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Local Class Field Theory

It studies the finite abelian extensions of local fields.

Given a local field, it studies its maximal abelian extension through the
arithmetic of the field.

We will use a cohomological approach (nonexplicit).

We will focus on number fields (Q, Qp).

Main goals

@ Reciprocity isomorphism
@ Fundamental Theorem of LCFT

@ Kronecker-Weber
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G-modules and Group Cohomology



G-modules

Given an abelian group M and a group G, we can let G act on M
respecting the group structure.
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Given an abelian group M and a group G, we can let G act on M
respecting the group structure.

Such an abelian group M with the G-action is called a G-module.
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Given an abelian group M and a group G, we can let G act on M
respecting the group structure.

Such an abelian group M with the G-action is called a G-module.

Trival G-modules

Given any group G and abelian group M, consider the action given by
g X=X

This is called the trivial action of G.
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Examples of G-modules

Action of Z /27 on Z/4Z

Appart from the trivial action, we can consider the action of
Z)27 = {0,1} defined by:

l - x=—x

which respects the group structure.
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Examples of G-modules

Action of Z /27 on Z/4Z

Appart from the trivial action, we can consider the action of
Z)27 = {0,1} defined by:

l - x=—x

which respects the group structure.

Permutation Action of S; on Z3

We can consider the action of S3 that permutes the components of
(n1,np, n3) € Z3:
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Examples of G-modules

Action of Z /27 on Z/4Z

Appart from the trivial action, we can consider the action of
Z)27 = {0,1} defined by:

l - x=—x

which respects the group structure.

Permutation Action of S; on Z3

We can consider the action of S3 that permutes the components of
(n1,np, n3) € Z3:

0 - (m, m2, n3) = (Rg-1(1); Mo=1(2): -1(3)

So Z3 is a Sz-module with that action.
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Fixed points of G—modules

Given an action of G on A, one can consider the fixed points AC.
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Fixed points of G—modules

Given an action of G on A, one can consider the fixed points AC.

These are the elements x € A such that g - x = x for all g in G.
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Fixed points of G—modules

Given an action of G on A, one can consider the fixed points AC.

These are the elements x € A such that g - x = x for all g in G.

The Fixed Points of the signed action
If Z/27 acts on Z/4Z by the sign action, then A® = {0,2}.
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Fixed points of G—modules

Given an action of G on A, one can consider the fixed points AC.

These are the elements x € A such that g - x = x for all g in G.

The Fixed Points of the signed action
If Z/27 acts on Z/4Z by the sign action, then A® = {0,2}.

The Fixed Points of the Permutation Action on Z3

The fixed points of Z3 under the previous action of S3 are:

A® ={(n,n,n):necZ}
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G-homomorphisms

It is natural to consider homomorphisms f : M — N that respect the
action of G on M and N.
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G-homomorphisms

It is natural to consider homomorphisms f : M — N that respect the
action of G on M and N.

Trivial action

If G acts trivially on M and N, then every group homomorphism
f: M — Nisa G-homomorphism.
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G-homomorphisms

It is natural to consider homomorphisms f : M — N that respect the
action of G on M and N.

Trivial action

If G acts trivially on M and N, then every group homomorphism
f: M — Nisa G-homomorphism.

Multiplication by 4

The homomorphism f : Z3 — 73 given by f(x) = 4 * x is a group
homomorphism that respects the permutation action of Ss.
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Induced Map On Fixed Points

Given a G-homomorphism f : M — N, we get the induced map

FC = flpye : M® — N
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Induced Map On Fixed Points

Given a G-homomorphism f : M — N, we get the induced map

FC = flpye : M® — N

o What does (—)€ respect?
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Short Exact Sequences of G-modules

A short exact sequence of G-modules

0—-A—B—-C—=0

is a sequence of modules and maps that describes how B is built from C
and A.
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Short Exact Sequences of G-modules

A short exact sequence of G-modules

0—-A—B—-C—=0

is a sequence of modules and maps that describes how B is built from C
and A.

We have that:
o A — B is injective.
@ B — C is surjective.
@ The first isomorphism theorem implies that B/A = C.
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Short Exact Sequences of G-modules

A short exact sequence of G-modules
0-A—-B—->C—0

is a sequence of modules and maps that describes how B is built from C
and A.

We have that:
o A — B is injective.
@ B — C is surjective.
@ The first isomorphism theorem implies that B/A = C.

Examples of S.E.S.

0—Z/4Z — Z/8Z — Z/2Z — 0
0—-2Z—7Z—Z/2Z — 0

™7 mid = = et
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Fixed points of Short Exact Sequences

Consider a short exact sequence:

O—>AL>BE>C—>O
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Fixed points of Short Exact Sequences

Consider a short exact sequence:

O—>AL>BE>C—>O

When we apply (—)¢ to the sequence, we can only guarantee the
exactness of

G
0 A¢ 5 ge &, 6

So g€ is not necessarily surjective.
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Fixed points of Short Exact Sequences

Consider a short exact sequence:

0—>AL>BE>C—>O

When we apply (—)¢ to the sequence, we can only guarantee the
exactness of

G
0 A¢ 5 ge &, 6

So g€ is not necessarily surjective.

Let G = G, with the sign action:

0—2Z—>7Z—Z/2Z — 0

0—-0—-0—7Z/2Z »0
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We would like to extend that exact sequence to the right

i)
Cohomology



Group Cohomology

Given a sequence of fixed points, we can extend it using cohomology

0 AG BG y CC y HY(G, A)

|

.+ H*(G,A) +—— HY(G,C) +— HYG,B)
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Example of cyclic groups

For a cyclic group C, = {7} and a C,-module M, let
N:xsx+7x+72x+ -+ 7"

then
Me, k=0
HK(Coy M) = { ME/N(M), k even & k >0
ker(N)/(o — 1)(M), k odd
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Example of cyclic groups

For a cyclic group C, = {7} and a C,-module M, let
N:x x+7x+72x 4+ 771

then
Me, k=0
HK(Coy M) = { ME/N(M), k even & k >0
ker(N)/(o — 1)(M), k odd

Example for G, and Z/4Z

If n=2and M =7Z/47 is a C,-module given by the signed action, then

7.)27, k even.

H*(C,,2,/47) =
(G2, 2/4Z) {o, k odd.
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Galois Cohomology and Local Class Field Theory



Galois Cohomology

Cohomology of a field extension

Given a Galois field extension L/K and an abelian group M on which
Gal(L/K) acts, define its Galois cohomology:

H™(L/K, M) := H"(Gal(L/K), M)
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Galois Cohomology

Cohomology of a field extension

Given a Galois field extension L/K and an abelian group M on which
Gal(L/K) acts, define its Galois cohomology:

H™(L/K, M) := H"(Gal(L/K), M)

o If M is related to the field, then Gal(L/K) can act naturally on it.
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Galois Cohomology

Cohomology of a field extension

Given a Galois field extension L/K and an abelian group M on which
Gal(L/K) acts, define its Galois cohomology:

H™(L/K, M) := H"(Gal(L/K), M)

o If M is related to the field, then Gal(L/K) can act naturally on it.
e Eg,if M=L*, then:
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Galois Cohomology

Cohomology of a field extension

Given a Galois field extension L/K and an abelian group M on which
Gal(L/K) acts, define its Galois cohomology:

H™(L/K, M) := H"(Gal(L/K), M)

o If M is related to the field, then Gal(L/K) can act naturally on it.
e Eg,if M=L*, then:

Hilbert's Theorem 90
Let L/K be a finite Galois extension. Then

HY(L/K,L*)=0

v

— — = = >yt
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Galois Cohomology

Cohomology of a field extension

Given a Galois field extension L/K and an abelian group M on which
Gal(L/K) acts, define its Galois cohomology:

H™(L/K, M) := H"(Gal(L/K), M)

o If M is related to the field, then Gal(L/K) can act naturally on it.
e Eg,if M=L*, then:

Hilbert's Theorem 90
Let L/K be a finite Galois extension. Then

HY(L/K,L*)=0

@ Here we take the natural action given by o - x = o(x).
v

— — = = >yt
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Arithmetic of F*

@ We are interested in the finite abelian extensions of the field.
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Arithmetic of F*

@ We are interested in the finite abelian extensions of the field.
@ We want to relate those extensions to the arithmetic of the field.

@ Norm subgroups relate each other.
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Arithmetic of F*

@ We are interested in the finite abelian extensions of the field.
@ We want to relate those extensions to the arithmetic of the field.

@ Norm subgroups relate each other.

Norm Subgroups of a field
Given a field extension L/F, define the norm map N,/ : L — F by

Nye(@)= [ o)

o€Gal(L/K)

v
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Arithmetic of F*

@ We are interested in the finite abelian extensions of the field.
@ We want to relate those extensions to the arithmetic of the field.

@ Norm subgroups relate each other.

Norm Subgroups of a field
Given a field extension L/F, define the norm map N,/ : L — F by

Nye(@)= [ o)

o€Gal(L/K)

A subgroup of F* is a norm subgroup if there is some finite Galois
extension L/F such that

5 = N[_ = NL/F(LX)

v
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Reciprocity Isomorphism

Given a finite Galois extension L/F of local number fields, Tate's Theorem
tells us that:
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Reciprocity Isomorphism

Given a finite Galois extension L/F of local number fields, Tate's Theorem
tells us that:

{Hilbert's 90 + Brauer Group + Group Cohomology}

4
H"2(L/F,Z) = A"(L/F, LX)

Juan Claver (UCB) Local Kronecker-Weber Theorem December 11, 2025 17 /25



Reciprocity Isomorphism

Given a finite Galois extension L/F of local number fields, Tate's Theorem
tells us that:

{Hilbert's 90 + Brauer Group + Group Cohomology}
4
AT2(L/F,Z) = A"(L/F,L*)

For n = 0:
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Reciprocity Isomorphism

Given a finite Galois extension L/F of local number fields, Tate's Theorem
tells us that:

{Hilbert's 90 + Brauer Group + Group Cohomology}
4
AT2(L/F,Z) = A"(L/F,L*)

For n = 0:
o AOL/F, LX) = F*/Nyr(L¥)
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Reciprocity Isomorphism

Given a finite Galois extension L/F of local number fields, Tate's Theorem
tells us that:

{Hilbert's 90 + Brauer Group + Group Cohomology}
4
AT2(L/F,Z) = A"(L/F,L*)

For n=10:
o HO(L/F, LX) = F*/Ny/p(L¥)
o A 2(L/F,Z) = Hy(L/F,Z) = Gal(L/F)®
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Reciprocity Isomorphism

Reciprocity Isomorphism

Given a finite Galois extension of local number fields L/F, there exists an
isomorphism
Gal(L/F)* = F* /Ny /(L")
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Reciprocity Isomorphism

Reciprocity Isomorphism

Given a finite Galois extension of local number fields L/F, there exists an
isomorphism
Gal(L/F)* = F* /Ny /(L")

If the extension is abelian, Gal(L/F) = F* /N,
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Reciprocity Isomorphism

Reciprocity Isomorphism

Given a finite Galois extension of local number fields L/F, there exists an
isomorphism
Gal(L/F)* = F* /Ny /(L")

If the extension is abelian, Gal(L/F) = F* /N,

@ It suggests that abelian extensions may be classified by subgroups of
Fx.
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Fundamental Correspondence

@ Consider a local number field F.
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Fundamental Correspondence

@ Consider a local number field F.

o Working together with field extensions and its norm subgroups, we
reach the following Galois correspondence

{Finite abelian extensions} <> {Norm subgroups of F*}
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Fundamental Correspondence

@ Consider a local number field F.

o Working together with field extensions and its norm subgroups, we
reach the following Galois correspondence

{Finite abelian extensions} <> {Norm subgroups of F*}

@ It maps the extension L/F to the norm subgroup N;.
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Fundamental Correspondence

@ Consider a local number field F.

o Working together with field extensions and its norm subgroups, we
reach the following Galois correspondence

{Finite abelian extensions} <> {Norm subgroups of F*}

@ It maps the extension L/F to the norm subgroup N;.

By the Reciprocity Isomorphism, Gal(L/F) = F* /N,
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Fundamental Correspondence

@ Consider a local number field F.

o Working together with field extensions and its norm subgroups, we
reach the following Galois correspondence

{Finite abelian extensions} <> {Norm subgroups of F*}

@ It maps the extension L/F to the norm subgroup N;.
By the Reciprocity Isomorphism, Gal(L/F) = F* /N,
Since Gal(L/F) is finite, the index of Ny in F* is finite.
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Fundamental Correspondence

@ Consider a local number field F.

o Working together with field extensions and its norm subgroups, we
reach the following Galois correspondence

{Finite abelian extensions} <> {Norm subgroups of F*}
@ It maps the extension L/F to the norm subgroup N;.
By the Reciprocity Isomorphism, Gal(L/F) = F* /N,

Since Gal(L/F) is finite, the index of Ny in F* is finite.

Question: given any subgroup of finite index of F*, is it equal to some
norm subgroup?
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Fundamental Correspondence

@ Consider a local number field F.

o Working together with field extensions and its norm subgroups, we
reach the following Galois correspondence

{Finite abelian extensions} <> {Norm subgroups of F*}

@ It maps the extension L/F to the norm subgroup N;.
By the Reciprocity Isomorphism, Gal(L/F) = F* /N,
Since Gal(L/F) is finite, the index of Ny in F* is finite.

Question: given any subgroup of finite index of F*, is it equal to some
norm subgroup?

Answer: YES. By the Existence Theorem.
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Fundamental Theorem of LCFT

Therefore, we have reached a stronger fundamental correspondence

{Finite abelian extensions} +» {Finite index subgroups of F*}
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Fundamental Theorem of LCFT

Therefore, we have reached a stronger fundamental correspondence

{Finite abelian extensions} <> {Finite index subgroups of F*}

Fundamental Theorem of LCFT (one form)

Let F be a local number field, F an algebraic closure of F. Then, there is
a one-to-one, order-reversing correspondence between the finite abelian
extensions of F contained in F and the subgroups of finite index of F*.
The correspondence maps L/F to Nj.
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Kronecker-Weber Theorem



Kronecker-Weber

e Given a finite abelian extension L/Q, we want to find a family of
extensions such that L is contained in one of them.
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Kronecker-Weber

e Given a finite abelian extension L/Q, we want to find a family of
extensions such that L is contained in one of them.

o Candidate:
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Kronecker-Weber

e Given a finite abelian extension L/Q, we want to find a family of
extensions such that L is contained in one of them.

o Candidate:

Cyclotomic Extension

Given a n-th root of unity ¢, the n-th cyclotomic extension of a field K is

K(¢n)/K.
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Kronecker-Weber

e Given a finite abelian extension L/Q, we want to find a family of
extensions such that L is contained in one of them.

o Candidate:

Cyclotomic Extension

Given a n-th root of unity ¢, the n-th cyclotomic extension of a field K is

K(¢n)/K.

@ We have developed the tools for local number fields (Qp). Local
result < Global result.

Juan Claver (UCB) Local Kronecker-Weber Theorem December 11, 2025 22/25



Kronecker-Weber

e Given a finite abelian extension L/Q, we want to find a family of
extensions such that L is contained in one of them.

o Candidate:

Cyclotomic Extension

Given a n-th root of unity ¢, the n-th cyclotomic extension of a field K is

K(¢n)/K.

@ We have developed the tools for local number fields (Qp). Local
result < Global result.

@ Fundamental Theorem of LCFT.
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Kronecker-Weber

Given a finite abelian extension L/Q)p, let us apply the Fundamental
Theorem:
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Kronecker-Weber

Given a finite abelian extension L/Q)p, let us apply the Fundamental
Theorem:

Find cyclotomic extension L'/Qp, with L C L
1 (Order reversing)
Find cyclotomic extension L’/Qp with N, C N,
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Kronecker-Weber

Given the extension L/Qp, by Number Theory we know that:
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Kronecker-Weber

Given the extension L/Qp, by Number Theory we know that:

o N. D (p™) x U™ for some integers m and n.

Juan Claver (UCB) Local Kronecker-Weber Theorem December 11, 2025 24 /25



Kronecker-Weber

Given the extension L/Qp, by Number Theory we know that:
o N. D (p™) x U™ for some integers m and n.
o If L' = Qp(ppr) with n > 1, then Ny = (p) x UM,
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Kronecker-Weber

Given the extension L/Qp, by Number Theory we know that:
o N. D (p™) x U™ for some integers m and n.
o If L' = Qp(ppr) with n > 1, then Ny = (p) x UM,
Then, note that

(p) x U = ((p™) x Z3) 1 ({p) x U} = Niy AN, € N

where L1 = Qp(ppm—1) and Ly = Qp(ppn).
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Kronecker-Weber

Given the extension L/Qp, by Number Theory we know that:
o N. D (p™) x U™ for some integers m and n.
o If L' = Qp(ppr) with n > 1, then Ny = (p) x UM,
Then, note that

(p) x U = ((p™) x Z3) 1 ({p) x U} = Niy AN, € N

where L1 = Qp(ppm—1) and Ly = Qp(ppn).

o Finally, NL1 N NL2 = NLng C N, so

L CLily = Qp(p(pm—1)pn)
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Kronecker-Weber

Therefore, we have reached our goal:
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Kronecker-Weber

Therefore, we have reached our goal:

(Local) Kronecker-Weber Theorem

Let p be a prime number, and let L/Q, be a finite abelian extension.
Then, L is contained in a cyclotomic extension of Q.
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Kronecker-Weber

Therefore, we have reached our goal:

(Local) Kronecker-Weber Theorem

Let p be a prime number, and let L/Q, be a finite abelian extension.
Then, L is contained in a cyclotomic extension of Q.

The global result is implied by the local one:
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Kronecker-Weber

Therefore, we have reached our goal:

(Local) Kronecker-Weber Theorem

Let p be a prime number, and let L/Q, be a finite abelian extension.
Then, L is contained in a cyclotomic extension of Q.

The global result is implied by the local one:

(Global) Kronecker-Weber Theorem

Let L/Q be a finite abelian extension. Then, L is contained in a
cyclotomic extension of Q.
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