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1 Introduction

In algebraic geometry, curves are defined by polynomial equations, and their intersections generally contains
the same number of distinct points as the product of their degree. For instance, two distinct lines, each of
degree 1, intersect at exactly one point, matching the product 1 x 1 = 1. A line and a conic like the parabola
y = 22 (degree 2) typically cross at two distinct points, such as solving y = 0 and y = 22 at 2 = 0 (double
root, but counted as two with multiplicity) or a generic line like y = x + 1 intersecting at two separate roots.
Similarly, a quadratic curve like the ellipse 22 + 232 = 1 and a cubic like y = 22 — x can intersect at up to
2 x 3 = 6 distinct points, as their resultant equation yields a degree-6 polynomial with six roots over the
complexes.

These examples suggest a general rule in plane case: curves of degrees m and n intersect at mn points,
counting multiplicities. Bézout’s Theorem formalizes this in the projective plane: if F' and G are homogeneous
polynomials of degrees m and n defining curves with no common irreducible component, then ), I(P, F N
G) = mn, where the sum is over all intersection points P (including at infinity) and I(P,-) is the intersection
multiplicity. We aim to introduce the beautiful theorem and prove it with as little backgroud knowledge as
possible, and then generalize it with modern algebraic geometry language.

2 Affine Space and Projective Space

We start with the classical affine space, defined similar to the real or complex space.
Definition 1 (Affine space). An affine space A™(k) is the cartesian product of k with itself n times

Algebraic geometry focus on the algebraic functions defined on the space, hence we define a subset of the
space to be algebraic if and only if it is the locus where a collection of polynomials vanished. And the affine
variety is then defined as the minimal algebraic set.

Definition 2 (Algebraic Set). An algebraic set is V(Fy,...,Fs) ={P € A" | F;(P) =0 Vi} for a collection
of polynomials Fy, ..., Fy.

Definition 3 (Affine variety). Algebraic sets that cannot be decomposed as a union of algebraic sets.

However, affine space misses intersections at infinity: parallel lines never meet but we hope that we have
an elegant theorem for the intersection points. Projective space P? resolves this by compactifying the space,
which makes two lines intersect at the infinity point.

Definition 4 (Projective Space). P" is the set of lines through the origin in A" with points [zg : -+ - : Ty
up to scalar multiple.

Affine A% embeds as points with 9 = 1 (or 21,29 = 1) and infinity is 29 = 0 (or z1,2 — 2 = 1,
respectively). These three embeddings form a cover of the projective space, meaning we can treat the
projective space locally as affine space.

Since the points are the same up to scalar, the definition of the functions on the projective space should
be refined to make sense. In particular, they should be homogeneous. And the definition of algebraic set
and variety is also refined naturally.

Definition 5 (Homogeneous Polynomial). A polynomial where all terms have the same degree.



Definition 6 (Projective Algebraic Set). The zero locus of homogeneous polynomials in P™.

Definition 7 (Projective variety). Projective algebraic sets that cannot be decomposed as a union of algebraic
sets.

Merely having sets of points isn’t enough; to do geometry, we need to consider functions on those sets,
like polynomials that describe coordinates or relations. This leads us to coordinate rings, which essentially
package the polynomials that make sense on a variety.

Definition 8 (Coordinate Ring). For variety V. C A", T'(V) = k[ X1, ..., Xn]/I(V).

The elements here represent polynomial functions on V', but sometimes we need more flexibility, like
fractions of polynomials, as long as they’re defined almost everywhere. That’s where function fields come in.

Definition 9 (Function Field). k(V') is the quotient field of T'(V').

Together, these algebraic structures provide the backbone for computing dimensions and intersections.

3 Intersection Numbers

Counting intersection points naively doesn’t capture the case that curves intersects multiply at the same
point. Consider for example the intersection of the parabola Y = X? and the line Y = a. They intersects
at only one point when a = 0 but intersects at two points when a > 0,. Intuitively speaking, these two
intersection points the two intersection points get closer when a get closer to 0 and coincide when a = 0. We
hope there is some way to say how many times two curves intersect at one point. Intersection numbers fill
this gap.

Note that a curve may intersect with itself, we should first formalize how to count the multiplicity of a
point on the curve. Along with the geometric intuition, the multiplicity should be a local property, which
yields the need of some tools studying the local property of the curve.

Definition 10 (Local Ring at a Point). For V, P eV, Op(V) is {f/g € k(V) | g(P) # 0}.

Definition 11 (Multiplicity). The multiplicity mp(F) of a plane curve F =0 at P is the lowest degree m
in the Taylor expansion of F around P, or equivalently, mp(F) = dimy Op(A?)/(F,0F/0X,0F/dY).

This is in line with our intuition: At a simple point where m = 1, the curve behaves locally like a
straight line, with a well-defined tangent. But when mp > 1, you might have a cusp or crossing branches,
contributing more to intersections.

Example 1. Consider the parabola Y = X2: at (0,0), m = 1, smooth. For the cusp Y? = X3, m = 2,
indicating a sharper turn.

By geometric intuition, the intersection number I(P, F'N G) is characterized by the following properties.
One can check that the intersection number satisfying all these properties is unique, makes the following
properties an axiomatic definition of the intersection number.

1. I(P,FNG) is 400 if F and G have a common component through P; otherwise I(P,FF N G) is a
nonnegative integer.

2. I(P,FNG) =0 if and only if P is not an intersection point of F' and G.
3. I[P,FNG)=I(P,GNF).

4. I(P,F N G) > mp(F)mp(G), with equality if and only if F' and G have no tangent lines in common
at P.

5. ([PLFNGH)=I(P,FNG)+I(P,FNH)if G and H have no common component at P.
6. I(P,FNG)=I1(P,FN(G+ AF)) for any A.



7. I(P,F N @G) is invariant under change of coordinates.

Theorem 1 (Uniqueness). The definition satisfies (1)-(7), and is unique.

Proof. To prove uniqueness, assume P = (0,0). Proceed by induction on n = deg(F) + deg(G). If n < 1,
then one of F', G is constant, so I = 0 by (2). Now assume n > 1. If deg(F) = 0 or deg(G) =0, I = 0.
Assume deg(F'),deg(G) > 0. By (7), assume that X = 0 is not a component of F' or G. Consider F and G
as polynomials in Y, with coefficients in k[X]. Let d = degy F, e = degy G. Assume d < e. By (6), replace
G by G — AF, where A is chosen so that degy (G — AF) < d. Then I(P,FNG) = I(P,FN (G — AF)).
If degy (G — AF) = 0, then G — AF is a unit times a polynomial in X, so I = 0 by (2). Otherwise,
deg(F) + deg(G — AF) < n, so by induction, I is determined. If d > e, switch F' and G by (3). O

But the axiomatic definition does not help when it comes to calculation, we need a explicit formula for
it, which will also serve as a proof of the existence.

Theorem 2 (Explicit formula and Existence). For affine curves F,G with no common component at P,
I(P,FNG)=dim; Op(A?)/(F,G).

Proof. Verify that the definition dimy Op/(F,G) satisfies the properties (1)-(7).

(1) If F and G have a common component, then (F, G) is a proper ideal in Op, so Op/(F, G) has infinite
dimension as k-vector space.

(2) If P is not an intersection point, then F' or G does not vanish at P, say G is a unit in Op, then
(F,G) = (1), dim=0.

(3) Symmetry is obvious.

(4) To show I(P,F N G) > mp(F)mp(G), with equality iff no common tangents. This follows from
the fact that the dimension is the length of the module, and using the Hilbert-Samuel function or direct
computation with power series.

(5) Additivity: From exact sequence 0 — Op/(F,GNH) — Op/(F,G)®0p/(F,H) — Op/(F,GH) — 0,
but actually from Chinese Remainder if G, H comaximal.

(6) Since G+ AF =G (mod F), (F,G+ AF) = (F,G).

(7) Invariant under coordinate change because Op is defined intrinsically. O

We can now compute the sum of intersection number over all the intersecting points in the case of affine
space. Although the sum is not linked with the geometry properties of the curves explicitly, it serves as an
important intermediate step of proving the Bézout’s Theorem.

Proposition 1. Let F' and G be affine plane curves over an algebraically closed field k with no common
component. Then
> I(P,FNQ@) =dimy k[X,Y]/(F,G).
PeA2NV(F)NV(G)
Proof. Since F and G have no common component, V(F) NV (G) consists of finitely many points P, ..., P,
(to be justified shortly). The quotient ring I' = k[X,Y]/(F, Q) is finite-dimensional over k, and its spec-

trum consists of the maximal ideals mp, corresponding to these points. These maximal ideals are pairwise
comaximal . By the Chinese Remainder Theorem,

Localizing at mp, gives T, = Op,(A%)/(F,G)Op,(A?), and dimy Op, /(F,G) = I(P;, F N G) by the explicit
formula. Thus,

dimg I'= > " I(P;, FNG),
=1

as required. O



4 Bézout’s Theorem for projective planes

Now that we’ve assembled our toolkit and we’re ready to state and prove Bézout’s Theorem. The idea is
that we should reduce the case of the projective space to the affine space. This can be done by choosing a
proper affine chart, which is allowed by the following proposition:

Proposition 2 (Finiteness of Intersections). Let F' and G be homogeneous polynomials of positive degrees
defining projective plane curves with no common irreducible component. Then V(F) NV (G) is a finite set.

Proof. Suppose V(F)NV(G) is infinite. Then, as an algebraic set in P2, it has positive dimension (dimension
0 algebraic sets are finite). Thus, dim V(F N G) > 1. But dimV(F N G) < min(dim V(F),dimV(G)) = 1,
so dimV(F NG) = 1. This means V(F N G) contains an irreducible curve C' of dimension 1, which must be
a component of both V(F) and V(G), contradicting the assumption of no common component. O]

Theorem 3 (Bézout’s Theorem). If F' and G are projective plane curves of degrees m and n with no common
component, then Y, I(P,F N G) = mn.

Proof. Since F NG is finite, we may assume, by a projective change of coordinates if necessary, that none of
the points in F'N G is on the line at infinity Z = 0. Then ), I(P, F N G) = dimy, k[ X, Y]/(F*,G*), where
F*=F(X,Y,1),

Let I'* = k[X,Y]/(F*,G*), T = k[X,Y, Z]/(F,G), R = k[X,Y, Z], and let 'y (resp. Ry) be the vector
space of forms of degree d in T' (resp. R). The theorem will be proved if we can show that dimI'™ = dim T4
and dimI'y = mn for some large d.

Step 1: dimI'y = mn for all d > m + n. The sequence 0 = Rg_m—n = R4 ® Rg_n > Rg —T3q— 0
is exact, where the maps are ¥(C) = (GC, —FC), ¢(A, B) = AF 4+ BG. To show exactness: the kernel of ¢
is Im ), because if AF + BG = 0, then since F'; G have no common component, A = DG, B = —DF for
some D. The image of ¢ is the ideal generated by F,G of degree d, so the cokernel is I'y. For dimensions,
dim Ry = (“3%) = (d+1)(d+2)/2. SodimTy = (d—m+1)(d—m+2)/2+ (d—n+1)(d—n+2)/2—(d—
m—n+1)(d—m-—n+2)/2=mn for d >m+n.

Step 2: The map o : 'y — gy defined by a(H) = ZH is bijective for d > m + n — 1. First, injective:
suppose ZH = AF + BG in Ryy1. Let Ag, By, Hy be the constant terms in Z = 0, then Ay Fy + BoGg = 0,
where Fy = F((X,Y,0). Since no intersection at infinity, Fy, Gy have no common component, so (Fp, Go) =
(1) in k[X,Y], so there is C' such that Ag = CGy, By = —CFy. Then A’ = A - CG, B' = B+ CF,
Ay =By =0,80 A =ZA" B' =ZB", and H = A"F 4+ B"G. If H # 0, repeat, since degrees decrease,
eventually H = 0. For surjective, since dim constant and injective.

Step 3: For d > m + n, a basis of Iy dehomogenizes to a basis of I'*. Let {A1,..., A} basis of
g, A; forms degree d. Let A = A;(X,Y,1), a; residue in I'*. The a; generate I'*: if h = H € T'*,
H € k[X,Y], some ZN H* is a form of degree d +r, so ZNH* = """ \;Z"A; + BF + CG for some \; € k,
B,C € k[X,Y,Z]. Then H = (3> NAY) + B*F* 4+ C*G*, so h = >_ A\a;. The a; are independent: if
S Nia; =0, then > \;Af = BF* + CG*. Therefore Z" > \;A; = Z*B*F + Z'C*G for some r, s,t. But then
S ANZTA; =01in T'yy,, and the Z"A; form a basis, so each A\; = 0. This finishes the proof. O

Corollary 1. Y mp(EF)mp(G) < mn, with equality if all transversal.

5 Algebraic Foundations for General Bézout’s Theorem

Now we go on generalizing the theomrem with modern language. First of all, to handle infinite-dimensional
polynomial rings and their quotients without pathological behavior, we need rings where ideals stabilize,
ensuring finite generation of modules central to intersection theory.

Definition 12 (Noetherian Ring). A ring R is Noetherian if it satisfies the ascending chain condition on
ideals: every ascending chain of ideals Iy C Iy C -+ stabilizes, i.e., [, = Iy 1 = -+ for some k. Equivalently,
every ideal in R is finitely generated.

This property propagates to polynomial rings, allowing us to treat ideals defining subschemes as finitely
generated, just as in the classical case where I(V') was radical but now more general.



Proposition 3 (Hilbert Basis Theorem). If R is Noetherian, then the polynomial ring R|x] is Noetherian.

Proof. Let J C Rlx] be an ideal. Let L be the set of leading coefficients of elements in J (coefficients of
highest degree terms). Since degrees are nonnegative, L generates an ideal in R of finite codimension, so
finitely generated by Noetherianity. Let fi,..., f,, € J have these leading coefficients. Any g € J reduces
modulo fi,..., f; to a remainder of degree less than all deg f;, generating a finite-dimensional space over
R. Induct on degree to show J is generated by finitely many such remainders plus the f;. O

Tterating, S = k[zo, ..., zy] is Noetherian (starting from field k). A module M over a Noetherian ring R
is Noetherian if every submodule is finitely generated; finitely generated modules over Noetherian rings are
Noetherian.

In the proof of Bézout’s theorem in projective plane, we split the I' into I'y. The similar idea is crucial
when defining and calculating the degree in general case. Hence we need to formalize this idea and generalize
it.

Definition 13 (Graded Ring). A graded ring R is a ring R = @ o5 Ra (with Rq = 0 for d < 0 typically)
such that RgR. C Rgie for homogeneous components Rg.

Example 2 (Standard Graded Polynomial Ring). The polynomial ring S = k[zo,...,xs] is graded by
total degree: Sy consists of homogeneous polynomials of degree d, i.e., sums of monomials cx(® - - - o with
> a; = d. The Hilbert function hg(d) = dimy Sq = (dj;"), and its Hilbert polynomial is itself, of degree n,
so dimg S = n + 1, corresponding to the dimension of affine space A",

With the graded ring base, one can define the graded module.

Definition 14 (Graded Module). A graded module M over a graded ring R is an R-module M = @ ;c, Ma
such that RgM. C Mgie. The shift M(r) satisfies M(r)g = Myy,.

Then we begin the prepare for the definition of degree, which involves the Hilbert polynomial for a graded
module M. We need to define Krull dimension and Hilbert function in advance.

Definition 15 (Krull Dimension). The Krull dimension of a ring R is the supremum of the lengths v of
chains of prime ideals pg C p1 C ... C p, in R. Krull dimension of module is defined as the one of the
quotient ring R/I, where I is the the ideal consisting of all elements r € R such that r - m = 0 for every
me M.

Definition 16 (Hilbert Function). For a finitely generated graded module M over S, the Hilbert function is
har(d) = dimy, My for d > 0.

Proposition 4 (Additivity of Hilbert Function). In a short exact sequence of graded modules 0 — M’ —
M —= M'" = 07 hM(d) = hM’(d) + h,M/l(d) fO’I” all d > 0.

Proof. The sequence restricts to exact sequences in each degree: 0 — M) — My — M/ — 0, since maps are
graded (preserve degrees). Exactness implies dimy Mg = dimy, M), + dimy M)/, as the image of M), — M,
equals the kernel of My — M. O

The Hilbert function counts basis elements in each degree, like monomials modulo relations, but for large
d, it stabilizes to a polynomial-—generalizing how dimy I'(V')4 grows for projective varieties, providing an
asymptotic invariant for degree and dimension.

Theorem 4 (Existence of Hilbert Polynomial). There exists a unique polynomial Py (t) € Q[t] of degree
dimg M — 1 such that hpr(d) = Pp(d) for all sufficiently large d > 0. This Py (t) is the Hilbert polynomial
of M.

Proof. We proceed by induction on the number of variables n + 1 in S = k[xq, ..., x,].

For the base case n = 0, S = k[z], any f.g. graded module M is a finite direct sum of cyclic modules
S(—aj)/(zg’), each with h(d) eventually constant (degree 0 polynomial). Thus hjs(d) agrees with a degree-0
polynomial for d > 0, and deg Py; = dimg M — 1 = 0 if dimg M =1 (nonzero module).

Assume the result holds for polynomial rings in at most n variables. Let © = x,, and T' = K[z, ..., Zpn_1].
Let I' =T, (M) = {m € M | 2"m = 0 for some k > 1} be the a-torsion submodule. Since M is Noetherian,



T" is a f.g. submodule, and x acts nilpotently on I'; so I" is f.g. as a T-module. By the induction hypothesis,
hr(d) agrees with a polynomial of degree at most dimpI' —1 < n — 1 for d > 0.
Let M = M/T, which is torsion-free with respect to z (i.e., multiplication by = on M is injective).
Consider the short exact sequence
0— M(-1) %M — N —0,

where N = M /zM is a f.g. graded T-module (as x acts as zero on N). By additivity, hq7(d) = hgp(d — 1) +
hy(d) for all d > 0. By induction, hy(d) agrees with a polynomial Q(t) of degree at most dimp N—1 <n—1
for d > 0. Unfolding the recurrence gives

The partial sum of a polynomial of degree m is a polynomial of degree m + 1, so hy;(d) agrees with a
polynomial R(t) of degree at most n for d > 0. Finally, has(d) = hr(d) + hgp(d), so ha(d) agrees with
Py (t) = Pr(t) + R(t), a polynomial of degree at most n for d > 0. The degree is exactly dimg M — 1 since
the leading term comes from the maximal-dimensional component (dimension theory). Uniqueness follows
as polynomials agreeing on infinitely many points coincide. O

Example 3 (Hilbert Polynomial of a Quadric Cone). Consider M = C[z,y, z|/(2*+y? —2?). The relation is

homogeneous of degree 2, so the short exvact sequence 0 — S(—2) — S — M — 0 gives hy(d) = (d'gg) - (g)

for all d > 0. Simplifying, (d;Z) _ (g) _ (d+2)(d+§)—d(d—1) — d2+3d+22—d2+d _ 4d2+2 =2d+1. Thus, the
Hilbert function is har(d) = 2d + 1, which agrees with the linear polynomial Pp(t) = 2t + 1 for all d > 0.

Here, dimg M = 2 (degree of Py is 1 = dimg M —1).

By additivity of Hilbert functions and eventual agreement with polynomials, Hilbert polynomials add in
short exact sequences: Py = Py + Pyyrr.

To ensure intersections are proper in Bézout’s theorem, we shall introduce the associated points. There-
fore state here in advence the associated primes, which one will see corresponds to the associated points.

Definition 17 (Annihilator). For a ring R and an R-module M, the annihilator of an element m € M is
Anng(m)={re R|r-m=0}.

Definition 18 (Associated Primes). For a module N over a ring R, the associated primes Assg(N) are the
prime ideals p of the form Anng(m) for some nonzero m € N.

6 Geometric Foundations for General Bézout’s Theorem

With algebraic tools in hand, we now construct schemes geometrically: starting from sheaves, which glue
local data (like functions on opens) into global objects—intuitively, capturing how varieties are patched from
affines, but now with ring-valued sections for more structure.

Definition 19 (Presheaf). A presheaf F of sets on a topological space X is the following data:
e For each open U C X, a set F(U) (sections over U );
e For each inclusion V. C U of opens, a restriction map py,y : F(U) = F(V);

such that pyy =1id and py,w o puyv = puw for W CV C U.

Presheaves assign data locally but may not glue consistently; sheaves enforce gluing and identity, like
how coordinate charts on varieties must agree on overlaps for a smooth manifold.

Definition 20 (Sheaf). A sheaf F of sets on X is a presheaf satisfying the following two axioms.

(i) Identity axiom. For any open U C X, if {U;}icr is an open cover of U and s1,s2 € F(U) satisfy
silu, = s2|u, for alli, then s; = ss.



(#) Gluability axiom. For any open U C X, if {U;}icr is an open cover of U and s; € F(U;) satisfy
8; vinu, for alli,j, then there exists s € F(U) such that s|y, = s; for all i.

U;NnU; = Sj
Sheaves of rings or modules are defined similarly, with compatible operations.

Affine schemes recover classical affine varieties as Spec of quotient algebras, but with structure sheaf
allowing localizations.

Definition 21 (Affine Scheme). An affine scheme is SpecA for a commutative k-algebra A: its points are
the prime ideals of A, equipped with the Zariski topology where closed sets are V(I) ={p D I | p € SpecA}
for ideals I C A. The structure sheaf Ogpeca is the sheafification of the presheaf U — {f/g | f,g € A, g #
0 on U}, explicitly O(D(f)) = Ay for basic opens D(f) ={p € (f)}, extended by gluing.

The affine space A} = Speck[z1,...,z,] recovers classical affine space, with the points in classical case
corresponding to the maximal ideal (1 —ay, ..., Z, —ay). Though not involved here, a scheme X is defined to
be a ringed space (X, Ox) such that there exists an open cover {U;} with each U; affine and Oy, = Ogpeca, -

Projective schemes extend affine case homogeneously, with Proj quotienting by the irrelevant ideal to
focus on projective points—intuitively, the ”cone at infinity” is removed, generalizing how we dehomogenized
in classical projective varieties.

Definition 22 (Projective Scheme). The projective space is Py = ProjS, with points the homogeneous
prime ideals p C S not containing the irrelevant ideal m = (o, ..., 2,). A closed subscheme X C P} is X =
Proj(S/I) for a saturated homogeneous ideal I C S, where I is saturated if I = 1:m> =J,{s € S| sm* C
I}. The structure sheaf Ox is the sheafification of the presheaf on basic opens Dy (f) ={p € X | f ¢ p}

given by g\//I(D_s_(f)) = (S/I);O) (degree-0 elements of (S/I)[1/f]), extended by gluing.

The homogeneous coordinate ring of X is the graded module M = S/I. The dimension dim X =
dimg M — 1 (the affine cone X = SpecM adds a radial direction).

The degree, via the Hilbert polynomial’s leading term, generalizes the classical degree. Bizzare and non-
intuitive as it seems, we are going to show that it coincide with the projective plane case and after proving
Bézout’s theorem, one can see this definition coincides with the classical one in general.

Definition 23 (Degree of a Projective Scheme). The degree deg X of a projective scheme X of dimension ¢
is the leading coefficient of Pp(t) multiplied by 6!, where M = S/I is the homogeneous coordinate ring and
Py (t) dts Hilbert polynomial.

Proposition 5 (Scheme-theoretic Degree Coincides with Classical for Hypersurfaces). For a hypersurface
X = V(f) C Py where f is homogeneous of degree d (assuming reduced and irreducible as in classical
varieties), the scheme-theoretic degree deg X is d.

Proof. The exact sequence 0 — S(—d) — S — M — 0 gives Py (t) = Ps(t)—Ps(t—d). For S = k[zo, ..., zy],
Ps(t) = (H;I"), a polynomial of degree n with leading coefficient 1/n!. Then Py (t) = (t+”) - (t_ff"), with

leading term (1/n!)t" — (1/n!)(t —d)™ = (1/a)[t" — (t" —dnt" "t + .- )] = (d/(n — 1)!)?"_1 + lower terms.
Withd=n—1,degX =[d/(n—D!]- (n—1)! =d. O

This matches the classical degree as the degree of the defining polynomial for hypersurfaces, which
coincides the definition of projective line in P2 case.

Example 4 (Degree of the Quadric Conic as Projective Line). Returning to the quadric conic X =V (2? +
y* — 2?) C P with Py (t) = 2t + 1, the leading coefficient is 2 and § = 1, so deg X = 2 - 1! = 2, matching
the degree of the defining quadratic equation. This X is isomorphic to ]P’(%: (via stereographic projection or
parametrization), but embedded as a degree-2 curve in ]P’(QC.

Proposition 6 (Degree of 0-Dimensional Intersection Coincides with Sum of Intersection numbers). For
two plane curves F =0, G =0 in ]P’(QC of degrees m,n with mo common component, the 0-dimensional scheme
Y = V(F,G) has scheme-theoretic degree equal to the sum over P of classical intersection multiplicities
I(P,FNG).



Proof. The Hilbert polynomial Py (¢) for N = S/(F,G) is constant since dimY = 0 (dimg N = 1), and its
value is dimy, S/(F, G). Assuming no points at infinity for dehomogenization, this equals dim k[ X, Y]/(F*, G*),
which in the previous notes is > I(P). O

As mentioned above, the Bézout’s theorem needs the subschemes intersect ”properly”, which can be
formalized with the definition of associated points.

Definition 24 (Associated Points). The associated points of X are the points n € X whose corresponding
homogeneous primes p,, O I lie in Assg(M), the associated primes of M.

A hypersurface H = V(f) C P} for homogeneous f € Sq (d = deg H) contains no associated points of X
if f¢pforall pe Assg(M), ensuring the intersection H N X = V(I + (f)) is proper (no component of X
contained in H).

7 Bézout’s Theorem

Now, we are ready to state and prove Bézout’s Theorem:

Theorem 5 (Bézout’s Theorem). Let X C P} be a closed subscheme of dimension § > 1, with homogeneous
coordinate ring M = S/I. Let H = V(f) C P} be a hypersurface of degree d > 1 containing no associated
points of X. Then dm(HNX)=8§—1 and deg(HNX) =d-deg X.

Proof. The multiplication map - f : M (—d) — M (where M (—d). = M._q4) is graded. To establish injectivity,
suppose ker(-f) = K # 0. Then K = Anny(f) is a graded submodule of M (—d) = M (as S-modules). Since
M is finitely generated over the Noetherian ring S (by Hilbert basis), M is Noetherian, so K is Noetherian.
Thus, Assg(K) # 0. For any q € Assg(K), there exists nonzero m’ € K with Anng(m’) = q. Since fm’ =0,
feq As K C M, Assg(K) C Assg(M), so q € Assg(M) contains f, contradicting the assumption. Hence,
K =0, and -f is injective. The cokernel N = M/fM = S/(I + (f)) is the homogeneous coordinate ring of
Y = HN X (by the third isomorphism theorem). The short exact sequence

0= M(—d) LM N0

implies hy(e) = has(e) — har(e — d) for all e > 0, so Py (t) = Pys(t) — Pas(t — d). Write Py (t) = at® + - - -
with a = deg X/§!. The binomial expansion gives

0 — (t — d)? = 6dt°~! + lower terms

so
ddegXt(;f1
(0 —1)!

Thus, deg Py =6 — 1, so dimY = 6 — 1, and the leading coefficient yields degY = ddeg X.

+ lower terms.

Pn(t) = a-6dt°~* + lower terms =

Here we can recover the classical Bézout’s theorem from the Scheme-Theoretic form.

Corollary 2. For a curve X of (scheme-theoretic) degree m in P? (matching classical m by the first
proposition), and hypersurface H of degree m not containing associated points (no common component),
deg(H N X) = nm. By the second proposition, this degree is Y, I(P, X N H) = nm, recovering the classical
Bézout theorem.

Moreover, as promised before, the definition of degree makes sense in the following classical way:

Corollary 3. For d = 1, deg(H N X) = deg(H), coinciding with the classical definition of degree: the
number of intersection points (counting multiplicity) of the projective variety and an projective line.



