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Chapter 1

Verma Modules

We start with the simple structure of a finite-dimensional module of Lie-Algebra g, denoted as
L(X), A denoting the highest weight within the module. From here, the goal of this section is to
define an infinite-dimensional module known as the Verma Module.

Highest Weight Modules

The Verma module is an example of a highest-weight module.

Definition 1.1. A module M is a highest weight module of weight A if there exists some v € M),
the A weight space of M, such that n-v =0, and M =U(g) -v

The principle here is that we have a highest weight within our module. The Verma module
specifically is considered the largest highest-weight module since there are infinite weights within
the module, which are bounded by this highest weight. The way we do this is through a structure
called induced representations. This involves creating a representation over a smaller algebra, and
then inducing it to a larger algebra. In this case, we induce a U(b) module to a U(g) module. The
structure is as follows

M) = U(g) ®up) Cx

We have U(g) as a right U(b) module. We also have Cy as a left U(b) one-dimensional module
such that n sends a vector to 0, while h € h sends v to A(h)v.

We can see how this creates the structure of a left U(g) module.

1. The module respects the structure of a tensor, given xz,u € U(g), b € U(b), and v € C,,
we have x - (ub ® v) = zub ® v = zu ® bv. Starting with an equivalent element, we have
- (u®bv) = 2u® bu.

2. We want to ensure given z,y € U(g), that (zy) - (u®v) =2z - (y- (v ®v)). Starting from the
left, we have (zy) - (u®v) = (zy)uRv =2 (yuRv) =2 (y - (u®V)).

Using the PBW basis theorem, we can also construct alternative tensor definitions of the Verma
module. Given that U(g) = U(n™) ® U(b), we can reconstruct the module as

M) =Un")®@U((b) @yp Cy

Because U(b) is a right U(b) module, it can be cancelled by moving the factor to the Cy. We can
effectively cancel the U(b) to get
M(/\) = U(n_) ®C)\
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From here, any vector in M(\) can be denoted by n” ® 1 =n~ - (1® 1) for n~ € U(n™). Given
vt = (1®1), any vector in M () is of the structure n~v*. This structurally means we are starting
with a highest weight vector v* and continually applying lowering factors. This agrees with the
principle mentioned earlier.

Central Character
We define a crucial parameter of modules, known as the central character. It is denoted
xx:Z(g) = C

This denotes the scalar with which the center of U(g) acts on a module, in this case M(A). Fr
some highest weight vector v, taking some z € Z(g) we have zv™. Because z commutes with any
other element of U(g), we have hzv™ = zhv™ = z(A(h)vT) = A(h)zv™. This indicates that v+ and
zvT are the same weight. However, the highest weight space is one-dimensional, which means that
zvT = cv™ for some ¢ € C. Thus the central character function is well-defined..



Chapter 2

Harish-Chandra Isomorphism

Harish-Chandra Homomorphism

Definition 2.1 (Harish-Chandra Homomorphism). This homomorphism is defined by the projec-
tion of Z(g) onto U(h), found by taking the PBW decomposition of z € Z(g) and killing all the n~
and n monomials. It is denoted

§:Z(g) = U(b)
Twisting Automorphism

We then identify the fact that since U(h) is a symmetric algebra, we have U(h) = S(h). However,
S(h) can then be identified with P(h*), since there is a natural isomorphism.

Now using the twisted automorphism

S(h) = S(h),p(A) = p(A—p)

We can compose this automorphism with £ to get the twisted Harish Chandra Homomorphism,
denoted by ¢ : Z(g) — S(h). From here, we know given z € Z(g), that

Xa(z) = (A +p)(¥(2))

Harish-Chandra Isomorphism

We then highlight (without formal proof) the Harish-Chandra Isomorphism, mapping v : Z(g) —
S

The idea this isomorphism can be motivated by the Chevalley Restriction, which states that the
restriction map
0:P(g) = P(b)

isomorphically maps o o
0:P(g)” = P(b)

where we are taking invariants under the adjoint group G and invariants under the Weyl dot action
W on the left and right respectively. Because we can identify P(h) with S(h) and P(g) with S(g),
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we have the rewritten isomorphism
0:5(a)" = S(H)"

On a fundamental level, we know that grU(g) = S(g). Now, taking the invariants under the action
of group G actually corresponds to grZ(g). This means we have grZ(g) = S(g)“. This isomorphism
then motivates the Harish-Chandra Isomorphism

Linkage Classes

The Harish-Chandra Isomorphism is part of a larger theorem, which also states A, i in the same
linkage-class have the same central character.

Theorem 2.2. For \,;n € b*, we have x) = x, if and only if p = w - X for some w € W.

We will show this by contradiction, starting with A, 4 with disjoint linkage classes. We also
create a polynomial f such that f(WW-A) =1 and f(W - pu) = 0. We alter it into a W-invariant

polynomial
1
9= 17 2 v
|W’ weW

This is W-invariant since for u € W, we have

1 1 1 1o
ug_WweZWU(wf)_ngv(uw)f_W Z wf=g

w'eWw

g still takes the value 1 over W- X and 0 on W - u. Using the Isomorphism we have previously found,
we can find z € Z(g) such that ¢(2) = g. We know then that xx(z) = (A+p)(¥(z)) = g(A+p) =1,
and similarly x,(z) = 0, concluding xx # xu-



