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1 Introduction

This writeup is a broad summary of the results from Chapter 3 from [3]. Generally, a self-avoiding walk
is a path on a graph where the path never visits the same vertex twice. This can be contrasted to the more
familiar random walk, which is allowed to revisit vertices. More specifically, an N -step self-avoiding walk ω
on Zd starting at x is a sequence of sites ω = (ω(0), ω(1), ..., ω(N)) where ω(0) = x, |ω(j+1)−ω(j)| = 1, and
ω(i) ̸= ω(j) for i ̸= j. From here on we only consider self-avoiding walks on the integer lattice. Specifically,
the permissible edge set, the edges which our walk can step across, are just edges between points on the
lattice that differ by exactly one in their coordinates; for two points e1, e2 there exists and edge between these
two points if and only if ∥|e1− e2|| = 1 where we used the standard Euclidean norm. Self-avoiding walks can
be of interest as a model for polymers, proposed by the Nobel Laureate chemist Flory. There are several open
questions and conjectures regarding the self avoiding walk. These questions often involve quantities like the
number of self-avoiding walks and the mean-square distance a typical self-avoiding walk travels along with
their associated asymptotic behavior. Flory, through non-rigorous arguments associated with his intuition
regarding the energy associated with the configuration of a polymer, made several predictions regarding
these quantities.

Figure 1: The walk on the left shows an example of walk that is self-avoiding. The walk on the right is not
self-avoiding.

Here we present some upper bounds on cN , the number of N -step self-avoiding walks starting at the
origin.

Note that the conjectured asymptotic behavior of cN is

cN ∼ AµNNγ−1,

where A,µ, and γ are constants independent of N . µ is referred to as the connective constant, and will be
mentioned later. We don’t pursue this conjecture this further, but it is interesting to compare to the upper
bounds presented later. For reference, the best known bound on cN was found by Kesten in 1964. It is of
the form

cN ≤ µNeQN2/(d+2) log(N)

where µ is defined as it was for the conjectured asymptotic behavior, and Q is some dimension dependent
constant. This upper bound is far from the conjectured scaling: where one would expect a Nγ−1 growth,
we find exponential growth. Nonetheless, it remains the best known upper bound for dimensions d = 3, 4.
Kesten published the proof for a slightly weaker bound, with the d+ 2 in the exponent being replaced for a
d+ 1, presenting the d+ 2 result with no proof.
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1.1 Sub-Additivity and The Connective Constant

We show that the connective constant ∞ > µSAW > 0 exists. We can think of this constant as capturing
the exponential behavior of cN , as discussed above.

Figure 2: The concatenation of two walks, ω(1) of length N and ω(2) of length M .

First we show the submultiplicative behavior of the sequence cN ,

cN+M ≤ cNcM .

This follows by considering the set of M -step self-avoiding walks concatenated to n-step self-avoiding walks.
Such a walk is the the same as the N -step self avoiding walk in the first N steps; then it is the same as
the M -step self avoiding walk plus the last coordinate of the N -step self avoiding walk in the last N + 1 to
N +M steps. By taking the log of both sides we have a sub-additive sequence,

log(cN+M ) ≤ log(cN ) + log(cM ).

Using subadditivity we can then show that the limit limN→∞
1
N log(cN ) = log(µSAW ) exists, and thus

µSAW = lim
N→∞

c
1/N
N ,

and we can further show that
cN ≥ µN

SAW, N ≥ 1.

We show that for a sequence of real numbers {an}n≥1 that satisfy an+m ≤ an+am, the limit limn→∞ an/n
exists in [−∞,∞). It is sufficient to demonstrate

lim sup
n→∞

an
n

≤ ak
k
,

for every k. This is because taking the lim infk→∞ of the right hand side gives us

lim sup
n→∞

an
n

≤ lim inf
k→∞

ak
k
.

Furthermore, by taking the infk≥1 of the right hand side gives us

lim
n→∞

an
n

= inf
n≥1

an
n
,

showing our limit is <∞.
Fix k and let

Ak = max
1≤r≤k

ar.
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Let j be the smallest integer less than n/k. Then we can write n = jk + r for some integer 1 ≤ r ≤ k. By
subadditivity we have

an ≤ ak + ...+ ak︸ ︷︷ ︸
j times

+ar = jak + ar ≤ n

k
ak +Ak.

Then we can divide by n and take lim supn→∞ to get

lim sup
n→∞

an
n

≤ lim sup
n→∞

ak
k

+
Ak

n
=
ak
k

as desired. Together with our a priori bound that an > 0, we have ∞ > µSAW > 0.

2 Hammersley-Welsh Bound

The Hammersley-Welsh Bound, found in 1962, remains the best upper bound for d = 2 [1]. To derive the
bound, we will first define two special kinds of self-avoiding walks: bridges and half-space walks. Then, we
show that every self-avoiding walk can be decomposed, or unfolded, into such special walks and use upper
bounds on the special walks to bound cN .

2.1 Bridges

First, we define what a bridge is. An N -step bridge is an N -step self-avoiding walk, ω, whose first
coordinate (e.g. the x-coordinate in Z2) satisfies the inequality:

ω1(0) < ω1(i) ≤ ω1(N)

for 1 ≤ i ≤ N . The number of N -step bridges is denoted by bN .
We first find an upper bound on bridges using a similarly defined connective constant µbridge for bridges.

Note that as the concatenation of two bridges yields another bridge, but we do not know whether all bridges
can be constructed via concatenation of two bridges, we have:

bNbM ≤ bN+M .

Then, {− log(bn)}∞n=0 is subadditive, and so by our previous discussion, ∞ > µbridge = limn→∞ b
1/n
n > 0

and bN ≤ µN
bridge. Note that as bN ≤ cN , we must have µbridge ≤ µSAW. It will be shown later that

µbridge = µSAW.

Figure 3: A bridge of length 7 which cannot be decomposed into two bridges of length 3 and 4. This illustrates
the intuition behind the superadditivity of bridges; all bridges of length 3 and 4 can be concatenated to make
a bridge of length 7, but not all bridges of length 7 can be decomposed into two such bridges.

2.2 Half-Space Walks

Now, we define what a half-space walk is. An N -step half-space walk is an N -step self-avoiding walk, ω,
whose first coordinate satisfies the inequality:

ω1(0) < ω1(i)

for all 1 ≤ i ≤ N . Note that all bridges are half-space walks.
We also define the notion of the span of an N -step self-avoiding walk ω:

SPAN(ω) = max
0≤j≤N

ω1(j)− min
0≤j≤N

ω1(j).

3



Let hN,A, (respectively, bN,A), denote all half-space walks, (respectively, bridges), starting at the origin
with span A. This will help us in our decomposition.

The final tool for our decomposition involves a result for partitions on integers, shown by Hardy and
Ramanujan in 1917. A partition of an integer N into distinct integers is given by N = N1+N2+...+Nk, Ni ∈
Z, N1 > N2 > ... > Nk. Let PD(N) denote the number of partitions of N into distinct integers. Then

log(PD(N)) ∼ π

(
N

3

)1/2

Here f(N) ∼ g(N) means that limN→∞
f(N)
g(N) = 1 as N → ∞.

To start, we show a connection between the number of half-space walks and bridges by unfolding half-
space walks. More specifically, we will show:

hN ≤ PD(N)bN .

To show this upper bound, we first need some additional definitions. For an N -step half-space walk ω that
starts at the origin, we define Aj(ω) and nj(ω) recursively as

Aj(ω) = max
nj−1<i≤N

(−1)j(ω1(nj−1)− ω1(i))

and nj(ω) is the largest i for which this maximum is achieved with n0 = 0. This is stopped at the smallest
integer k such that nk = N .

Intuitively, we can think of this as first finding the furthest out or walk goes and then marking the point
at which this happens. Then we check the furthest out our walk goes in the opposite direction from the
marked point and repeat this process until we cannot. The points we marked our walk can be reflected
across to get a bridge. A1 is the span of our walk and a half-space walk starting at the origin can never
cross through x1 = 0 (x1 denoting the first coordinate) for any point that isn’t the origin, thus A1 > A2.
In this way we recursively have A1 > A2 > ... > Ak > 0, with the last inequality being enforced by the
fact that we choose the last k such that nk = N . For ease of notation, for every decreasing sequence of
k positive integers a1 > a2 > ... > ak, let HN [a1, a2, ..., ak] denote the set of N -step half-space walks with
A1 = a1, A2 = a2, ..., Ak = ak. Then, in particular, H[a] is number of N -step bridges of span a.

We consider an injective transformation on half-space walks in HN [a1, a2, ..., ak] to half-space walks in
HN [a1 + a2, a3, ..., ak]. To construct this mapping, we simply reflect our original walk across x1 = A1. For
this new walk, we must have A1 = a1 + a2. The remaining “subspans” (Ai) remain the same. Thus

|H[a1, a2, ..., ak]| ≤ |H[a1 + a2, a3, ..., ak]|.

Finally, we have all the tools to show our upper bound on half-space walks.

hN =
∑

a1>a2>...>ak>0

|HN [a1, a2, ..., ak]| ≤
∑

a1>a2>...>ak>0

|HN [a1 + a2 + ...+ ak]|

=
∑

a1>a2>...>ak>0

bN,a1+a2+...+ak

=

N∑
A=1

PD(A)bN,A

≤ PD(N)

N∑
A=1

bN,A

= PD(N)bN .

The last inequality follows from PD(A) ≤ PD(N) for A ≤ N .
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Figure 4: A figure displaying the iterative unfolding of a half-space walk, using the notation established.

2.3 The Hammersley-Welsh Bound

By our prior discussion regarding partitions, fix B > π( 23 )
1/2 and choose ϵ > 0 so that B − ϵ > π( 23 )

1/2.
There exists a constant K such that

PD(A) ≤ Ke(B−ϵ)(A/2)1/2

for all A.
For an arbitrary n-step self-avoiding walk ω, let M = mini ω1(i) with m being the largest i such that

ω1(i) =M . Then,
(ω(m), ω(m+ 1), ...ω(n)),

(ω(m)− (1, 0, ..., , 0), ω(m− 1), ..., ω(0))

are both half-space walks of length n−m and m+ 1 length walks. Now, we have all the tools to show the
Hammersley-Welsh bound:

cN ≤
N∑

m=0

hN−mhm+1 ≤
N∑

m=0

bN−mbm+1PD(N −m)PD(m+ 1) ≤ bN+1

N∑
m=0

PD(N −m)PD(m+ 1) ≤

bN+1

N∑
m=0

K2e(B−ϵ)((N−m
2 )1/2+(m+1

2 )1/2) ≤ bN+1K
2

N∑
m=0

e(B−ϵ)(N+1)1/2 = bN+1(N + 1)K2e(B−ϵ)(N+1)1/2
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for all N . We use the result x1/2 + y1/2 ≤ (2x+ 2y)1/2.
To check the asymptotic scaling of this upper bound note that the limit

lim
N→∞

bN+1(N + 1)K2e(B−ϵ)(N+1)1/2

bN+1eBN1/2
= lim

N→∞
(N + 1)K2eB[(N+1)1/2−N1/2]e−ϵ(N+1)1/2 = 0

Thus, for N0(B)(independent of dimension d) such that

cN ≤ bN+1e
BN1/2

for all N ≥ N0. As bN ≤ µN
SAW, we have the Hammersley-Welsh bound:

cN ≤ µN+1
SAWe

BN1/2

for all N ≥ N0.

Figure 5: A figure illustrating the decomposition of generic walk into two half-space walks. The original
walk starts from the bottom dot and goes to the upper dot. The two new walks start at the upper dot and
square, respectively, and end at the lower arrow and upper arrow, respectively.

As a bonus, we can now easily show µSAW = µbridge. Recall that µSAW, (respectively, µSAW) is supposed
to capture the exponential scaling of self-avoiding walks, (respectively, bridges).

Recall that the a lower bound on cN is given by µN
SAW. Thus

µN−1
SAW ≤ cN−1 ≤ bNe

B(N−1)1/2 .

We can bound bN from below by using µN−1
SAW and the right hand side of the above inequality

µN−1
SAWe

−B(N−1)1/2 ≤ bN ≤ µN
SAW

where the latter inequality follows from our prior discussion on bridges. Taking the Nth root of either side
and taking the limit as N goes to infinity, we see that the left hand side and the right hand side, and thus

bN , all equal µSAW. This limit follows as we can see e−
N1/2

N → 1 as N → ∞.

3 Kesten d+1 Bound

This and the subsequent section summarize results in [2]. We proceed similarly to the previous section,
refining our upper bound by considering a more sophisticated decomposition. The proof proceeds as follows:
first we decompose self-avoiding walks into half-space walks, as we did above. We then decompose these
half-space walks into a a half-space walk and a bridge. Using an upper bound on the number of half-space
walk and bridges, we work backwards to find an upper bound on the number of self-avoiding walks.
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3.1 A Bound on Bridges and Half Space Walks

This is a summary of Lemma 3.3.3 from [3]. Recall that hm, k, (respectively, bl,k) denotes the number of
half-space walks of length m and span k, (respectively, the number of bridges of length l and span k). Let

h∗m,k =
∑k

i=0 hm,k denote the number of bridge of length m and of span at most k. We find an upper bound
on bl,kh

∗
m,k. As this proof is lengthy we state the result so we can keep it mind as we proceed.

Lemma. Let bl,k be the number of bridges of length l and span k and h∗m,k be the number of bridges of length
m and span of at most k. Then we have

bl,kh
∗
m,k ≤ µm+l+dV [D(m+ l)]12m

B+3dV

for some dimension dependent constant D.

Let β be an arbitrarym-step bridge of span k starting at the origin. Let η be an arbitrary l-step half-space
walk of span at most k starting at the origin. Let

V = (m1−Bl)1/d

for some 0 < B < 1. Now, let

Y = {y ∈ Zd : y1 ≥ η1(m) and ||y − η(m)||∞ ≤ V }

Then Y is a half-cube containing (⌊V ⌋+ 1)(2⌊V ⌋+ 1)d−1 points of the integer lattice, and hence

|Y| > (⌊V ⌋+ 1)(⌊V ⌋+ 1)d−1 = (⌊V ⌋+ 1)d > V d.

For each y ∈ Zd, let J(y) be the number of pairs of (i, j) such that η(i)− β(j) = y. Then∑
y∈Zd

J(y) = (m+ 1)(l + 1),

as we have m+ 1 points on β and l + 1 points on η. Thus the average of J over Y is∑
y∈Zd J(y)

|Y|
=

(m+ 1)(l + 1)

|Y|
≤ 4ml

m1−Bl
= 4mB .

Thus there exists some point Y ∈ Y such that

J(Y ) ≤ 4mB .

Let g = ||Y − η(m)||1. As Y ∈ Y we know that

0 ≤ g ≤ dV.

Let ρ be a walk, not necessarily self-avoiding, which consists of η followed by a walk of minimal length from
η(m) to Y , followed by a translated β that starts at Y . Thus ρ is of length m+ g + l.

Figure 6: A figure illustrating a potential ρ. η is the portion of the walk of the walk from first circle to the
left square. The portion between the two squared joins η to Y . The remainder of the walk (from the right
square to the arrow) is β. 1 and 2 label the self-avoiding polygons we encounter in the walk of length a1 and
a2 respectively. Removing 1 and 2 gives us the self-avoiding walk ψ of length r.
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Note that
0 < ρ1(i) ≤ Y1 + β1(l) = ρ1(m+ g + l)

for all i = 0, 1, ...,m+g+l. Let T be the number of self-intersections of ρ. There are exactly J(Y ) intersections
of the firstm+1 sites of ρ with the last l+1 sites, and at most g−1 intersections of (ρ(m+1), ..., ρ(m+g−1))
with the rest of of ρ. Thus

T ≤ J(Y ) + g − 1 ≤ 4mB + dV − 1.

To further proceed we introduce the notion of a self-avoiding polygon. A self-avoiding polygon is a self-
avoiding walk, except for in first and last vertices which are the same. Note that a walk with a self-intersection
has a sub-walk which must be a self-avoiding polygon. Using this realization, we can construct ρ from a
bridge of span Y1 + k and adjoining at most T self-avoiding polygons.

We find an upper bound on such ρ. Travel ρ one step at a time. Then, when ρ first intersects itself,
remove the segment between which the two visits where the self-intersection occurred. The removed segment
is a self-avoiding polygon with a distinguished site (where the self-intersection occurs) and orientation (the
direction ρ traverses the polygon). Some of these polygons may be degenerate, of two steps. Now continue
to traverse ρ in this way, erasing loops. Let ψ be portion of ρ which is never removed. Let r = |ψ|, let t be
the number of polygons that have been removed by this procedure, and let ai be the number of steps in the
ith polygons. Then r + a1 + ... + at = |ρ| where aj is the length of jth polygon. The number of different
choices for p-step walks ρ that can give rise to a particular choice of ψ, t, and a1, ..., at is at most

t∏
j=1

2pajqaj

because there are qaj
choices for the jth polygon, exactly aj different points on the jth polygon where it

could be attached to the walk, at most p places on the walk where the jth polygon can be attached to the
walk, and two possible directions to traverse the walk in. qn ≤ (d− 1)µn and so we find the bound

[2(d− 1)p2]tµa1+...+at = [2(d− 1)p2]tµ|ρ|−r.

Let H = 4mB + dV − 1. Thus finally,

bl,kh
∗
m,k ≤

m+l+dV∑
p=m+l

p∑
r=1

br

H∑
t=0

∑
a1,...,at:a1+...+at=p−r

[2(d− 1)p2]tµp−r

≤
m+l+dV∑
p=m+l

p∑
r=1

H∑
t=0

∑
a1,...,at:a1+...+at=p−r

[2(d− 1)p2]Hµp

≤
m+l+dV∑
p=m+l

p(H + 1)pH [2(d− 1)p2]Hµp

≤ µm+l+dV 4(m+ l + dV )3[2(d− 1)(m+ l + dV )3]4m
B+dV−1

By applying V ≤ (ml)1/2 ≤ m+l
2 , we have

bl,kh
∗
m,k ≤ µm+l+dV [D(m+ l)]12m

B+3dV ,

for some constant D dependent on d.

3.2 The Kesten d+1 Bound

To start, we find a decomposition on half-space walks. Let ω be an N -step half-space walk starting at
the origin and let SPAN(ω) = K and let I be the largest i such that ω1(i) = K. Then (ω(0), ..., ω(I)) is a
bridge and (ω(I +1), ..., ω(N)) is a reflected half-space walk. The bridge has length I and span K while the
half-space walk has length N − I and span at least K. As I,K ∈ {1, ..., N} there are N2 choices for them.
Thus

hN ≤ N2bI,Kh
∗
N−I,K .
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Figure 7: This figure illustrates the decomposition of a half-space walk into a bridge (the walk from the dot
to the square) and a reflected half-space walk (the walk from the square and to the arrow).

Using our prior bound and letting B = 2
d+1 and thus

V = ((N − I)1−BI)1/d ≤ N (2−B)/d.

As (2−B)/d = 2/(d+ 1) = B, we have the bound

hN ≤ µN (µd)N
B

[DN ](12+3d)NB+2.

We can then further bound this by

(µd)N
B

[DN ](12+3d)NB+2 = ed log(µ)NB

elog(DN)[(12+3d)NB+2] = e[d log(µ)+(12+3d) log(DN)]NB+2 log(DN)

= eQ1N
B log(N)+Q2N

B+2 log(N)+Q3

≤ eQNB log(N)

for appropriately chosen Q1, Q2, Q3, Q, and sufficiently large N . This follows as if we let Q > Q1 and choose
some ϵ = Q−Q1 > 0 then

lim
N→∞

eQ1N
B log(N)+Q2N

B+2 log(N)+Q3

eQNB log(N)
= lim

N→∞
e−ϵNB log(N)+Q2N

B+2 log(N)+Q3 = 0

as −ϵNB log(N) +Q2N
B + 2 log(N) +Q3 → −∞ as N → ∞. Then, to find the Kesten Bound we use our

previous decomposition:

cN ≤
N∑

m=0

hN−mhm+1 ≤ µN+1
N∑

m=0

eQ(N−m)B log(N−m)eQ(m+1)B log(m+1) ≤ µN+1
N∑

m=0

eQ
′(N+1)B log(N+1)

= µN+1(N + 1)eQ
′(N+1)B log(N+1)

≤ µNeQ
′′NB log(N)

Once more, we choose Q′′ > Q′ > Q appropriately so that the for sufficiently large N , the inequalities hold.
This gives us the Kesten d+ 1 bound.

More succinctly, the Kesten d+ 1 bound is

cN ≤ eQN2/d+1 log(N)

for an appropriately large constant Q, which depends only on dimension, and all N above some N0.
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4 Kesten d+2 Bound

We omit the proof of the d+ 2 bound here, but it is:

cN ≤ µNeQN2/d+2 logN

for an appropriately large constant Q, which depends only on dimension, and all N above some N0. This can
be derived by iterating on the bound found for hN ≤ N2bI,Kh

∗
N−I,K by further decomposing the half-space

walk on the right hand side of inequality. There are further complexities, but this decomposition is the key
geometric intuition: we divvy the half-space walk into bridges.
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