if there exists some v € N
such that
{vyvr+1,v+2,...} C A

In particular, every tail set {v,v + 1,v+2,...} belongs to F,.

We can prove this lemma in Lean like so:

def frechetFilter : Filter N :=
Filter.cofinite

lemma frechet_tail_lemma (A : Set N)

A € frechetFilter <> Jd a : N, Set.Ici a C A :=by

have hl : A € frechetFilter <+ A € (Filter.atTop : Filter N) := by
simp [frechetFilter, Nat.cofinite_eq_atTop]

have h2 : A € (Filter.atTop : Filter N) <> 3 N, Vn > N, n € A :=by
exact (Filter.mem_atTop_sets)

have h3 : (3N, Vn > N, n € A) <> I N, Set.Ici N C A := by
exact Eq.to_iff rfl

exact (hl.trans h2).trans h3

Using this lemma, Garcia creates a filter definition of converging to a point,
which is equivalent to the familiar sequential definition from real analysis. Let
(an) be a sequence in R and let L € R. For each € > 0 we set

Se:={neN:ja, - L| <e}.

Theorem 3.2. Let (a,) be a sequence in R and let L € R. Then the following
are equivalent:

(i) lim a, = L with

n— oo

(Ve > 0)(Fv e N)(Vn € N)(n > v = |a, — L| < ).

(i1) (Ve > 0)(S: € F,), where S. is as above .

We can verify this in Lean like so:

lemma seq_filter_equiv
(a: N> R) (L :R)
(We> (O :R),N:N,Vn>N, lan-L| <¢g) «
We>(@:R), {n: N| lan-L| <¢} € frechetFilter) :=by
constructor
- intro h ¢ he
rcases h ¢ he with (N, hN)
have htail :




dN, Set.Ici NC {n : N | lan - L| <¢€} :=by
refine (N, 7_)
intro n hn
exact hN n hn
exact (frechet_tail_lemma _).mpr htail

intro h ¢ he

have h’

I N, Set.Ici NC {n : N | lan - L| <&} :=by
apply (frechet_tail_lemma _).mp
exact h € he

rcases h’ with (N, hN)

refine (N, 7_)

intro n hn

exact hN hn

Intuitively, we can think of this as mapping our sequence along the tail filter on
the domain N (the “sufficiently large” filter) to the neighbourhood filter at L
on R (the “sufficiently close” filter). This point of view will guide us when we
introduce a more general definition of “tends to” using filters.

4 More General Notions of Convergence

In the previous section we defined a filter and demonstrated that we can build
an equivalent notion of converging to a point using this structure. As explained
in Section 1, there are many ways a function can converge, and we would like to
capture all of these within a single definition of convergence. Take the following.

Definition 4.1. Let X and Y be sets, let F' be a filter on X, let G be a filter
onY, andlet f: X =Y be a function. We say that f converges to the filter G
on Y along the filter F' on X if

YWed, fYV)eF

This definition is powerful because we do not require F' or G to be any
particular filter, such as a neighborhood filter or a tail filter. By keeping both
filters arbitrary, the same notion of convergence can describe situations like
diverging to +o00, approaching a point from the left or from the right. Another
noteworthy aspect of this definition is that it reduces the number of quantifiers
compared to the traditional e-N definitions of limits. Here we have a single
universal quantifier: “for all V' € G”, while usual definition uses two universal
quantifiers and one existential quantifier (“for all € there exists N such that for
alln > N...”). This This actually simplifies a lot of the basic convergence proofs
done in real analysis. Take the following:

Lemma 2. Let ¢ € R and let a,, be the constant sequence defined by a,, = c for
all n € N. Then a,, converges to c, i.e.

lim a, =c.
n— oo




We traditionally prove this lemma using the sequential limit definition, ar-
guing that since a,, is a constant sequence the difference between it and ¢ is 0
for any index. With filters, we think about neighborhoods and tails, arguing
that since our function is constant the tail the that preimage belongs to is the
entire set of natural numbers:

theorem tendsto_const_seq (c : R)
Tendsto (fun _ : N => ¢) (atTop : Filter N) (N c) := by
refine (tendsto_def.mpr 7_)
intro s hs
have h’: c€&s:=by
exact mem_of_mem_nhds hs
have hpre:(fun _ : N => ¢) " !'s = Set.univ :=by
ext n
simp[h’]
simp [hpre]

Mentioned at the beginning of this paper, another important theorem to help
visualize how filters work is the composition of limits.

Lemma 3. Let f,g: R = R and let a,b,c € R. Let
lim f(z)=b and limg(y) =c.
T—ra y—b

Then the composition g o f satisfies

lim g(f(z)) = c.

Tr—a

Now note this is actually just a special case of composition where we are
converging to points and not from the left,right, or to infinity. As mentioned
before to spell out all the different scenarios of this lemma with traditional
sequential definitions, we would have to make literal thousands of explicit proofs.
The filter approach works around this because of the mechanism we discussed
before regarding the ” general definition of convergence”. Since we are not forcing
our filters to take any particular form, we can essentially cover all of the different
ways f,g can converge in one go. From there, we use some basic preimage
machinery to finish our proof:

example {X Y Z : Typex} {F : Filter X} {G : Filter Y} {H : Filter Z}
{f:X—>Yr{g:Y — Z}
(hf : Tendsto f F G) (hg : Tendsto g G H)
Tendsto (g o f) F H := by
refine (tendsto_def.mpr 7_)
intro s hs

have hf’ := tendsto_def.mp hf

have hg’ := tendsto_def.mp hg

have hG : g lseg:= hg’ s hs
have hF : £ ~! (g 7' s) € F := hf’ _ hG

simpa [Set.preimage, Function.comp] using hF




5 Notions of Continuity with Filters

The idea of continuity in our filter approach to real analysis builds on the prior
notions of convergence that we established in the last section. In particular,
continuity is just a special instance of convergence:

Definition 5.1 (Continuity via filters). Let X, Y be topological spaces and let
f: X =Y. fis continuous at x € X if

YV eN(f(x), fHV)eN(x).
We say that f is continuous if it is continuous at every r € X.

Intuitively, we are saying that whenever a set V' C Y is a neighborhood of
f(x), its preimage f~!(V) must be a neighborhood of z. In other words, points
that are “sufficiently close” to x must map to points that are “sufficiently close”
to f(x). This also lines up with the usual sequential picture of continuity:

Definition 5.2 (Sequential continuity). Let f : R — R and zo € R. f is
continuous at o if for every sequence (z,),

Ty = x0  =  f(xn) = f(20).

If = is "sufficiently close” to xg, then f(z) is "sufficiently close” to f(xg).
The filter definition is the same idea, we just quantify the ”sufficiently close”
condition slightly differently.

def cont_eps_delta (f : R — R) (x0 : R) : Prop :=
Ve>0,36>0, V{x: R} dist x x0 < § — dist (f x) (f x0) < ¢

theorem cont_filter_equiv (f : R — R) (x0 : R)
ContinuousAt f x0 <+ cont_eps_delta f x0 := by
simpa [cont_eps_delta] using
(Metric.continuousAt_iff (f := f) : ContinuousAt f x0 <« _)

As before, we seek to prove familiar theorems from analysis using the new
machinery we have developed. Take the following result:

Lemma 4. Let f,g: R — R be continuous at a point oy € R. Then the sum
f =+ g is also continuous at x.

In classical analysis, we would prove this by finding indices Ny and NN, so
that each term is close to its limit, and then taking N = max{Ny, Ny} to make
both estimates hold at once. With filters, we express continuity as a Tendsto
statement and then use the fact that Tendsto is stable under products and
composition.

theorem continuousAt_add
fg:R—=>R (x:R
(hf : ContinuousAt f x)




(hg : ContinuousAt g x)

ContinuousAt (fun y => f y + g y) x := by
leth: R—>R X R :=funy=((y, gy
let k : R xR =+ R := fun p => p.1 + p.2
have h_pair : ContinuousAt h x := by

simpa [h] using hf.prodMk hg
have h_add : ContinuousAt k (h x) := by

have hk : Continuous k := by

simpa [k] using
(continuous_fst.add continuous_snd :
Continuous fun p : R X R => p.1 + p.2)

simpa [h] using hk.continuousAt (x := h x)
have h_comp : ContinuousAt (fun y => k (h y)) x :=

ContinuousAt.comp’ (f := h) (g := k) (x := x) h_add h_pair
simpa [h, k] using h_comp

We can also approach derivatives with filters.

Lemma 5. Let f : R — R and let xy € R. If f is differentiable at xq, then f
is continuous at xg.

The Mathlib library in lean has various tools for us to prove statements like
these.

theorem continuousAt_of_hasDerivAt (f : R — R) (x £’ : R) (hf :
HasDerivAt f f’ x) : ContinuousAt f x := by have hdiff :
DifferentiableAt R f x := hf.differentiableAt rcases hdiff with (L,
hL) exact hL.continuousAt

6 Conclusion

What we have gone over in this paper is just scratching the surface of the kind
of work that can be done with filters. Despite being almost a century old, these
concepts are still suprisingly relevant in modern mathematics, especially as proof
assistants and formalization languages become more advanced. Further study
into how filters connect to more advanced topics such as multivariable calculus
and higher-dimensional analysis would be interesting and worthwhile.
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