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Background

Definition:

A graph consists of a set of vertices V and set of edges E, along with an
endpoint function from E to unordered pairs in V.

Definition:

A graph automorphism on a graph ' = (V, E) is a pair of bijections
V — V and E — E that preserves the endpoint function.

Definition:

A group action on a graph is an action on the vertex set by graph
automorphisms.
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Figure: A graph (the Petersen graph)
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Background

Definition:

A tree is a connected graph with no cycles.
Definition:

An action is a free action if all stabilizers are trivial.

Figure: A tree
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Nielsen-Schreier Theorem

Theorem 1 (Nielsen-Schreier)

Every subgroup of a free group is free.

@ Commonly known proof uses algebraic topology

@ We will instead consider action on trees, and use
the intermediate theorem:

A group that acts freely on a tree is free. I

@ It is easy to show that theorem 1 follows from theorem 2:

Let G be a free group, and H be a subgroup of G. G will act freely on its
Cayley graph, which is a tree. Then, H also acts freely on the Cayley
graph, so it is isomorphic to a free group by theorem 2.
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Idea of the Proof

o First consider a transitive
action . p——o

o Fix a 'starting’ vertex, so a'b ab
vertices are in bijection with
group elements . o g
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@ Use paths on the tree to write alp! ab™!
group elements as words in a
b—l

generating set polal® .

@ For non-transitive actions, I
construct a tree where the
action is transitive
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Figure: a path in
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Finding a Symmetric Generating Set

@ Let G act on a tree X.

e Fix v € V. We can define gy, as the unique g, € G so g,v = w.
e Our symmetric generating set is: S = {gw|w € N(v)}
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Figure: the neighborhood of vertex 1 in F,
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S is Generating

o Let g € G. Let a path of vertices from v to gv be
V, X1,y Xn—1,8Y = hoVv, h1v, ..., hp_1v, hyv. We will inductively show
that h; € (S).

@ Base case: h; € S since x3 € N(v).

@ Inductive step: assume h; € (S). Since there's an edge between x;
and xj;1, there's an edge between v and hflx,url, so the
corresponding group element Eh1xin isin S. Then,
hiyiv = h,‘(ghi—lxl_+1V), so hiy1 € (S)
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S is Free

@ Assume there is a nontrivial relation in S and lete=w = w, ... w;
be a reduced word in S. Then, the path v, w;jv,...w,v would be a
cycle in our tree, which is a contradiction.

@ Thus, G is isomorphic to a free group.
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Tiling the Tree

@ The action isn't neccessarily N N

transitive.

The Nielsen-Schreier Theorem Through Geometric Group Theory 15 / 17



Tiling the Tree

@ The action isn’'t neccessarily N N
transitive.

e G\X is the graph formed by
taking the vertex and edge set /.\
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Tiling the Tree
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e G\X is the graph formed by
taking the vertex and edge set /\
quotient by the group action. e
@ We can find a subgraph of G\X
that is a tree and includes all

vertices, called a maximal tree.
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o Finally, define a tree of
representatives, T as a subtree  @g—o—
of X that maps to a maximal
tree above.

@ It turns out that we can always
find a tree of representatives
when G acts without inversions.
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Finding a Transitive Action

e For g € G, note that gT is a tree. Also, {gT }zc¢ partitions X, and
¢ : g+ gT is a bijection

@ Let's define X' by starting with X and contracting gT to a single
vertex for each g € G.

@ This is a tree, and the action of G is clearly transitive and free, so
we've reduced the problem to the first case
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