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Introduction

Abel’s theorem states that the general polynomial equation of degree five cannot be solved by radicals. In
this report, I present an intuitive explanation of Arnold’s topological approach to Abel’s theorem, following
Problems 343-352 in V. B. Alekseev’s book Abel’s Theorem in Problems and Solutions.

Rather than giving a fully rigorous solution to each problem, the goal is to explain the main ideas and
geometric intuition behind the proof. The key object is a family of quintic polynomials depending on a

complex parameter, and the way their roots behave under analytic continuation.
Throughout the report, we consider the one-parameter family
P.(w) = 3w’ — 25w® 4+ 60w — 2.

By w(z) we denote the multi-valued algebraic function whose values are the five roots of the equation

P.(w) =0, viewed as functions of the parameter z.

1. Branch Points and Continuity of Roots (Problems 343-344)

Before studying monodromy, we describe the basic analytic and geometric properties of the roots of P, (w)

as functions of the parameter z.

1.1 Branch Points and Multiple Roots (Problem 343)

We compute
Pl(w) =15(w — 2)(w — 1)(w + 1)(w + 2),

so the only possible multiple roots are wy = £1,+2. Substituting these values into P,(w) = 0, we obtain
the corresponding parameter values
z = —38, —16, 16, 38.

1



These four values of z are exactly the branch points of the multi-valued function w(z). Near each of them,

two branches merge and locally behave like

w(z) = wo £z — 2,

which is the typical square-root branching of algebraic functions.

1.2 Continuity of Roots with Respect to the Parameter (Problem 344)

A technical but essential point is that roots cannot disappear under small changes of the parameter z,

which allows analytic continuation to be defined.

Fix 2y and a root wy of P, (w) = 0. Choose a small circle C' in the w-plane centered at wy, containing no

other roots. Let C”" be the image of C' under the map 7 = P, (w).

The curve C’ winds around the origin a positive number of times. For sufficiently small changes of z, this
winding number is preserved, and by the argument principle the equation P,(w) = 0 still has a root inside

C'. Thus roots vary continuously with the parameter z, as long as branch points are avoided.

2. Monodromy and the Appearance of the Group S; (Problem
349)

We now explain why the monodromy group of the function w(z) coincides with the full symmetric group
Ss.

As shown in Problems 346-348, the Riemann surface of w(z) can have several possible schemes, depending
on how the five sheets are glued along branch cuts. In each scheme, a small loop around a branch point

produces a transposition of the two roots that merge at this point.

In the first scheme, all branch points correspond directly to the elementary transpositions
(12), (23), (34), (45).

Thus the monodromy group already contains all adjacent transpositions.

In the remaining schemes, only some of these transpositions arise directly from branch points. However,

the others can be obtained as products of monodromies corresponding to different loops. For example,
(23)=(12)(13)(12),  (34)=(13)(14)(13),

and similarly for (45). Hence, in all possible schemes, the monodromy group contains all elementary

adjacent transpositions.



By a standard result in group theory, the adjacent transpositions generate the entire symmetric group.
Therefore,
Monodromy(w(z)) = S.

By Theorem 5 (§1.15), the adjacent transpositions generate Ss. On the other hand, if w(z) were repre-
sentable by radicals, its monodromy group would have to be solvable (cf. Theorem 11, §2.13). Since Ss is

not solvable, this already suggests that such a representation is impossible.

3. From Monodromy to Abel’s Impossibility Theorem (Problems
350-352)

3.1 From S5 to Non-Solvability by Radicals (Problem 350)

A fundamental result used by Arnold states that if an algebraic multi-valued function can be expressed by
radicals, then its monodromy group must be solvable (cf. Theorem 11, §2.13). Intuitively, each extraction
of an n-th root introduces only cyclic monodromy, and iterating such operations produces a group obtained

by successive extensions of cyclic groups, hence a solvable group.

In our situation, Section 2 showed that
Monodromy(w(z)) = Ss,

and the group S5 is not solvable. Therefore w(z) cannot be represented by radicals. Equivalently, the

quintic family P,(w) = 0 is not solvable by radicals.

3.2 From a Special Quintic to the General Quintic (Problem 351)

Problem 351 explains why the impossibility result for this particular family already rules out a general
radical formula for quintic equations. Suppose, for contradiction, that there existed a radical expression
giving the roots of a general quintic equation in terms of its coefficients. Then we could specialize the

coefficients to match our family
P,(w) = 3w® — 25w® 4 60w — 2,

obtaining a radical formula for the roots of P,(w) = 0. This contradicts Problem 350. Hence the general

quintic equation is not solvable by radicals.



3.3 Extension to Degree n > 5 (Problem 352)

Problem 352 extends the conclusion from degree five to arbitrary degree n > 5. The idea is to embed the

degree-5 into a higher-degree equation by considering
w™? P,(w) = 0.

This equation has the same five nonzero roots as P,(w) = 0, together with the additional root w = 0 of
multiplicity n — 5. If a general degree-n equation were solvable by radicals, then so would this special
degree-n equation, and in particular one would obtain radical expressions for the five roots coming from
P.(w) = 0. This again contradicts Problem 350.

Therefore, for every n > 5, the general algebraic equation of degree n is not solvable by radicals, which is

Abel’s impossibility theorem.
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