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Abstract

This report is a survey of discrete ergodic Schrodinger operators, prepared as part of a Direct
Reading Program (DRP). We provide an expository overview of the main concepts, definitions,
and results regarding these operators. The discrete ergodic Schrédinger operator is a self-adjoint
linear operator acting on a discrete space (such as the integer lattice), with a potential that is
generated by an ergodic process. Two primary examples — the Anderson model of a random
disordered medium and the quasi-periodic or almost periodic model — are discussed in detail. We
review how ergodicity of the potential implies that spectral properties are non-random (almost
surely constant), and we summarize the spectral theory of such operators, including the notions of
absolutely continuous spectrum (extended states) and pure point spectrum (localized states). Key
theorems such as the Ishii-Pastur—Kotani theorem, which links the absence or presence of absolutely
continuous spectrum to the Lyapunov exponent, are presented. We also discuss the phenomenon
of Anderson localization in one dimension (where disorder induces purely point spectrum with
exponentially localized eigenfunctions) and contrast it with the spectral behavior of quasi-periodic
potentials. Throughout, we emphasize clarity and provide illustrative figures (recreated with TikZ)
to visualize important concepts.
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Introduction

In quantum mechanics and mathematical physics, a Schrodinger operator describes the energy
of a particle in a potential field. While the continuous Schrodinger operator acts on functions in
RY (e.g. H = —A+ V(x) on L?(RY)), in many settings it is useful to consider a discrete model
where space is a lattice such as Z%. In this report, we focus on discrete Schrédinger operators on
the Hilbert space £2(Z%). These are also known as tight-binding models in physics, describing
particles hopping on a lattice with on-site potential energies.

A general discrete Schrodinger operator H on ¢%(Z%) has the form:

(HY)(n) = > (m)+V(n)(n),
Zd
Im—n]j=1

for ¢ € ¢*(Z%) and n € Z%. Here V : Z¢ — R is a real-valued function on lattice sites, called the
potential, and the first term is the discrete Laplacian (summing 1 over all nearest neighbors of
site n). In the special case d = 1 (a one-dimensional chain), this formula simplifies to

(Hy)(n) = ¢(n+1) +¢(n— 1)+ V(n)(n) ,

for n € Z. We will primarily discuss the one-dimensional case, which is both more tractable and
already rich with phenomena.

We are interested in the spectral properties of H, i.e. the nature of its spectrum (the set of
allowed energy eigenvalues) and the behavior of its eigenfunctions. In particular, different types of
spectrum can occur:

e Pure point spectrum: The spectrum consists of discrete eigenvalues with normalizable
eigenfunctions (i.e. 1) € £?). Physically, the corresponding states are localized in space.

e Absolutely continuous (a.c.) spectrum: The spectrum is supported on intervals or sets
of positive Lebesgue measure, and the spectral measure is absolutely continuous with respect
to Lebesgue measure. These correspond to extended or delocalized states (e.g. Bloch waves
in a periodic potential) which allow transport of the particle.

e Singular continuous spectrum: The spectrum is supported on a set of zero Lebesgue
measure (like a Cantor set) but has no eigenvalues. In this case the spectral measure is
continuous (no point masses) but singular (supported on a thin fractal set). Such spectra
often arise in quasi-periodic models at critical parameters.

Figure (1] illustrates these three types of spectral distributions for an operator.

In the study of ergodic Schrodinger operators, the potential V(n) is not chosen arbitrar-
ily, but rather is generated by an underlying dynamical system. Broadly speaking, an ergodic
Schrédinger operator is a family of operators {H, },cq, defined on a probability space (2, i),
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Figure 1: Schematic representation of different spectral types. Top: an absolutely continuous
spectrum spans an interval (or multiple intervals) of energies. Middle: a pure point spectrum
consists of discrete eigenvalues (vertical tick marks). Bottom: a singular continuous spectrum can
form a Cantor-set-like fractal.

with the property that the potential V,(n) is obtained via an ergodic process. This means there
exists a measure-preserving transformation 7" : {2 — 2 such that

VTw(n) = Vw(n + 1)

(for d = 1, or more generally Vymy,(n) = V,,(n + m) in one dimension, and similarly for Z? shifts).
In other words, shifting the lattice index corresponds to moving in the underlying probability
space. Equivalently, Hr,, = S~1H,S, where S is the shift operator on £2(Z%) defined by (Sv)(n) =
P(n+1).

The term ergodic signifies that T is ergodic with respect to pu, i.e. any T-invariant set has
either full or zero measure. Intuitively, ergodicity means that a single "typical” sequence V,(n),
for w chosen at random, is representative of the statistical properties of the ensemble. For our
purposes, an important consequence of ergodicity is that certain spectral properties of H, do not
depend on w for p-almost every w. We will detail these invariances in the next section.

Two main examples will guide our discussion:

e Random i.i.d. potential (Anderson model): Here Q = X Z* is the space of sequences
r = {x, : n € Z%} with each z, in some fixed set X C R. We take V,,(n) = w,, the nth
coordinate of w. Typically one assumes {w,} are independent, identically distributed (i.i.d.)
random variables with a common distribution v on R. The transformation T is the shift on
the sequence space ((Tw), = wp+1), which is ergodic. The resulting operator

(Hw¢)(n) = Z w(m) + Wwn ¢(n)

lm—nl|=1

is the Anderson Hamiltonian of a disordered medium. In physical terms, this models a
crystal lattice with impurities or defects given by the random on-site potential wy,.

e Quasi-periodic potential: Here {2 can be a torus (for example Q = [0, 1] with periodic
boundary, or €2 = Td) equipped with Lebesgue measure. The transformation 7" is an irrational
rotation on the torus: e.g. T'(z) = x + « (mod 1) for some fixed incommensurate frequency
a. We then define V,,(n) = f(T"w) for a fixed continuous function f :  — R. Often Q = T*
and f(x) = 2Acos(2mx + ¢), giving the so-called almost Mathieu operator (a Harper model
with coupling A and phase ¢). In this setup, each H, is a quasi-periodic Schroédinger
operator with a potential that is deterministic but not periodic. The sequence V,,(n) is
almost periodic in n.

These two cases provide contrasting behaviors: the Anderson model introduces disorder (uncor-
related randomness) and is known to exhibit Anderson localization (point spectrum with localized



states) in low dimensions, whereas quasi-periodic models can exhibit a mix of spectral types (ac,
sc, or pp) depending on parameters like the coupling strength.

In the remainder of this report, we first discuss general consequences of ergodicity for the
spectral properties of H,,. We then examine the one-dimensional Anderson model and outline the
phenomenon of Anderson localization. Next, we turn to quasi-periodic operators, using the almost
Mathieu operator as a paradigm, and summarize known results about their spectral behavior. We
conclude with some remarks on higher-dimensional cases and open problems.



Chapter 1

Ergodicity and Non-randomness of
the Spectrum

One of the fundamental implications of ergodicity is that the spectral characteristics of H, are
almost surely constant. More precisely, there exists a fixed set 2 C R such that for p-almost every
w € Q, the spectrum o(H,,) = X. Intuitively, although each realization V,, may produce a different
operator, the set of energy levels accessible (the spectrum) does not depend on the particular
random sample in the long run.

This fact can be understood from the covariance relation Hr, = S™'H,,S. If ¢ is an eigenfunc-
tion of H, with eigenvalue E, i.e. H, 1y = FE1, then one can construct an eigenfunction of Hrpy,

with the same eigenvalue by shifting: define (1)(n) = ¢(n — 1). Then
Hro =S 'HyS¢ = S~ (Hy) = S~ EY) = E4 .

In this way we see E € o(H,,) implies E € o(Hr,). By ergodicity of T, essentially all w are related
by some iterate of T' (except for a measure-zero exceptional set). Therefore, the spectrum must be
p-almost surely the same set 3.

More rigorously, one can prove that for any bounded Borel measurable function f on R, the
quantity (0o, f(Hy)do) (the expectation value of f in the state localized at site 0) is an w-independent
constant almost surely. This is a consequence of Birkhoft’s Ergodic Theorem applied to the sequence
an(w) = (do, f(Hrnw)do). Taking f to be the spectral projection 1(_ g)(H.), one shows that the
distribution function N(FE) is actually deterministic. In physics terms, N(F) is the integrated
density of states (IDS), giving the number of states per volume below energy E. The IDS can
be obtained as an infinite-volume limit of the eigenvalue counting function in finite volumes:

N(E) 3 #{eigenvalues of HL_L’LW <E},

) 1
R ENCTAEY
and ergodicity ensures this limit is almost surely constant (non-random). Differentiating N (FE)
formally gives the density of states measure v(E), which is also constant in w.

While the spectrum 3 is non-random, this does not mean that the spectral type is the same for
every w. However, in practice one can show that for ergodic families, properties like having purely
absolutely continuous spectrum or pure point spectrum are also p-almost sure. For example, either
the operator has ac spectrum of a certain type for almost all w, or for almost none; there is no
in-between with positive measure of w having one type and the rest another. This again is due to
ergodicity and zero-one laws for invariant events.



It should be noted that although ¥ is non-random, individual eigenvalues in a given realization
(when pure point spectrum occurs) are not something one can label consistently as a function of
w. In fact, the mapping w — {eigenvalues of H,} is highly discontinuous and not measurable in
any simple sense. One therefore focuses on global spectral characteristics (like ¥, N(E), spectral
types, etc.) which are well-behaved under the ergodic framework.

1.1 Consequences for Spectral Measures

Consider the spectral measure associated with a fixed site, say dy (the basis vector at site 0). Define
ul as the Borel measure on R such that

(50, f(H.)d0) = /R F(E) dul(E) |

for any bounded continuous function f. This u0 is the spectral measure of H,, associated with the
state localized at 0. By the earlier argument, u averaged over w yields the density of states v. In
fact, v(A) = [ pd(A) du(w) for Borel sets A.

Ergodicity implies that for y-almost every w, the measure u? is the same up to a set of measure
zero. In other words, there exists a deterministic measure u® such that u0 = ¥ for a.e. w. (This
is sometimes informally phrased as: ”the local spectral measure is self-averaging”.) Consequently,
spectral properties that can be expressed in terms of ;0 are almost surely constant. For example, if
we define the spectral decomposition for H,, as 0(H,) = opp(Hy) Uoac(H,) Uos(Hy) (disjoint
decomposition into pure point, absolutely continuous, and singular continuous parts), then events
like {w: F € 0ac(Hy)} are invariant under 7" and thus have probability 0 or 1.

In essence, one of the celebrated results in this area is that the Lyapunov exponent (a quantity
we will define for 1D) completely determines the presence of ac spectrum for one-dimensional
ergodic Schrodinger operators. This is known as the Ishii—Pastur—Kotani criterion, which we
will encounter later: it states that o, corresponds exactly to the set of energies where the Lyapunov
exponent y(E) = 0. We will elaborate on this in the context of the 1D theory.



Chapter 2

One-Dimensional Anderson Model
and Anderson Localization

The Anderson model on Z provides the clearest demonstration of how disorder (a random po-
tential) affects the spectrum. In one dimension, the phenomenon of Anderson localization is
especially strong: any amount of randomness leads to localization. This was first conjectured by
P. W. Anderson (1958) for physical disordered systems, and was later proved mathematically in
various forms by Goldsheid, Mol¢anov, Pastur and others in the late 1970s. We summarize the key
results for the 1D Anderson Hamiltonian:

(Ho)(n) = (n+1) +¢(n = 1) + waip(n) ,

where {w,} are i.i.d. with distribution v (assumed to have some nice properties, e.g. bounded or
with a density).

e Spectrum: Almost surely, the spectrum ¥ of H,, is an interval [E_, Ey]. In fact, if v has
bounded support [a,b], then ¥ = [-2,2] + [a,b] = [a — 2, b+ 2]. More generally, the addition
of the random potential shifts and fills in the spectrum relative to the free case [—2,2]. The
spectrum is non-random by ergodicity, as discussed.

e Pure point spectrum (Anderson localization): For essentially any non-degenerate dis-
tribution v, H, has pure point spectrum with probability 1. All eigenfunctions B (associ-
ated to eigenvalues F) decay exponentially as |n| — oo. This exponential decay of eigenfunc-
tions is the hallmark of Anderson localization. Physically, it means an electron introduced at
some energy E remains confined near some region instead of diffusing through the lattice.

A useful concept in the analysis of the one-dimensional operator is the transfer matrix or
cocycle associated with the difference equation H,1 = FEv. The eigenvalue equation can be
written as a two-term recurrence:

P(n+1)+¢(n—1)+wnp(n) = EY(n) ,

which rearranges to ¥)(n + 1) = (E — wy) ¥(n) — 1(n — 1). This can be encoded in a 2 X 2 matrix
that propagates the solution from site n to n + 1:

w0 = (") = (5 3) (sl = o .

M(n,E)
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The random matrices M (n, E) are i.i.d. (for each fixed energy E) as n varies, and they form a
product
T(n,E)=M(n,EYM(n—1,E) --- M(1,E)

that gives the transfer from site 0 to site n. The long-term behavior of | T'(n, E)|| as n — oo (for a
given realization w) is governed by a quantity called the Lyapunov exponent:

1
Y(B) = lim ~E[In|T(n, E)| .
where the expectation is over the random potential. By a subadditive ergodic theorem, the limit
L1n||T(n, E)|| converges to v(E) for almost every w (and v(E) does not depend on w). Intuitively,
~v(E) > 0 means that generic solutions of the recurrence grow or decay exponentially in |n|. In
contrast, y(F) = 0 would correspond to bounded or polynomially growing solutions.

For the Anderson model in 1D, it turns out that v(E) > 0 for all energies E (except possibly
at the very edges of the spectrum). This is a result of Furstenberg’s theorem on random matrix
products: since the random potential takes more than one value, the transfer matrices do not all
commute and typically generate a non-compact group, leading to a positive Lyapunov exponent.

Positive Lyapunov exponent (E) implies that one of the two linearly independent solutions
of H,Y = Ev decays exponentially as n — +oo (and the other grows exponentially). Likewise,
as n — —oo one finds a decaying solution. By patching a decaying-from-+4oo solution with a
decaying-from-—oo solution (this can be done since the growing solution in one direction is linearly
independent from the decaying solution in the other), one can construct an ¢?(Z) eigenfunction for
energy F. This argument (sketched heuristically here—rigorous proofs use methods like multi-scale
analysis or the fractional moment method) shows that the spectrum is pure point and each E € ¥
yields an exponentially localized eigenfunction.

LocBhterddd eggﬁdﬂhm}ihﬂzlyddecaying)

...."Tl] ]l'l','.'SitSi‘wn

Figure 2.1: Illustration of an extended state vs. a localized state in a 1D lattice. Left: an extended
state has roughly constant amplitude (here oscillating in sign) across the system. Right: a localized
state has amplitude concentrated in a region (here around n = 0) and decays exponentially away
from that region.

Figure contrasts an extended state (which would occur, for example, in a periodic potential
with a Bloch wave solution) and a localized state (as found in the 1D Anderson model). Extended
states allow a particle to propagate through the lattice, whereas localized states confine the particle.

The fact that 1D random potentials localize all states is sometimes called the absence of ab-
solutely continuous spectrum (or a version of the Ishii—Pastur theorem). In particular, Ishii
(1973) and Pastur (1973) independently showed that for one-dimensional random operators, the
spectrum is almost surely singular (no ac component). Kotani (1984) later provided a compre-
hensive theory linking this to the Lyapunov exponent: in the 1D ergodic setting, o,. corresponds
exactly to the energies where «(E) = 0. For the Anderson model, since typically v(E) > 0 on the
whole X, one concludes o, = () and indeed the spectrum is pure point almost surely.



We remark that at the endpoints of the spectrum, (E) tends to 0, and there can be some
subtle critical behavior or slowly decaying states (related to Lifshitz tail effects in the density of
states near band edges), but those do not produce extended states in 1D.

Although we have described Anderson localization in Z!, it is worth noting how the situation
changes in higher dimensions. In Z¢ for d > 2, Anderson localization can still occur, especially
at high disorder or at spectral edges. However, there is the possibility of a mobility edge: a
critical energy separating localized states (below the mobility edge) from extended states (above
it). In 3D, physicists expect a mobility edge and a transition from localized (insulating) behavior
to diffusive (conducting) behavior as energy or disorder changes. Mathematically, a partial result is
that for sufficiently large disorder or for energies at the band edges, one can prove localization (via
multi-scale analysis or the Aizenman—Molchanov method). Proving the existence of a delocalized
regime (ac spectrum) for small disorder in d > 3 remains a major open problem.



Chapter 3

Quasi-Periodic Operators and the
Almost Mathieu Model

We now turn to the second main class of ergodic potentials: quasi-periodic or almost periodic se-
quences. A prototypical example is the almost Mathieu operator (AMO), which is a Schrodinger
operator on ¢2(Z) given by

(Hxap¥)(n) = ¢(n+1) +9(n — 1) + 2Acos(2m(na + ¢)) Y(n) ,

where « (the frequency) and ¢ (the phase) are parameters, and A is the coupling strength (potential
amplitude). This model arises from the scenario described earlier with Q = T!, T'(z) = x + «a, and
f(z) = 2X cos(2mx); w in this context is the initial phase ¢. The sequence V' (n) = 2 cos(2m(na+¢))
is an example of a deterministic ergodic sequence which is almost periodic but not periodic (unless
« is rational).

The spectral properties of the almost Mathieu and other quasi-periodic operators are remarkably
rich. Unlike the random case, where in 1D everything was localized, quasi-periodic systems can
exhibit a transition between extended and localized regimes as parameters vary:

e For the AMO, it is known that if |A\| < 1 (the subcritical regime), the spectrum is purely
absolutely continuous. This corresponds to extended states (and y(E) = 0 for all energies in
the spectrum).

o If |\| > 1 (the supercritical regime), the spectrum is pure point with exponentially localized
eigenfunctions (Anderson localization occurs even though the potential is deterministic). In
this regime y(E) > 0 on the spectrum.

e The case |A| = 1 is critical. The spectrum of the AMO at A =1 (for « irrational) is a classic
example of a Cantor set (the ” Ten Martini Problem”, conjectured by Barry Simon and proved
by Jitomirskaya and Avila). The spectral measure in this critical case is singular continuous
(no point spectrum, but also no ac component). Thus, the critical almost Mathieu operator
has a purely singular continuous spectrum, which is a delicate intermediate between extended
and localized.

More generally, for a given ergodic family, the Ishii-Pastur-Kotani criterion tells us that the
presence of an ac spectrum depends on the vanishing of the Lyapunov exponent v(F). In quasi-
periodic systems, y(E) can often be studied via analytic or geometric methods (since the transfer
matrix cocycle is not random but quasi-periodic). For example, Herman’s subharmonicity trick
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gives a lower bound on v(F), and Johnson—-Moser theory or Aubry—André duality can relate large
coupling to small coupling regimes. The AMO has a duality property at A = 1 mapping extended
states to localized ones and vice versa, which explains why A = 1 is the critical point.

It is worth noting that in the subcritical regime (|A| < 1) of the AMO, not only is the spectrum
ac, but the operator can be shown to have purely ac spectrum (no singular part). This was proved
by A. Jitomirskaya in 1999 (for Diophantine «/) using nonperturbative methods, resolving a long-
standing conjecture. On the other side, for |[A| > 1, localization was proved by Jitomirskaya and
collaborators via sharp large deviation estimates and Kotani theory. The critical A = 1 case being
singular continuous was proved by Last, and the fact that the spectrum is a Cantor set of zero
Lebesgue measure was the content of the Ten Martini Problem, proved by Avila (2009).

While the AMO is a special case, other quasi-periodic operators in 1D show similar behavior:
small potential typically leads to an ac spectrum (often with a band structure similar to a periodic
case, just modulated), whereas large potential leads to localization. However, not every quasi-
periodic potential is analytic or has such a clear duality, so some cases can be more challenging.
The general theory of one-frequency quasi-periodic Schrodinger operators has been advanced by
Avila’s global theory, which provides a unified picture of how the spectral characteristics change
with parameters.

Spectral topology (Cantor spectrum): One striking feature in many quasi-periodic and other
deterministic ergodic models is that the spectrum 3 can be a Cantor set (a nowhere-dense perfect
set). In the AMO, for irrational «, ¥ is a Cantor set for all A # 0. In the subcritical and super-
critical cases, that Cantor set actually has positive Lebesgue measure (and supports ac spectrum
in subcritical, or is covered by dense point spectrum in supercritical), whereas exactly at critical
coupling the Cantor set has zero Lebesgue measure. In other models (e.g. certain limit-periodic
potentials), Cantor spectra can also occur. This complexity in the structure of ¥ is in stark contrast
to the random case, where Y is typically an interval.

Higher dimensions and frequencies: If we consider quasi-periodic potentials in higher dimen-
sion (say a potential V(n) on Z? defined by d incommensurate frequencies), the spectral theory
becomes even more complicated. There are some results for d = 2 almost periodic potentials, but
in general our understanding is incomplete. Additionally, the interplay of higher-dimensional base
dynamics (like two-dimensional rotations) with the Schrédinger operator leads to new phenomena
beyond the scope of this report.

11



Chapter 4

Conclusion and Outlook

In this survey, we have seen that discrete ergodic Schrodinger operators provide a unifying frame-

work to study various models of a quantum particle in a disordered or incommensurate medium.

Ergodicity ensures that certain spectral features are not dependent on the particular realization,

allowing a clear focus on phenomena like Anderson localization and metal-insulator transitions.
To summarize:

e Ergodic framework: Implies a self-averaging of spectral properties (constant spectrum, in-
tegrated density of states, etc.) and allows the application of powerful tools (ergodic theorems,
dynamical systems methods).

e Anderson localization in 1D: Disorder (random i.i.d. potential) causes all electronic
states to be localized. Mathematically, the 1D Anderson model has pure point spectrum with
exponentially decaying eigenfunctions, and no absolutely continuous spectrum.

e Lyapunov exponent and spectral type: The Lyapunov exponent v(FE) serves as a key
diagnostic: y(E) > 0 typically leads to localization (pure point spectrum), while v(E) = 0 is
required for any extended states (ac spectrum). The Ishii-Pastur—Kotani theorem formalizes
this correspondence in 1D.

¢ Quasi-periodic potentials: These show a rich variety of behaviors. Depending on the
potential strength and frequency properties, one can observe extended states (ac spectrum),
localized states (pp spectrum), or critical states (sc spectrum). The almost Mathieu operator
exemplifies this with its parameter-dependent spectral transitions and fractal spectrum.

Many open questions remain, particularly in dimensions d > 2. In higher dimensions, the
possibility of partially extended states (a mobility edge separating localized and extended spectral
regions) is conjectured but difficult to prove. For quasi-periodic systems with more frequencies or
higher-dimensional base dynamics, understanding the conditions for localization versus continuity
of spectrum is an ongoing research area.

The study of discrete ergodic Schrédinger operators continues to be a vibrant intersection of
analysis, probability, and dynamical systems. Advances in this field not only deepen our theoretical
understanding of spectral theory and operator ergodic theory, but also have implications for con-
densed matter physics, where these mathematical models correspond to real physical phenomena
in disordered materials and quasicrystals.
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