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Navier-Stokes equations for 2-dimensional
incompressible slightly viscous flow along curved wall

Mentee: Shijie Lyu; Mentor: Ely Sandine

1 General orthogonal coordinates in 2-dimension'!

Let the elements of length at («, ) in the directions of « increasing and 3
increasing, respectively, be hida and hodf, so that
(ds)? = (h1da)? + (hadB)?

where hy and hy are scale factors. Let (u,v) be used generally for the com-
ponents of the velocity u in the directions of « increasing and [ increasing,
respectively, i.e. u = (u,v) = ue, + veg. Then
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and the divergent term
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where ® is the net outward flux and ds is the infinitesimal area.

IRelevant content can refer to G. K. Batchelor, An Introduction to Fluid Dynamics, Ap-
pendix 2.



2 Navier-Stokes equations for 2-dimensional in-
compressible slightly viscous flow

Consider the Navier-Stokes equations
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where £ = V X u is the vorticity and R is the Reynolds number. Noticing

(w-V)u= V() ~ux (¥ xw) (@)
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Since V - u = 0. Then substituting (4) into (3)1, we have the following
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Furthermore, substituting (5) into the above equation gives us Navier-Stokes
equations in a more concise form
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Through scaling analysis, the specific process of which will be presented in
Section 4, one can obtain the following Navier-Stokes equations for the plane in
the form of components.
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3 Flow along curved wall

For curved walls, one can imagine using coordinate systems with 8 = 0 on the
wall and o = constant giving the normal to the wall (see figure 1). If we assume
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Figure 1: Boundary layer for a curved wall

Kk to be the curvature of the wall, it is reasonable to have ho = 1. For hq,

noticing x = 1/r, where r is the radius of the inscribed circle (see figure 2), we
have the following
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Figure 2: The geometric relationship between da and ds

which gives us hy = (14x0). Recall (1), since h; and hs are now determined,
we can make a further analysis.
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Hence, for convective term we have the following.
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Furthermore, the divergent term (2) becomes
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And then substituting u by V, we obtain
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Then we write equation (6) in the form of components in general orthogonal
coordinates.
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4 Analysis on the scaling
Since it is known that the thickness of the boundary layer § is of the order

1/VR, we take 3’ = (/5 to focus attention on the thin layer near the wall.
Then using the boundary condition and Taylor extension, we have

v(a, B) = v(a,0) + 6@ = B@
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Noticing that
ou ou  Ov
—_— 1 — —
e O(1) and 5 + 95 0

The first identity arises since the scaling is applied exclusively in the -
direction, and hence the physical quantities along the a-direction remain invari-
ant. These tell us that
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Hence, We perform the change of variables
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where b} = 146k’ ~ 1 assuming that dx is small. We now collect the largest
terms in each equation and eliminate the lower-order ones. A good approxima-
tion to the Navier-Stokes equations is achieved by the following equations
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where (7)2 should be modified by adding a term ku?.

5 Comments and further results

Remark 1 The modified term (9)s does not affect the assumption that p re-
mains constant along the normal direction in the boundary layer, since the total
change of p throughout the boundary layer f dy = O(9), noticing the thick-
ness is O(9).

Remark 2 However, this does not mean that the plane case and the curved
wall case are exactly the same. For a curved wall, g—g is O(1) instead of O(0)
for the plane, since a pressure gradient is necessary to balance the centrifugal
force.
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