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This is a paper for wrapping up the DRP program for Fall 2025 under the guidance of Christopher
Dowd. The main topic of the paper is on some basic setups of p—adic Hodge theory. In particular,
we mainly introduce the construction of the de Rham period rings and the de Rham representation.
This roughly covers the first eight chapters of Brinon and Conrad’s notes[I].

In general, p-adic Hodge theory studies finite-dimensional Q,-representations of the absolute
Galois group G = Gal(K#8/K) of a p-adic field K by relating them to (semi-)linear-algebraic
objects equipped with additional structures such as filtrations, Frobenius, and monodromy opera-
tors. Using Fontaine’s period rings Byt, Bqr, Beris, Bst, one attaches to a representation V' vector
spaces

Dur(V) = (Bur ®q, V)%, Dar(V) = (Bar ®@g, V)X, ...
with filtrations and extra structure. This leads to the classification
Crystalline C Semi-stable C de Rham C Hodge-Tate,
and provides canonical comparison isomorphisms
B®q, V ~ Bk D),

which are compatible with the additional structures. Thus p-adic Hodge theory connects Galois
representations with filtered (¢, NV)-modules, giving a powerful tool in arithmetic geometry.

1. PERIOD RINGS AND REPRESENTATIONS

1.1. Witt rings and perfection. Let K denote a p—adic field and we fix an algebraic closure
K /K. As before, G := Gal(K*/K). Let Cg be the completion of K% and denote its ring of
integers A := O¢,, and residue field k. We always assume k is perfect in the following.
Before we construct our first period ring Bgr, we recall some properties of the Witt ring and
also the tilting techniques.
Let A" := @p A/(p), as a result, A” is a strict p—ring, hence we could define Ay := W (A),
define the Fontaine map
0: Aps — A, 0[z] = 20
As a standard fact, 6 is a ring homomorphism, this was an exercise of Professor Shin’s problem
sets this semester. also had them done neatly and concisely.
We now have a G —equivariant surjective ring homomorphism
1 1
Al | —| =
fo Amf[p] A[p] Ck
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Note that ker g = ker 6 [%] We record some properties of ker 6.

1
Proposition 1.1. Choose p € A® such that p° = pji.e., p = (p,pi,pp2 ;o) e A sov(p) =1. Let
52 [75] —P= (ﬁ?ilv) EAAinf-

Then (a) : The ideal ker @ C Ayn¢ is the principal ideal generated by &.

(b) : The element w = (19,71, --) € ker 6 is a generator of ker 0 if and only if r1 € R*.

Corollary 1.2. For all j > 1,
Agne N (ker fg)? = (ker §)7
Also, N(ker )7 = N(ker Og)’ = 0.

1.2. Construction of period rings/representations. Fontaine [2] introduced the constructions
of period rings Bgr, Bst, and Bcis in 1982 and gives the definitive treatment of these period rings
in his paper [3].

We start with the Hodge-Tate representation:

1.2.1. Hodge-Tate representation.

Definition 1.3. A Cg representation of Gk is a finite dimensional Cx —vector space W equipped
with a continuous G —action map G x W — W which satisfy semilinearality, i.e., for g € Gk, c €
Ck,w € W, g(cw) = g(c)g(w). The category of such objects is denoted Repc, (Gk)-

For W € Repg,. (Gk) and g € Z, we define:
W{g} := W(q) =~ {we W | g(w) = x(g)%w for all g € G}
Lemma 1.4. (Serre-Tate) For W € Repg, (Gk), the natural Cg —linear Gk —equivariant map

&w : P (Cr(—q) ©x W{g}) » W

q
is injective. In particular, Y dim W{q} < dimW. The equality holds whenever &y is an isomor-

q
phism.

With this lemma, we give the definition of a Hodge-Tate representation:
Definition 1.5. If &y in Lemma is an isomorphism, then W is Hodge-Tate.

Remark 1.6. We could see from the definition that if W is Hodge-Tate, then it is (non-canonically)
isomorphic to @q Ck(—q)", where h, = dim W{g}.

Note that for any object W € Repc, (Gk) that is Hodge-Tate, we can the Hodge-Tate weights
of W are the integers ¢ € Z, such that W{q} := (Cx(q) ®c, W)X is nonzero.

Definition 1.7. The Hodge Tate ring of K is the Cx—algebra Byt = P,z Cx(g) in which
multiplication is defined as Cx(q)®cy ~ C(q') = Cx(q+¢').

The Hodge-Tate representation serves as a quick taste to the p—adic representation world, our
main focus will be on the constructions of period rings and their corresponding representation.

Remark 1.8. One may ask whether every W € Reng(G k) always admits a canonical decomposi-
tion

W ~ @(CK((]) QC W{q}

In fact, this is a consequence of the Tate-Sen theorem[4], which we will not prove here, but it is
useful to know that such a decomposition exists.
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1.2.2. de Rham representation. We keep the notation as before, let Cx be the completion of the
algebraic closure of K, let A := Oc, be its valuation ring, and let k& be the residue field of Cg.
Write W (k) as the Witt ring of k.

From Corollary we construct

Bc—li_R = @Ainf[l/p]/(ker 9@)j
j

whose transition maps are G —equivariant.
Choose ¢ € A* with @ = 1,6 £ 1,50 0([c] = 1) = (@ — 1 = 0. Hence ¢® € ker C ker07;.
We can therefore make use of the logarithm:

t:=log([e]) =log(1+ ([e] — 1)) = Z(—l)”*l([e];l)n € Bl
n=1
This lies in the maximal ideal of B:{R. A key property illustrating B('IR is as follows:
Proposition 1.9. The element t = log([€]) in By constructed above is a uniformizer of Biy.
We now give the definition of a de Rham period ring:
Definition 1.10. The field of p—adic periods or the de Rham period ring is
Byg = Frac(BjR)

equipped with natural G action and G g—invariant filtration via the Z—power of the maximal
ideal of Bjy.

Now we turn our attention to de Rham representations. Similar to the definition we gave in[I.5]
we define a covariant functor (Fontaine functor) Dyg : Repfinj(G k) — Vectg by

Dar(V) = (Bar ®g, V)

Hence dimg Dgr(V) < dimg, (V'), and when the equality holds, we say that V' is a de Rham
representation.

Recall that a filtered vector space over a field F is a pair (D, {Fil*(D)}) where D is a finite
dimensional F—vector space, and has the filtration structure Fil’(D). By our earlier construction
and Propositio we get a natural filtration on Bggr, with Fil(Bgr) = tiBérR. Explicitly, we have

Fil'(Dar) (V) = (t'Bj ®g, V).
In fact, we could relate to the Hodge-Tate representation we mentioned before:

Proposition 1.11. If V is a de Rham representation, then V is Hodge-Tate, and gr(Dqar(V)) =
Dyt (V) as graded Cx—wvector spaces.

Some nice properties of Dgr holds, we give some examples.
Proposition 1.12. The faithful functor Dgr : Repg:(GK) — Filg is an ezxact functor.

Proof. For any exact sequence
0—V —V —V"—0
The sequence
0 — Fil'(Dgr(V")) — Fil'(Dgr(V)) — Fil'(Dar(V"))

is always left exact. In general it might not be right exact. But since now V is de Rham, by
Proposition [1.11] all terms in the exact sequence at the top are immediately Hodge-Tate, so the
functor Dyt applied to the exact sequence yields another exact sequence, By paasing it to the
graded parts and calculate their dimensions,

dimg Fil'(Dgr (V) = dimg Fil'(Dgr(V")) + dimg Fil'(Dgr (V"))

and we get that the left exact sequence is also right exact.
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Proposition 1.13. For V € Repﬁinj(GK), the G —equivariant Bgr—linear comparison isomor-
phism

a: Byr @k Dgr(V') ~ Bar XQ, %4
respects the filtration and so does its inverse.

Proposition 1.14. For any complete discretely-valued extension K'/K inside of Cx and any
V € Repg, (GK), the natural map

K'®k Dar,x (V) — Dar,k(V)

18 an isomorphism in Filg:. In particular, V is de Rham as a G -representation if and only if V
is de Rham as a Ggr-representation.

This property shows that being de Rham is compatible with replacing K with a nice extension
K’, and also K'ur,

Example 1.15. In the 1—dimensional case, de Rham representations are actually equivalent to
Hodge-Tate representations. We’ve shown that de Rham implies Hodge-Tate for any dimension,
now for the converse suppose V is a 1—dimensional Hodge-Tate representation. Therefore, it has
some HT-weight 4, if we twist V' by V' (—i), we could reduce to the case when ¢ : G — Z,; with HT

wieght 0. Hence Cg (1))“K # 0, by the Tate-Sen theorem, 9 (Ix) is finite. Hence by choosing some
appropriate ramified extension K'/K, we could have ¢ (Ix/) = 1. Since de Rham representation is

compatible with replacing K with Kur , we could reduce to the case of the trivial character, which
is de Rham.

2. INTERESTING RELATION WITH SEMI-LINEAR OBJECTS

Surprisingly, some special p—adic Galois representations related to semi-linear and linear objects
in Fil, the category of some filtered objects. In this section we wish to introduce some primary
properties. We work with the field Ky := W(k)[zlg] in this section .

Definition 2.1. An isocrystal over Ky is a fintie dimensional Ky—vector space D equipped with
a bijective Frobenius semilinear endomorphism ¢p : D — D.

Definition 2.2. Let K be a p—adic field. A filtered ¢—module over K is a triple (D, ¢, Fil®*) where
(D, ¢p) is an isocrystal over Ky and (Dg,Fil®) is an object in Filg . We denote the category of

filtered ¢p—modules over K by MF?} .
We extend (generalize) our definition of filtered ¢—modules:

Definition 2.3. A (¢, N)—module over Ky is an isocrystal (D,¢p) over Ky equipped with a
Ky—linear endomorphism Np : D — D such that Np¢p = popNp. The category of such modules
is denoted Mod%v .

A filtered (¢, N)—module over K is a (¢, N)—module D over Ky, for which Dy is endowed with
a structure of object in Filg . The category of such modules is denoted MF}b{’N .

In fact, Np is nilpotent , which follows from the lemma:

Lemma 2.4. For any D € Modf(’év, the monodromy operator Np is nilpotent on D. In particular,
ifdimD =1, Np = 0.

The beautiful theorem that relates the "nice” Galois representations and the ”linear-algebra”
world is:

Theorem 2.5 (Colmez-Fontaine). We define the covariant functor
Viris : MF%. — Q,[Gx]-Mod

by D —s Fil°(Beys ®5, D).
The exact tensor functor
Deris - Rep§™ (G ) — MFY,
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is fully faithful, with essential inverse image given by Veyis.
Moreover, this extends to semi-stable representations: we define
Vi : MESN — @,[Gx]-Mod, D — Fil°(By @5, D)*~" =,
and the exact tensor functor
Dy : Repy (Gk) — MFRY
is fully faithful, with essential inverse image given by V.

This shows the correspondence from a so-called ” crystalline representation” to ” weakly admissible
filtered ¢—modules”, and the so-called ”semi-stable representation” to ”weakly admissible filtered
(¢, N)—modules”. This amazing correspondence allows us to decompose for lower dimension cases.
We could black-box the definition of crystalline and semi-stable to do the classifications.

Remark 2.6. Weakly admissible satisfying some special relations between the Hodge-Tate weights
and the slopes in the slope decompositions. In particular, an object D & MF%’N is weakly admissible
if ty(D') > ty(D') for all D' C D € MF?(’N with equality for D’ = D. These objects constitute

a full subcategory MF%’N’M'“‘ of MFf(’N. Here tx(D’) is the right most endpoint of the Newton
polygon and ¢y (D’) is the right most endpoint of the Hodge polygon.

To summarize our constructions and discussion, and to observe some future aspects, we have the
following relation of p—adic Galois representations:

Crystalline = Semi-stable = de Rham = Hodge-Tate
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