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During this DRP, we went through an introduction to some ideas from modern algebraic geometry. Specifically,
we worked through Ravi Vakil’s text "The Rising Sea: Foundations of Algebraic Geometry" to motivate,
introduce, and give examples of schemes. Below is a summary of what we went over.

1 Background Information

1.1 Ring Localizations

Given a commutative ring R and a multiplicative subset S of R, define an equivalence relation ~ on R x S
as follows:
(r1,81) ~ (r2,82) <= 3t € S such that t(s1ry — sar1) = 0.

Definition 1. Given R, S, ~ as above, we define the localization ring S™'R as R x S/ ~, with
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We will also denote this as Rg. However, in the specific case where we are localizing by the multiplicative
subset of all elements of R not in some prime ideal p, we will denote that localization ring as R, (this is
somewhat confusing notation so we need to be a little careful).

2 Spec, Sheaves, and Schemes

2.1 Spectrum of a Ring
We make a very important definition.
Definition 2. Let R be a ring. Then, we define Spec(R) := {p : p is a prime ideal of R}.

Example 1 (The Complex Affine Line). Consider the ring C[z]. Then, Spec(Clz]) = {{(z —a) : a € C} U0,
where 0 is the zero ideal (later on, we will define Spec(Clz]) to be the complex affine line).

Example 2 (The Laurent Polynomials). Consider Spec(C|x];) (here, we mean localization at the multiplicative
subset {z,22 2%,---}). We can see that C[z], = C[z¥], i.e. the ring of Laurent polynomials, hence this is
equal to Spec(C[z*]). In general, prime ideals of Rg are prime ideals p of R that do not intersect S. Using
this fact, we see that Spec(C[z];) = (Spec(C[z])) \ (x) (again, we will later on see that this is the "complex
affine line minus the origin").



Example 3 (The Dual Numbers). Given a field k, we define the dual numbers over k as k[x]/(2z?). Consider
Spec(k[z]/(z?)). We will use the general fact that prime ideals of R/I are exactly the prime ideals of R that
contain I. Hence, we have that Spec(k[z]/(x?)) = {(0), (x)}.

2.2 A Motivating Example for Sheaves

Before we move towards defining a presheaf and a sheaf, we will lay out the following motivating example of
a sheaf given in Vakil’s text: the sheaf of smooth functions on X = R"™.

Observation 1: Given any open subset U C X, we can obtain a ring of smooth functions on U. We will
denote this ring €(U).

Observation 2: Given open subsets U and V of X with U C V, if we are given any smooth function in
O (V'), we can restrict it to obtain a smooth function in €(U). In other words, given open subsets U and V'
with the inclusion map U — V, we can obtain a restriction map resy,y : (V) — ¢ (U). Furthermore, if we
have U < V — W, then restricting W to U is the same as first restricting W to V', then restricting V to U.

Observation 3: Suppose that we have f1, fo € O(U), and let {U; : i € I} be an open cover for U. If f; and
f2 agree on each U;, then they must be the same function.

Observation 4: Suppose that we have an open U C X and and open cover {U; : ¢ € I} of U. For each 1, let
fi € O(U;). If all of these f; agree on the overlaps of the U;, then we can glue them together to get a smooth
function f € O(U).

Finally, we make a definition (that we will later generalize).

Definition 3. The germ of a smooth function at a point p € X is an object of the form (f, Uspen) such
that p € U, f € O(U), quotiented by the equivalence relation (f,U) ~ (g, V) if there exists Wopen C U,V
containing p such that f|y = g|w. In other words, two functions that agree on an open neighborhood of p
have the same germ. Given a point p € X, we will call the set of all germs at p the stalk at p, and denote it
O,. Note that &), is a local ring.

2.3 Presheaves and Sheaves

We will now define a presheaf and a sheaf. At least for me, it intuitively helped to think of these as a
generalization of the observations about smooth functions on R" listed previously.

Definition 4. A presheaf of sets, .7, on a topological space, X, is the following data:

e For every open U C X, we have a corresponding set % (U), which can also be denoted as I'(U, %) and
H°(U, Z). The elements of . (U) are called sections of .7 over U.

o For every inclusion map U — V of open sets, we have a corresponding restriction map resy,y : Z (V) —

F(U).
We require the data to satisfy the following two conditions:
1. respyu = idgz ).
2. f U <=V — W, then resy,y oresy,y = resy,u.

Note that an equivalent definition of a presheaf of sets is to define it to be a contravariant functor from
Open(X), the category of open sets of X (i.e, the category where the objects are open sets of X and the
morphisms are the inclusion maps), to the category of sets. We can define germs and stalks in the exact
same way that we did in the motivating example.



Definition 5. A presheaf is a sheaf if it satisfies the following "gluing" axioms:

1. For any open U and open cover {U; : i € I} of U, and any f1, fo € Z(U), if fi|ly, = f2|u, for all 4, then
fi = fa

2. If {U; : i € I} is an open cover of U, then given f; € #(U;) for all i such that f;
all 7, j, then there is some f € % (U) such that f|y, = f; for all i.

U;NU; for

U;NU; = f]

Example 4 (Sheaf of Rings). First, recall that a sheaf can be defined as a contravariant functor from
Open(X) to Set that satisfies the gluing axioms. In the same spirit, we can define a sheaf of rings to be a
contravariant functor from Open(X) to Ring that satisfies the gluing axioms.

2.4 The Zariski Topology

Definition 6. Given an ideal I of a ring A, we define
V(I) = {p e Spec(A) : I Cp}.

Note: V means Vanish

Definition 7. The Zariski topology: let V(I) be closed for any ideal I. This defines a topology on
Spec(A).

Definition 8. Given f € A, the distinguished open set, D(f), is defined as

D(f) == {p € Spec(4) : f & p}.

D can be thought of as meaning "Does not vanish." These form a base for the Zariski topology.

2.5 The Structure Sheaf

Definition 9. Given an open set D(f) in the Zariski topology on Spec(A), define Ogpeca)(D(f)) to be
the localization of A at the following multiplicative subset: {g € A : V(g9) C V(f)}, or equivalently,
{g € A: D(f) C D(g)}. In english, "the set of all g that do not vanish outside of V(f)." Furthermore, for
D(f") € D(f), define resp(f),p(s/) : Ospec(a)(D(f)) = Ospec(ay(D(f')) to be the further localization of A.

Note that this determines a presheaf of rings on the base of distinguished open sets of the Zariski topology,
and hence determines a presheaf on Spec(A). In addition, it can be shown that these definitions obey the
gluing axioms, so this actually determines a sheaf of rings on Spec(A).

Definition 10. Given a ring A, the structure sheaf on Spec(A) is Ogpec(a) as defined above.

2.6 Affine Schemes and Schemes

Definition 11. An affine scheme is a space that is isomorphic to an object of the form (Spec(A), Ospec(a))-
Note that for most examples that we care about, a scheme will simply be an object of the form (Spec(A), Ogpec(a))-
Note that there are three components of an affine scheme: a space (Spec(A)), a topology (the Zariski topology),
and a sheaf of rings (the structure sheaf).

Definition 12. A scheme is a ringed space, i.e, an object of the form (X, Ox) where X is a topological
space and Ox is a sheaf of rings on X with the following property: given any point p € X, there is some
open neighborhood U of p such that (U, Ox|v) is an affine scheme.

Example 5 (Complex Affine Line Revisited). (Spec(C[z]), Ogpec(clz])) is an affine scheme. We call it the
"complex affine line," and denote it AL. As we previously calculated, Spec(Clz]) = {(x —a) : a € C}UO,
where 0 is the zero ideal. More generally, given a field k, we define A} := (Spec(k[z]), OSpec(kz]))-



Example 6 (Laurent Polynomials Revisited). (Spec(k[z]:), Ospec(k[z],)) is an affine scheme. As we showed
previously, Spec(Clz],) = Spec(C[z])\ (z). This argument generalizes to show that Spec(k[z],) = Spec(k[x])\
(z) for any field k. Hence, this affine scheme can be thought of as A}, \ (), which we call the "punctured
affine line."

Example 7 (The Complex Affine Plane). Similar to the complex affine line, the complex affine plane
is the affine scheme corresponding to Spec(C[xz,y]), and we denote it as A%. In general, we define A} as
Spec(klz1, ..., zp]).

Example 8 (A Scheme That is Not Affine). Consider the punctured affine plane, i.e, A? \ (z,y), or A2\ 0
for simplicity of notation. First, we show that Ai \ 0 is a scheme.

Proof. Notice that A? \ 0 = D(z) U D(y). D(z) and D(y) are both open subsets of A?. Furthermore
D(z) = Spec(k[z,y],;) and D(y) = Spec(k[x,y],). Hence, D(z) and D(y) are affine schemes. So, every point
in the punctured affine plane has an open neighborhood that is an affine scheme, and thus the punctured
affine plane is a scheme. O

Next, we show that A? \ 0 is not an affine scheme.

Proof. Let U be the punctured affine plane. First, we aim to compute the global sections T'(U, 0y). Notice
that U = D(z) U D(y) as a subspace of AZ. So, we can use the sheaf conditions since U is open and we have
an open cover U = D(z) U D(y). Via the sheaf condition, to give a section of U is equivalent to giving a
section of D(x) and a section of D(y) that "agree on their overlap." The sections of D(z) are k[x,y], and the
sections of D(y) are k[z,y],. Furthermore, the "agree on the overlap" conditions is equivalent to the fact that
the two sections must be equal in k[z,y],,. Hence, the global sections of U can be described as follows:

DU, Ov) ={(f,9) € klx,yle x k[z,yly : f =g in k[z,ylsy}

Next, we show that this set is actually equal to k[z,y]. Consider the map that maps p € k[x,y] to
(p,p) € T(U,Oy). Tt is easy to see that this map is injective; now we show that it is surjective. Let
(f,9) € T(U, Oy). Assume that f = a/2™ and g = b/y", with a,b € k[x,y]. Since f and ¢ are equal in
klz,y]sy and k[z,y] is an integral domain, it must be the case that ay™ = bz™. Let a = Y ¢;;x'y’ and
b =Y dux*y'. Then, ay™ = Y c;;aty?™™ and ba™ = Y dpx*™y!. Since ay™ = bz™, and z and y are
coprime in k[z,y], it must be the case that a is divisible by 2™ and b is divisible by y™. Hence, f and g must
be polynomials p and ¢ in k[x,y], with p = q. So, p € k[z,y] maps to (f,g), as desired. Now, we will now use
the Spec-global sections adjunction to show that U is not affine. The adjunction tells us that

Hom (U, A?) ~ Hom(k[z,y],T(U, 1))

Consider the inclusion map ¢ : U — AZ. Under the above correspondence, this corresponds to the ring
homomorphism given by restriction. However, this homomorphism is actually the identity map on k|, y]
as we know from our calculation of I'(U, Oy). Next, suppose for contradiction that U was affine, and is
thus equal to Spec(R) for some ring R. Then, the natural map from U to Spec(I'(U, Oy)) would be an
isomorphism. Since I'(U, Oy) = k[z, y], this natural isomorphism corresponds to the identity map on k[z, y]
under the adjunction, which we already know corresponds to the inclusion map i from U to A7. Hence, i
is an isomorphism. However, ¢ cannot be surjective as U is missing the origin. Hence, we have reached a
contradiction, and conclude that U is not affine. O



