
STONE DUALITY FOR BOOLEAN ALGEBRAS AND CYLINDRIC
ALGEBRAS

NICHOLAS BALLESTEROS

Abstract. We investigate the categorical duality between Boolean algebras and Stone
spaces, using this classical result to prove the completeness of propositional logic. We extend
Stone duality to cylindric algebras of dimension α and α spaces via sheaves of cylindric
algebras. Finally, we point to a novel proof of the completeness of first order logic using this
extension.

1. Stone Duality for Boolean Algebras

We begin by giving an introduction to distributive lattices before defining a Boolean
algebra. The goal of this expository paper is to give a relatively self-contained introduction
to Stone duality with a decidedly logical flavor, namely in the emphasis on completeness and
cylindric algebras.

Definition 1.1 (Distributive Lattice). A distributive lattice, for our purposes, is a partially
ordered set L = (L,≤) with the following properties:

(i) For all a, b ∈ L the supremum of {a, b} for the partial order ≤ exists. The supremum
is denoted by a ∨ b. It is also called the join of a and b.

(ii) For all a, b ∈ L the infimum of {a, b} for the partial order ≤ exists. The infimum is
denoted by a ∧ b. It is also called the meet of a and b.

(iii) For all a, b, c ∈ L we have a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c).
(iv) There is a smallest element for ≤, which we denote by ⊥, called bottom. There is a

largest element for ≤, which we denote by ⊤, called top.

Definition 1.2 (Filter). Let L be a distributive lattice. A filter of L is a subset F of L with
the following properties:

(i) F ̸= ∅.
(ii) If a, b ∈ F , then a ∧ b ∈ F .
(iii) If a ∈ F and a ≤ b ∈ L, then b ∈ F .

A filter is proper if F ̸= L, which is equivalent to saying ⊥ /∈ F .

Definition 1.3 (Prime Filter). A filter F of a distributive lattice L is called a prime filter if

(i) F is proper
(ii) For all a, b ∈ L with a ∨ b ∈ F we have a ∈ F or b ∈ F .

Lemma 1.4 (Characterization of Prime Filters). For every subset F of a distributive lattice
L the following conditions are equivalent:

(i) F is a prime filter.
(ii) F ̸= ∅, L and for all a, b ∈ L we have

a ∧ b ∈ F ⇔ a ∈ F and b ∈ F

a ∨ b ∈ F ⇔ a ∈ F or b ∈ F.
1
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(iii) The map

χ : L→ {⊥,⊤}, a 7→

{
⊤ if a ∈ F

⊥ if a /∈ F,

is a homomorphism of lattices.
(iv) The complement I = L \ F of F in L is a prime ideal of the distributive lattice L, i.e.,

the following conditions are satisfied:
(a) I ̸= ∅.
(b) For all a ∈ I and every b ∈ L with a ≤ b we have b ∈ I.
(c) For all a, b ∈ I we have a ∨ b ∈ I.
(d) I is proper, i.e. I ̸= L.
(e) For all a, b ∈ L, if a ∧ b ∈ I then a ∈ I or b ∈ I.

Proof. We show (i) ⇒ (ii) ⇒ (i), then (ii) ⇔ (iii), and finally (ii) ⇔ (iv).
(i) ⇒ (ii): Since F is a proper filter we know that F ̸= L. By the alternative description of
filters, we only need to show the second equivalence. The implication ⇒ holds by property
(ii) of prime filters and the implication ⇐ follows from a, b ≤ a ∨ b and property (iii) of
filters.
(ii) ⇒ (i): By the alternative description of filters we only need to show the two properties
of prime filters. Since F ̸= L we know property (i). The implication ⇒ in the second
equivalence of (ii) is just property (ii) of prime filters.
Hence we know that (i) and (ii) are equivalent.
(ii) ⇔ (iii): The map χ preserves ⊥ and ⊤ just if ⊥ /∈ F and ⊤ ∈ F . Hence under both
assumptions (ii) and (iii) we know ⊥ /∈ F and ⊤ ∈ F . Furthermore, the equivalences in (ii)
expressed in terms of the map χ translate into

χ(a ∧ b) = ⊤ ⇔ χ(a) = ⊤ and χ(b) = ⊤
χ(a ∨ b) = ⊤ ⇔ χ(a) = ⊤ or χ(b) = ⊤.

But this is just saying that χ preserves meet and join and consequently (ii) is equivalent to
(iii).
(ii) ⇔ (iv): Property (ii) of F formulated in terms of I = L \ F says I ̸= ∅, L and by
considering contrapositives:

a ∧ b ∈ I ⇔ a ∈ I or b ∈ I

a ∨ b ∈ I ⇔ a ∈ I and b ∈ I.

Now the proof of (i) ⇔ (ii) above written out for I instead of F and using these new
equivalences gives (ii) ⇔ (iv). □

Definition 1.5 (Boolean Algebra). A Boolean algebra is a distributive lattice A that satisfies
the following additional property:

(i) Existence of a complement: For every a ∈ A there is some b ∈ A with a ∧ b = ⊥ and
a ∨ b = ⊤.

If b′ ∈ A is another element satisfying the above for a, then b′ = b′ ∧⊤ = b′ ∧ (a∨ b) = b′ ∧ b
by the distributivity law; similarly b = b′ ∧ b showing that b = b′ is uniquely determined by
a. We may therefore define ¬a = b and call it the complement of a (in A).

A map φ : A → B between Boolean algebras is called a homomorphism (of Boolean
Algebras) if φ is a homomorphism of lattices. By uniqueness of complements, the properties
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defining the complement readily imply that φ(¬a) = ¬φ(a) for all a ∈ A, thus φ preserves
complements as well. An isomorphism (of Boolean algebras) is an isomorphism of distributive
lattices between Boolean algebras.

Lemma 1.6 (Characterization of Ultrafilters in Boolean Algebras). The following conditions
are equivalent for every subset F of a Boolean algebra A:

(i) F is an ultrafilter.
(ii) F is a prime filter.
(iii) F is a proper filter and for all a ∈ A we have a ∈ F or ¬a ∈ F .
(iv) The map

χ : A→ {⊥,⊤}, a 7→

{
⊤ if a ∈ F

⊥ if a /∈ F,

is a homomorphism of Boolean algebras.
(v) A \ F is a prime ideal of A.

Proof. (i) ⇒ (ii) holds in any distributive lattice (ultrafilters are maximal proper filters, and
by maximality they must be prime).
(ii) ⇒ (iii): The prime filter F is proper by definition. If a ∈ A, then a ∨ ¬a = ⊤ ∈ F and
by the prime filter property we get a ∈ F or ¬a ∈ F .
(iii) ⇒ (i): If G is a filter of A with F ⊊ G, then take a ∈ G \F . Since a /∈ F we know that
¬a ∈ F by (iii). But F ⊆ G, hence ¬a ∈ G and as a ∈ G we obtain ⊥ = a ∧ ¬a ∈ G. Thus
G = A as required.
Hence we know that (i), (ii) and (iii) are equivalent. However, by the characterization
of prime filters we already know that (ii), (iv) and (v) are equivalent (for (iv) recall that
every homomorphism of lattices between Boolean algebras is a homomorphism of Boolean
algebras). □

Definition 1.7 (Boolean Algebra of Clopen Sets). Let X be any topological space. The
set Clop(X) of clopen subsets of X is a Boolean algebra of subsets of X, because ∅, X are
clopen and clearly finite intersections and complements of clopen sets are again clopen.

Definition 1.8 (Spectrum of a Boolean Algebra). Let A be a Boolean algebra. We define a
topological space U(A) associated to A, called the spectrum of A, as follows: The underlying
set of U(A) is the set of ultrafilters of A; recall from the characterization of ultrafilters that
this set is equal to the set of prime filters of A. The topology of U(A) is defined to be the
smallest topology for which all sets of the form V (a) = {U ∈ U(A) | a ∈ U}, a ∈ A, are
closed.

Theorem 1.9 (Representation Theorem for Boolean Algebras). Every Boolean algebra A
is isomorphic to the Boolean algebra Clop(U(A)) of the Boolean space U(A).

The isomorphism is given by the map VA : A → Clop(U(A)) that sends a ∈ A to V (a) =
{P ∈ U(A) | a ∈ P}.

Proof. This follows from the general representation theorem for distributive lattices combined
with the characterization of the topology on U(A). The sets of the form V (a) for a ∈ A form
a Boolean algebra of subsets that is isomorphic to A, and these sets are precisely the clopen
sets of U(A) by the construction of the topology. □
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Theorem 1.10 (Representation Theorem for Boolean Spaces). Let X be a Boolean space.
Then Clop(X) is a Boolean algebra of subsets of X and the map ΘX : X → U(Clop(X))
defined by ΘX(x) = {K ∈ Clop(X) | x ∈ K} is a homeomorphism.

The compositional inverse is given as follows: If U ∈ U(Clop(X)), then the intersection⋂
U has exactly one element and this element is Θ−1

X (U).

Proof. Firstly we observe that the map ΘX is indeed well defined, i.e., for x ∈ X the set
ΘX(x) is an ultrafilter. For the rest of the proof we suppress the index X from ΘX and just
write Θ. The essential part of the assertion is the following:
Claim 1. For each U ∈ U(Clop(X)) there is some x ∈ X with

⋂
U = {x}. We write Ψ(U)

for this element and obtain a map Ψ : U(Clop(X)) → X.
Proof of Claim 1. As U is a proper filter it has the finite intersection property. Since all
elements of U are closed sets and X is compact, we know that

⋂
U ̸= ∅. We need to

show that there is at most one point in
⋂
U . Suppose by way of contradiction that there

are two points x, y ∈
⋂
U . Since x ̸= y and X is Hausdorff, there are open and disjoint

neighborhoods O,W of x, y respectively. Since X is Boolean there are clopen subsets K,L
of X with x ∈ K ⊆ O and y ∈ L ⊆ W . From O ∩W = ∅ we get K ∩ L = ∅ and therefore
(X \K)∪ (X \ L) = X. Since U is a filter we know X ∈ U . However, X \K and X \ L are
in the Boolean algebra Clop(X) and so the ultrafilter property of U implies X \K ∈ U or
X \ L ∈ U . By symmetry we may assume that X \ L ∈ U . But then

⋂
U ⊆ X \ L and this

contradicts y ∈ L ∩
⋂
U , establishing the claim.

We now prove that Ψ is the compositional inverse of Θ. For x ∈ X we have x ∈
⋂

Θ(x)
by definition of Θ(x) and so by Claim 1 this implies Ψ(Θ(x)) = x. Thus Ψ ◦ Θ = idX .
Further, if U ∈ U(Clop(X)) we have Θ(Ψ(U)) = {K ∈ Clop(X) | Ψ(U) ∈ K} ⊇ U by
definition of Ψ(U); since both U and Θ(Ψ(U)) are ultrafilters we get Θ(Ψ(U)) = U . This
shows Θ ◦Ψ = idU(Clop(X)) and so indeed Ψ is the compositional inverse of Θ.
Finally we need to show that Θ is a homeomorphism. It is continuous because for K ∈
Clop(X) we have

Θ−1(V (K)) = {x ∈ X | Θ(x) ∈ V (K)}
= {x ∈ X | K ∈ Θ(x)}, by definition of V (K)

= {x ∈ X | x ∈ K}, by definition of Θ(x)

= K,

which is closed, and because every closed set of U(Clop(X)) is an intersection of sets of the
form V (K) with K ∈ Clop(X). Hence we know that Θ is a continuous bijection between
the compact Hausdorff spaces X and U(Clop(X)) and every such map is a homeomorphism
by general topology. □

Lemma 1.11. If φ : A→ B is a homomorphism of Boolean Algebras, then the map

U(φ) : U(B) → U(A)
U 7→ φ−1(U)

is continuous and satisfies U(φ)−1(V (a)) = V (φ(a)) for all a ∈ A.

Proof. Firstly, U(φ) is well-defined: If U ∈ U(B), then the unique map χ : B → {⊥,⊤} with
χ−1(⊤) = U is a homomorphism of Boolean algebras by the characterization of ultrafilters.
Then the composition χ ◦ φ : A → {⊥,⊤} is again a homomorphism of Boolean algebras
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and by the characterization of ultrafilters the set U0 := (χ ◦ φ)−1(⊤) is an ultrafilter of A.
But U0 = φ−1(U), which shows that U(φ) is well-defined.
By definition of the topologies, continuity of U(φ) is proved if we show that U(φ)−1(V (a)) =
V (φ(a)) for all a ∈ A. So let U ∈ U(B). Then

U ∈ U(φ)−1(V (a)) ⇔ U(φ)(U) ∈ V (a)

⇔ φ−1(U) ∈ V (a)

⇔ a ∈ φ−1(U)

⇔ φ(a) ∈ U

⇔ U ∈ V (φ(a)).

□

Lemma 1.12. If f : X → Y is a continuous map between Boolean spaces, then the map

Clop(f) : Clop(Y ) → Clop(X)

K 7→ f−1(K)

is a homomorphism of Boolean algebras.

Proof. Since f is continuous, Clop(f) is well-defined. Since the operation of taking preimages
of a map commutes with all Boolean operations (finite intersections, complements, and the
empty set and whole space), we see that Clop(f) is a homomorphism of Boolean algebras. □

We assume that the reader is familiar with the language of functors, categories, and
morphisms. See Let BoolAlg be the category of Boolean algebras, with homomorphisms of
Boolean algebras as morphisms. Let BoolSp be the category of Boolean spaces, which has
Boolean spaces as objects and continuous maps as morphisms.

Definition 1.13. We define functors U : BoolAlg → BoolSp and Clop : BoolSp → BoolAlg
as follows. The functor U acts on objects as in the definition of the spectrum and on
morphisms as in Lemma 1.11. The functor Clop acts on objects as in Definition of Clop(X)
and on morphisms as in Lemma 1.12.

Proof. We verify that U and Clop are indeed functors.
For U : We need to show that U preserves identity morphisms and composition. If idA : A→
A is the identity morphism on a Boolean algebra A, then for any ultrafilter U ∈ U(A) we
have U(idA)(U) = id−1

A (U) = U , so U(idA) = idU(A).
For composition, if φ : A → B and ψ : B → C are homomorphisms of Boolean algebras,
then for any U ∈ U(C) we have

U(ψ ◦ φ)(U) = (ψ ◦ φ)−1(U)

= φ−1(ψ−1(U))

= φ−1(U(ψ)(U))
= U(φ)(U(ψ)(U))
= (U(φ) ◦ U(ψ))(U).

Thus U(ψ ◦ φ) = U(φ) ◦ U(ψ).
For Clop: If idX : X → X is the identity morphism on a Boolean space X, then for any
K ∈ Clop(X) we have Clop(idX)(K) = id−1

X (K) = K, so Clop(idX) = idClop(X).
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For composition, if f : X → Y and g : Y → Z are continuous maps between Boolean spaces,
then for any K ∈ Clop(Z) we have

Clop(g ◦ f)(K) = (g ◦ f)−1(K)

= f−1(g−1(K))

= f−1(Clop(g)(K))

= Clop(f)(Clop(g)(K))

= (Clop(f) ◦ Clop(g))(K).

Thus Clop(g ◦ f) = Clop(f) ◦ Clop(g). □

Theorem 1.14 (Stone Duality for Boolean algebras and Boolean spaces). The category
BoolAlg of Boolean algebras and BoolSp of Boolean spaces are antiequivalent. Explicitly:

(i) The anti-equivalence is given by functors U : BoolAlg → BoolSp and its quasi-inverse
Clop : BoolSp → BoolAlg

(ii) The assignments given by A 7→ VA in the Representation Theorem for Boolean Algebras
on Boolean Algebras and given by X 7→ ΘX in Representation Theorem for Boolean
Spaces on Boolean spaces define natural transformations V : idBoolAlg → Clop ◦ U and
Θ : idBoolSp → U ◦ Clop

(iii) The natural transformations V and Θ are isomorphisms of functors.

Proof. Item (i) is implied by (ii) and (iii).
(ii) In order to show that V and Θ are natural transformations we need to verify that for every
homomorphism φ : A→ B of Boolean algebras and each continuous function f : X → Y of
Boolean spaces, the diagrams

A B

Clop(U(A)) Clop(U(B))

φ

VA VB

Clop(U(φ))

X Y

U(Clop(X)) U(Clop(Y ))

f

ΘX ΘY

U(Clop(f))

commute. For the diagram on the left, take a ∈ A. Then VA maps a to V (a) and Clop(U(φ))
maps V (a) to U(φ)−1(V (a)). But this set is equal to V (φ(a)) by Lemma 3. Since V (φ(a)) =
(VB ◦ φ)(a) we have confirmed the commutativity of the diagram on the left.
For the diagram on the right, take x ∈ X. Then ΘX(x) = {K ∈ Clop(X) | x ∈ K} and
U(Clop(f)) maps this ultrafilter to

Clop(f)−1(ΘX(x)) = {D ∈ Clop(Y ) | Clop(f)(D) ∈ ΘX(x)}
= {D ∈ Clop(Y ) | x ∈ Clop(f)(D)}
= {D ∈ Clop(Y ) | x ∈ f−1(D)}
= {D ∈ Clop(Y ) | f(x) ∈ D}
= ΘY (f(x)),

as required.
(iii) is the key statement: The natural transformation V is an isomorphism by the represen-
tation theorem for Boolean algebras. The natural transformation Θ is an isomorphism by
the representation theorem for Boolean spaces. □
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2. Completeness of Propositional Logic

Now that we have proven some important theorems for Stone duality, we will move to a
discussion of propositional logic. Let A be the Tarski-Lindenbaum algebra of propositional
logic. We will put forth an alternate proof of the completeness theorem of propositional
logic.

Theorem 2.1 (Completeness of Propositional Logic). For sentences s1, s2, ..., sn, t of propo-
sitional logic:

s1, s2, ..., sn ⊢ t ⇐⇒ for all valuations w, (1)

if w(s1) = w(s2) = ... = w(sn) = ⊤, then w(t) = ⊤

Then the left hand side of (1) in the Tarski-Lindenbaum algebra reads as

[s1]∼ ∧ [s2]∼ ∧ ... ∧ [sn]∼ ≤ [t]∼.

Before giving a proof of completeness, we will prove a helpful lemma.

Lemma 2.2. If w is a valuation of propositional logic, then the set uw = {[s]∼ : w(s) = ⊤}
is an ultrafilter. Conversely, if u is an ultrafilter of A, then the assignment

wu(s) =

{
⊤ if [s]∼ ∈ u

⊥ if [s]∼ /∈ u

is a valuation of propositional logic.

Proof. (Claim 1) Suppose w is a valuation of propositional logic. Define uw = {[s]∼ :
w(s) = ⊤}. We prove that uw is an ultrafilter of A by verifying the ultrafilter axioms.
(Properness) We must show uw ̸= ∅ and uw ̸= A. Since w is a valuation, we have w(⊤) = ⊤.
Therefore [⊤]∼ ∈ uw, which shows uw ̸= ∅. Since w is a valuation, we have w(⊥) = ⊥.
Therefore [⊥]∼ /∈ uw, which shows uw ̸= A. Hence uw is proper.
(Upward Closure) Suppose [s]∼ ∈ uw and [s]∼ ≤ [t]∼ in A. We must show [t]∼ ∈ uw. By
assumption, [s]∼ ∈ uw, so w(s) = ⊤. The condition [s]∼ ≤ [t]∼ means that [s→ t]∼ = [⊤]∼,
which is to say that s → t is a tautology. Since s → t is a tautology and w(s) = ⊤, the
truth-functional semantics of → requires that w(t) = ⊤. Therefore [t]∼ ∈ uw, as required.
(Closure Under Finite Meets) Suppose [s]∼, [t]∼ ∈ uw. We must show [s ∧ t]∼ ∈ uw. By
assumption, w(s) = ⊤ and w(t) = ⊤. By the truth-functional semantics of ∧, we have
w(s ∧ t) = ⊤. Therefore [s ∧ t]∼ ∈ uw, as required.
(Ultrafilter Property) Let [s]∼ ∈ A be arbitrary. We must show that either [s]∼ ∈ uw or
[¬s]∼ ∈ uw. Since w is a valuation, either w(s) = ⊤ or w(s) = ⊥. If w(s) = ⊤, then
[s]∼ ∈ uw by definition. If w(s) = ⊥, then by the truth-functional semantics of ¬, we have
w(¬s) = ⊤, whence [¬s]∼ ∈ uw. Thus in all cases, either [s]∼ ∈ uw or [¬s]∼ ∈ uw, as
required.
This completes the proof that uw is an ultrafilter of A.
(Claim 2) Suppose u is an ultrafilter of A. Define wu : Prop → {⊤,⊥} by

wu(s) =

{
⊤ if [s]∼ ∈ u

⊥ if [s]∼ /∈ u

We prove that wu is a valuation by verifying that it respects all logical connectives.
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(Constants) We must verify wu(⊤) = ⊤ and wu(⊥) = ⊥. Since u is an ultrafilter, it is a
proper filter. Hence [⊤]∼ ∈ u and [⊥]∼ /∈ u. Therefore wu(⊤) = ⊤ and wu(⊥) = ⊥, as
required.
(Negation) Let s be an arbitrary formula. We must verify that wu(¬s) = ⊤ if and only if
wu(s) = ⊥. By the ultrafilter property, exactly one of [s]∼ or [¬s]∼ belongs to u. Therefore
wu(¬s) = ⊤ if and only if [¬s]∼ ∈ u if and only if [s]∼ /∈ u if and only if wu(s) = ⊥, as
required.
(Conjunction) Let s, t be arbitrary formulas. We must verify that wu(s ∧ t) = ⊤ if and
only if wu(s) = ⊤ and wu(t) = ⊤. (⇒) Suppose wu(s ∧ t) = ⊤. Then [s ∧ t]∼ ∈ u. In the
Lindenbaum-Tarski algebra, we have [s ∧ t]∼ ≤ [s]∼ and [s ∧ t]∼ ≤ [t]∼. By upward closure,
[s]∼ ∈ u and [t]∼ ∈ u. Therefore wu(s) = ⊤ and wu(t) = ⊤. (⇐) Suppose wu(s) = ⊤ and
wu(t) = ⊤. Then [s]∼ ∈ u and [t]∼ ∈ u. By closure under finite meets, [s]∼ ∧ [t]∼ ∈ u. Since
[s ∧ t]∼ = [s]∼ ∧ [t]∼ in A, we have [s ∧ t]∼ ∈ u. Therefore wu(s ∧ t) = ⊤, as required.
(Disjunction) Let s, t be arbitrary formulas. We must verify that wu(s ∨ t) = ⊤ if and only
if wu(s) = ⊤ or wu(t) = ⊤. (⇒) Suppose wu(s ∨ t) = ⊤. Then [s ∨ t]∼ ∈ u. Assume toward
contradiction that wu(s) = ⊥ and wu(t) = ⊥. Then [s]∼ /∈ u and [t]∼ /∈ u. By the ultrafilter
property, [¬s]∼ ∈ u and [¬t]∼ ∈ u. By closure under finite meets, [¬s∧¬t]∼ = [¬s]∼∧[¬t]∼ ∈
u. By De Morgan’s law, [¬s ∧ ¬t]∼ = [¬(s ∨ t)]∼. Thus [¬(s ∨ t)]∼ ∈ u, contradicting the
fact that [s ∨ t]∼ ∈ u (by the ultrafilter property, both cannot simultaneously belong to u).
Therefore wu(s) = ⊤ or wu(t) = ⊤. (⇐) Without loss of generality, suppose wu(s) = ⊤.
Then [s]∼ ∈ u. In the Lindenbaum-Tarski algebra, [s]∼ ≤ [s ∨ t]∼. By upward closure,
[s ∨ t]∼ ∈ u. Therefore wu(s ∨ t) = ⊤, as required.
(Implication) Let s, t be arbitrary formulas. We must verify that wu(s → t) = ⊤ if and
only if wu(s) = ⊥ or wu(t) = ⊤. Note that s → t is logically equivalent to ¬s ∨ t, so
[s→ t]∼ = [¬s∨ t]∼. By the disjunction property, wu(¬s∨ t) = ⊤ if and only if wu(¬s) = ⊤
or wu(t) = ⊤. By the negation property, this holds if and only if wu(s) = ⊥ or wu(t) = ⊤.
Therefore wu(s→ t) = ⊤ if and only if wu(s) = ⊥ or wu(t) = ⊤, as required.
This completes the proof that wu is a valuation of propositional logic. □

Proof of Completeness of Propositional Logic. The previous lemma implies that the assign-
ment u→ wu is a bijection between the set U(A) and the valuations of propositional calculus;
its compositional inverse maps w to uw. Now it can be seen that the right hand side of (1)
says

V ([s1]∼) ∩ V ([s2]∼) ∩ ... ∩ V ([sn]∼) ⊆ V ([t]∼).

This inclusion is equivalent to

[s1]∼ ∧ [s2]∼ ∧ ... ∧ [sn]∼ ≤ [t]∼

because the map VA in the representation theorem for boolean algebras is an isomorphism
of Boolean algebras.

□

3. Stone Duality for Cylindric Algebras

Definition 3.1. A cylindric algebra of dimension α is an algebraic structure

U = ⟨A,+, ·,−, 0, 1, cκ, dκλ⟩κ,λ<α
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such that 0, 1, and dκ,α are distinguished elements of A (for all κ, λ < α) and cκ are unary
operations on A (for all κ < α), + and · are binary operations on A, and such that the
following postulates are satisfied for any x, y ∈ A and any κ, λ, µ < α:

(i) the structure ⟨A,+, ·,−, 0, 1⟩ is a boolean algebra
(ii) cκ0 = 0
(iii) x ≦ cκx (i.e. x+ cκx = cκx)
(iv) cκ(x · cκy) = cκx · cκy
(v) cκcλx = cλcκx
(vi) dκκ = 1
(vii) if κ ̸= λ, µ, then dλµ = cκ(dλκ · dλµ)
(viii) if κ ̸= λ, then cκ(dκλ · x) · cκ(dκλ · −x) = 0

Going forward BA will denote the class of boolean algebras and CAα will denote the
class of all cylindric algebras of dimension α. The previous cylindric algebra demonstrates
that they are boolean algebras with additional operations indexed by ordinals, however it is
more useful for our applications to view them as analogues for first order logic. Assuming a
presentation of first order logic without function symbols the operator cκx models existential
quantification over variable κ and operator dκλ models equality of variables κ and λ. We
will now move on to a definition of sheaves of cylindric algebras.

Definition 3.2. Let X be a topological space. Suppose that for each x ∈ X, a cylindric
algebra of dimension α, Ax with 0x and 1x. Assume Ax∩Ay = ∅ for x ̸= y. Let A =

⋃
x∈X Ax.

Denote by π the mapping from A toX defined by π(a) = x if a ∈ Ax. Assume that a topology
is imposed on A such that the following axioms are satisfied.

(i) If a ∈ A, there exists open sets U in A with a ∈ U and N ⊆ X such that π maps U
homeomorphically onto N .

(ii) Let A + A denote {(a, s) : π(a) = π(s)}, with the topology induced by the product
topology in A × A. Then the mapping a 7→ −a is continuous on A to A and the
mappings (a, s) 7→ a+ s and (a, s) 7→ a · s are continuous on A+ A to A.

(iii) The mapping x 7→ 1x is continuous on X to A.

With these conditions A is called a sheaf of cylindric algebras over X. The cylindric algebras
Ax are called the stalks of the sheaf A. The pair (X,A) is called an α-space.

Γ(X,A) denotes the set of all continuous sections of (X,A, π) (where π is the projection
map from A to X). Z(U) denotes the center of U. If X is a Boolean space, i.e. a totally
disconnected, compact Hausdorff space, then Γ(X,A) is a subdirect product of {Ax : x ∈ X}.
If X is a topological space and a CAα U is given the discrete topology, then A = X×U with
the product topology is a sheaf of CAα’s over X with each stalk Ax = {x} × U isomorphic
to U. σ is called the trivial U-sheaf over X. For this sheaf Γ(X,A) is isomorphic to the CAα

of all continuous functions from X into U.
We now move to defining contravariant functors between the category of CAα’s and a

certain category of α-spaces.
An α-space (X,A) is called reduced if X is a Boolean space and, for all A ∈ Z(Γ(X,A))

and x ∈ X, either σ(x) = 0 or σ(x) = 1. The following proposition is useful for identifying
α-spaces as reduced.

Lemma 3.3. If (X,A) is an α-space where X is a Boolean space then (X,A) is reduced if
Ax is directly indecomposable for all x ∈ X.
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Observe that a trivial U-sheaf (X,A) is reduced if and only if X is a Boolean space and U
is directly indecomposable. Unlike the situation for rings, a subsheaf of a reduced sheaf of
CAα’s is always reduced.
We now describe a functor that associates to each CAα U a reduced α-space (X(U), A(U)) =

Ud called the dual space of U. The base space X(U) is the usual Boolean dual space of the
BA Z(U). To be concrete take X(U) as the set of all maximal ideals of Z(U); this becomes
a Boolean space when we take the collection of all sets N(y) = {M ∈ X(U) : y ∈ M}
as a basis for the topology. For M ∈ X(U), let AM(U) = U/M (the stalk over M) and
A(U) =

⋃
M∈X(U)AM(U).

Note that AM(U) and AM ′(U) are disjoint when M ̸= M ′. The projection π : Ud(U) →
X(U) is defined for a ∈ AM(U) by π(a) = M . To describe the topology on S(U) we need
some auxiliary functions. For b ∈ B we define a function σb : X(U) → A(U) by σb(M) = b/M
for all M ∈ X(U). The topology given to A(U) is the smallest topology for which all σb’s
(b ∈ B) are open.

It turns out that Ud = (X(U), A(U)) is a reduced α-space and that the mapping φU : U →
Γ(X(U), A(U)) defined by φU(b) = σb is an isomorphism. In particular, under φU, an element
b ∈ Z(U) corresponds with the characteristic function σN(b) ∈ Γ(X(U), A(U)) of the clopen
subset N(b) = Nb of X(U).
To make the correspondence U 7→ Ud into a functor we describe the dual (k,Λ0) of a

homomorphism k : U → B. For M ∈ X(B) let Λ(M) = k−1(M) ∩ Z(U); Λ is a continuous
map of X(B) into X(U). ForM ∈ X(B) and b ∈ B define Λ0(M, b/Λ(M)) = k(b)/M . Then
Λ0(M, ·) is a homomorphism of SΛ(M)(U) into SM(B) and kd is a sheaf morphism of Bd into
Ud.

The functor from the category of all reduced α-spaces (and sheaf morphisms) to the
category of CAα’s is easier to describe. For an α-space C = (X,A) let U = Γ(X,A); if
Λ = (Λ, φ) is a sheaf morphism from the α-space (X,A) into (Y, τ), the dual Λ∗ : Γ(Y, τ) →
Γ(X, σ) of Λ is defined by requiring

Λ∗(ω)(x) = φ(x, ω(Λ(x))) for x ∈ X and ω ∈ Γ(Y, τ).

The following theorem justifies calling Ud the dual space of U.

Theorem 3.4. The correspondences U 7→ Ud (k 7→ kd) and C 7→ C∗ (Λ 7→ Λ∗) are contravari-
ant functors between the category of all CAα’s and the category of all reduced α-spaces.
Further, there exist natural isomorphisms

φU : U → Γ(Ud), ΨC : C → (C∗)d

showing that the categories are dual equivalent.

4. Conclusion

The isomorphism φU in 1.2 is the function defined above, demonstrating our equivalence
result. As stated after the definition of cylindric algebras, just as boolean algebras can be
seen as analogues of propositional logic, cylindric algebras can be seen as analogues of first
order logic. This could lead us to a novel proof of the completeness of first order logic using
this dual equivalence of categories, a result which has not been worked out in this paper.
A proof of this result would be expected to follow a similar line of reasoning as that which
proved completeness of propositional logic.
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