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1 Motivation

The purpose of this report is to define stochastic differential equations and the Itô integral.

The primary motivation for the Itô integral is that it allows us to model continuous processes

influenced by random noise.

Example 1.1. Consider the population growth model

dP

dt
= k(t)P (t), P (0) = P0,

Where P(t) is the population at time t and k(t) is the rate of growth at time t. The rate

of growth at time t is subject to many unknown environmental factors so we can represent it

as

k(t) = r(t) + noise,

Where r(t) is some non-random function and we do not know the exact behavior of the

noise term.

In order to solve this differential equation, we must allow randomness in the coefficients.

This type of differential equation is called a stochastic differential equation.

2 Integration

Consider the general case with random variable Xt defined by

dXt

dt
= β(t,Xt) + σ(t,Xt) ·Wt

Where β is the drift coefficient, σ is the diffusion coefficient, and Wt represents white

noise. We can represent the differential equation in its integral form to get

Xt = X0 +

∫ T

0

β(t,Xt)dt+

∫ T

0

σ(t,Xt)dWt
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The first integral
∫
b(·)ds is a standard Lebesgue or Riemann integral. The second

integral involves dWs and requires integration with respect to a stochastic process. Other

types of integrals are insufficient for this term, requiring the construction of the Itô integral.

Ideally Wt has the following properties:

(1) t1 ̸= t2 =⇒ Wt1 and Wt2 are independent.

(2) Wt is stationary, i.e. Wt has constant mean, variance, and autocovariance.

(3) E[Wt] = 0 for all t

However there are no reasonable stochastic processes that satisfy (1) and (2) as such a

process would not be continuous. (See Øksendal (1985) Exercise 3.11).

If we take a discrete approximation of Wt, (1), (2), and (3) suggest that the approxima-

tion should have stationary independent increments with mean 0. The only process with

continuous paths that fits this description is Brownian motion. So we choose Wt = Bt to get

Xt = X0 +

∫ T

0

β(t,Xt)dt+

∫ T

0

σ(t,Xt)dBt

3 Brownian Motion

To define
∫
f dBt we must first define Bt.

Definition 3.1. Fix x ∈ Rn. Define

p(t, x, y) = (2πt)−n/2 · exp
(
−|x− y|2

2t

)
.

Let 0 ≤ t1 ≤ t2 ≤ · · · ≤ tk. Then there exists a probability space (Ω,F , P x) and stochastic

process {Bt}t≥0 on Ω such that the finite-dimensional distributions of Bt are given by

P x(Bt1 ∈ F1, · · · , Btk ∈ Fk) =∫
F1×...×Fk

p(t1, x, x1)p(t2 − t1, x1, x2) . . . (tk − tk−1, xk−1, xk)dx1 . . . dxk

Such a process is called Brownian motion starting at x.

Brownian Motion has the following properties:

(1) Bt is a Gaussian Process meaning for all 0 ≤ t1 ≤ · · · ≤ tk, the random variable

Z = (Bt1 , . . . , Btk) ∈ Rnk has a multinormal distribution.

(2) Bt has independent increments i.e.

Bt, Bt+1 −Bt, . . . , Btk −Btk−1
are independent for all 0 ≤ t1 ≤ · · · ≤ tk
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(3) Bt is continuous (Note: Kolmogorov’s continuity theorem states there exists a continuous

version of Bt which is what we use as Bt from now on.)

4 Approximation

Now that we have defined Brownian Motion, we attempt to define the integral∫ T

S

f(t, ω)dBt(ω),

Where Bt(ω) is a 1 dimensional Brownian motion starting at the origin and f is a function

mapping [0,∞]× Ω → R. We can take the following approximations of Bt(ω)

ϕ1(t, ω) =
∑
j≥0

Bj·2−n(ω) · X[j·2−n,(j+1)·2−n](t)

ϕ2(t, ω) =
∑
j≥0

B(j+1)·2−n(ω) · X[j·2−n,(j+1)·2−n](t)

Where χ is the indicator function and n is a natural number. By integrating we get the

left and right endpoint approximations.

E
[∫ T

0

ϕ1(t, ω)dBt(ω)

]
=

∑
j≥0

E [Bj+1(Bj+1 −Bj)] = 0

E
[∫ T

0

ϕ2(t, ω)dBt(ω)

]
=

∑
j≥0

E
[
(Bj+1 −Bj)

2
]
= T

We can see that taking the left and right endpoint approximations result in different integrals.

For the purpose of this report, we choose the left endpoint approximation which leads to the

Itô integral denoted by ∫ T

S

f(t, ω)dBt(ω)

5 Defining the Itô integral

Definition 5.1. Let Bt(ω) be the n-dimensional Brownian motion. We define Ft = F (n)
t to

be the σ-algebra generated by the random variables Bk(·) for k ≤ t i.e. Ft is the smallest

σ-algebra containing all the sets of the form {ω;Bt1(ω) ∈ F1, . . . Btk(ω) ∈ Fk}

Definition 5.2. Let V = V(S, T ) be the class of functions f(t, ω) : [0,∞)× Ω → R s.t.

(1) (t, ω) → f(t, ω) is B × F-measurable where B is the Borel σ-algebra on [0,∞).
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(2) f(t, ω) is Ft-adapted.

(3) E
[∫ T

S
f(t, ω)2dt

]
< ∞.

We will now define the Itô integral for f ∈ V

I [f ] =

∫ T

S

f(t, ω)dBt(ω)

Definition 5.3. A function ϕ ∈ V is called elementary if it has the form

ϕ(t, ω) =
∑
j≥0

ej(ω) · X[tj ,tj+1)(t)

For elementary functions would define the Itô integral as∫ T

S

ϕ(t, ω) dBt(ω) =
∑
j≥0

ej(ω)[Btj+1
−Btj ](ω)

Lemma 1. (Itô Isometry) If ϕ(t, ω) is bounded and elementary then

E

[(∫ T

S

ϕ(t, ω) dBt

)2
]
= E

[∫ T

S

ϕ(t, ω)2
]
dt

Now we will use Itô Isometry to extend definitions from elementary functions to functions

in V .

Step 1. Let g ∈ V be bounded and g(·, ω) continuous for all ω. Then there must exist

elementary functions ϕn ∈ V such that

E
[∫ T

S

(g − ϕn)
2 dt

]
→ 0 as n → ∞

Step 2. Let h ∈ V be bounded. There must exist bounded functions gn ∈ V such that

gn(·, ω) is continuous for all ω and all n and

E
[∫ T

S

(h− gn)
2dt

]
→ 0

Step 3. Let f ∈ V . There must exist a sequence {hn}⊂ V such that hn is bounded for each

n and

E
[∫ T

S

(f − hn)
2 dt

]
→ 0 as n → ∞
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If we choose f ∈ V and elementary functions ϕn ∈ V by the process in steps 1-3 such that

E
[∫ T

S

|f − ϕn|2dt
]
→ 0,

We can define the Itô integral as the following

I[f ](ω) :=
∫ T

S

f(t, ω) dBt(ω) := lim
n→∞

∫ T

S

ϕn(t, ω) dBt(ω)
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