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1 Introduction

1.1 First order language

In order to understand the Continuum Hypothesis and study it formally, we need some basic tools in
mathematical logic, especially in first order logic (or first order language). We first give an intuitive example
of a “structure” in first order language.

E.g. A group consists of:

o A set G

e A binary function - : G x G — G
e A unary function ' : G — G

e A constant e € G

satisfying the following axioms:

o v,y 2(z-(y-2) = (v-y) 2)
eVr(x-e=e-x=1x)
evVr(r-x7l=a"1-2=¢)

Observing that in this structure we have an underlining set, two functions, one constant and three axioms,
they are all different “objects”. From this example we can intuitively understand the syntax of first order
language. We want a formal language where we can talk about structures like groups but in a more general
sense. We define it step by step.

Definition 1. A signature o consists of three disjoint sets:
o A set of constant symbols, C,

o A set of function symbols, F,

e A set of relation symbols, R,

together with a function arity, : Fx U Ry — Nsg.

In the example above, C, = {e}, F, = {-, ~'}, R, = @, arity,(-) = 2, arity,(~!) = 1. However, in the
example above there are some axioms in which symbols like x,y, z and V appears, we may realize that a
signature itself is not enough for the expressions we want. Like the case in English, Latin or any other
language, we need a set of alphabet so that we can make expressions.

Definition 2. The alphabet of first order language over o is the union of six disjoint sets:
e The set of constant symbols, C,,

e The set of function symbols, F,



The set of relation symbols, R,

The set of variable symbols with indices, {x,y, z,u,v,...}

The set of connectives and quantifiers, {—, <>, A, V,—,V, 3}

The set of parenthesis, {(, )}

Having the alphabet we can talk about terms over o. Intuitively, if we have a,b,c,...(i.e. the alphabet of
English) then we have words like “apple”, “good”, etc. Terms are the formal words we can talk about in first
order language.

Definition 3. The set of terms over o, denoted Terms(c ), is the smallest set of strings over the alphabet of
first order language over o such that:

e Every variable symbol is in Terms(o)
e Fvery constant symbol is in Terms(o)

e For every function symbol f € F, of arity n and all terms t1,ta, ..., t, € Terms(o), the string f(tita...t,) €
Terms(o ).

We often write f(t1ts...t,) as f(t1,t2, ..., t,) which is more convenient for reading and later we will explain
that this informal expression is acceptable by the unique reading lemma. Notice that in natural languages
having words is not enough to express all the things we are interested in, in particular we need to combine the
words in some specific ways such that it makes sense. For example, in English “I like apples” makes sense but
“like apples I” doesn’t. In first order language, the expressions that make sense are called formulas.

Definition 4. The set of formulas over o, denoted L(o), is the smallest set of strings over the alphabet of
first order language over o such that:

e For every relation symbol R € R, of arity n and all terms t1,t,...,t, € Terms(o), the string R(tits...t,) €
Terms(o ).

o For every P,Q € L(o) and wariable symbol xz, (P) A (Q), (P)V (Q), (P) — (@), (P) «
(Q), ~(P), Vz(P), Jx(P) € L(0o).

Formulas that have the form R(tits...t,,) are called atomic formulas. Now we have the basic tools for
“speaking” formally in first order language. There is one problem remains: how do we know that we are using
these terms and formulas without ambiguity? The point is if every term and formula have only one specific
expression then we can use them without doubt. That’s where the unique reading lemma plays a role.

Lemma 1. Every term and formula in first order language over a signature o has a unique expression, which
means

e For every t € Terms(c), t is either a variable symbol , or a constant, or has the form f(tits...t,) for some
ty,to, ..., tn € Terms(c) and function symbol f € F,. In each case the expression of t is unique.

e For every P € L(o), P is either an atomic formula or has exactly one of the following form for some
P,Q € L(o) and variable symbol x : (P) A (Q), (P)V (Q), (P) = (Q), (P) + (Q), ~(P), Vz(P), Jx(P) €
L(c). In each case the expression of P is unique.

The unique reading lemma is one of the fundamental result in first order language. The idea of the proof is
to do induction on the length of terms and formulas.

With these basic tools in first order language, we are finally able to consider structures and meanings of
formulas. Remember in the first example there are three axioms for a group, which intuitively means they
must be “true” in a group. This leads us to the concepts of interpretation and truth. In order to consider the
meaning of formulas, we must interpret them in some ways that makes sense. For example, a sentence in
English itself doesn’t have any meaning, it’s just a combination of English alphabet. It gains its meaning
when we interpret it in the real world. Similarly, we can interpret first order language into some set that we
are interested in, and the result of the interpretation is called a structure.



Definition 5. A o-structure, M, consists of:

o A set M, denoted |M|, called the domain, universe or underlying set of M

e For each constant symbol ¢ € Cy, an element ™M € M

e For each function symbol f € F,, a function f™M : M™ — M where arity,(f) =n
e For each relation symbol R € R,, a set R™M C M™ where arity,(R) =n

This means that we interpret ¢ as ¢, f as fM, R as R™M. Moreover, we need to interpret variables as
elements in M so that we can have the meaning of terms and formulas.

Definition 6. A variable assignment for M is a function v : {z,y, z,...} = M where {x,y, z,...} is the set
of variable symbols in first order language over o.

Definition 7. Given a variable assignment v for M, define a function v : Terms(o) — M by structural
recursion as follows:

e For any variable symbol x, v(x) = v(x)
e For any constant symbol ¢, 7(c) = cM

e For any function symbol f of arity n and terms ti,ts,...,t, € Terms(o), v(f(t1,t2,....,tn)) =
o), o(t2), . D(tn))

An interpretation ¢ corresponding to the structure M is a collection of mappings including the map sending
c to ¢, the map sending f to f™, the map sending R to R™, the map sending z to ¢(z) where ¢(x) is a
function from the set of variable assignments for M to M such that ¢(x)(v) = v(x), and the map sending
t to ¢(t) which is defined by structural recursion on ¢. It is not hard to see that M is the same thing as
the corresponding interpretation ¢, informally it means that a function is the same thing as its graph. One
way to understand this is to think of a v-algebra (X, (u;)icr) where v : I — N sends each i to the arity of
operation p;. The function v is the same thing as the family (v;);c; indexed by elements in I. Another
example is natural transformations between two functors. Consider two functors F' and G from a category C
to a category D, then a natural transformation 6 from F to G is a family (6.).copc of morphisms in D with
certain properties. 6 can be also viewed as a function from the class of objects in C to the class of morphisms
in D that sends ¢ to 6.

The interpretation of formulas is different from the interpretation of terms or other symbols. In particular,
we want to define truth value for formulas.
Definition 8. For a o-structure M, define, by structural recursion on L(c), (M,v) = ¢ and (M,v) = ¢

where v is any variable assignment for M and ¢ € L(0) as follows:

o If v is an atomic formula that has the form R(tits...t,,) for some relation symbol R and terms ti,ta, ...ty

then (M,v) |= ¢ iff (0(t1), P(t2), ..., v(t,)) € RM

o If v has the form (1) A (¥2) for some formulas ¥ and o then (M,v) = ¢ iff (M,v) E ¥1 and
(Mv V) ': w2

o If ¢ has the form (Y1) V (v2) for some formulas 11 and 19 then (M, v) = ¢ iff (M, v) = 1 or (M, v) E 9
o If v has the form (Y1) — (2) for some formulas ¢ and 1y then (M,v) = ¢ iff (M,v) ¥~ 1 and
(M, v) |= s

o If ¢ has the form —(¢1) for some formulas 11 and 1y then (M,v) |E ¢ iff (M,v) =

o If v has the form Va(v¢) for some formula v and variable symbol x then (M,v) = ¢ iff for alla € M,
(M, vfz/a]) =¥

o If ¢ has the form 3x(y) for some formula ¥ and variable symbol x then (M,v) = ¢ iff for some a € M,
M, v[z/a]) E ¢



o (M,v) £ ¢ iff it is not the case that (M,v) E ¢

Definition 9. Given a o-structure M, a variable assignment v for M, a variable symbol x and an element
a € M, define a variable assignment vix/a] for M by: (v[z/a])(y) = {u(y) Z;x 7Y
a ife=1y

In the definitions above, (M, v) | ¢, pronounced as (M, v) satisfies ¢, intuitively means ¢ is true in M
when variable symbols are interpreted by v. We can define truth functions and truth values for formulas
through the interpretation ¢ corresponding to the structure M instead of saying (M, v) satisfies ¢. Although,
considering the relation between ¢ and M, these two definitions have the same meaning.

Definition 10. Given an interpretation ¢ corresponding to a o-structure M, a variable assignment v for
M, a variable symbol x and a formula ¢, define a truth function |p|s by structural recursion as follows:

o If ¢ is an atomic formula and has the form R(t1ts...t,) for some relation symbol R and terms tq,ta, ..., t,
1 if (5(ty), o(ta), ..., o(tn)) € RM
then lelo(v) = { i (P(02). (t2), . (1)) €

0 else
o If ¢ has the form (1) A (¥2) for some formulas 1 and o then |@|y(v) = min(|1|4(v), |12|6(v))
o If ¢ has the form (1) V (¥2) for some formulas 1 and o then |p|s(v) = max(|11]e(v), [1h2]s(v))
o If © has the form (1) — (¥2) for some formulas Y1 and o then ||p(v) = 1 —|P1]a(V) + |16 (V) - [1h2] 6 ()

o If ¢ has the form (¢1) < (2) for some formulas 1 and s then |p|y(v) = |U1|e(v) - [1ha|g(v) + (1 —
[P1le(¥))(1 = [¢2]4(v))

o If ¢ has the form —(yn) for some formula Y then |¢|y(v) =1 — [1]e(V)

(
(

o If ¢ has the form Yx(v) for some formula ¢ then |p|s(v) = nenj\r/l[ []g(v[z/a])

o If ¢ has the form 3x(v) for some formula ¥ then |p|s(v) = max [Y]s(v]z/al)

Definition 11. Given a o-structure M, a corresponding interpretation ¢, a formula ¢ € L(o) and a set of
formulas T' C L(o),

o ¢ is called ¢-true if |o|o(v) =1 for any variable assignment v for M.
e The structure M (or the interpretation ¢) is called a model for T if all the formulas in T are ¢-true.

The truth function in this definition only takes values 0 and 1 which stand for false and true, respectively.
This is the most natural way to define truth values. However, later we will see that in order to prove the
independence of continuum hypothesis (CH) and Zermelo-Fraenkel set theory with the axiom of choice (ZFC),
we need to define Boolean truth functions under which the truth value of a formula can be any element in a
certain set (a Boolean algebra), and this will be the basic tool to do forcing.

Now we give some examples of first order language over some signatures and some structures.

1.1.1 L;Ar

Given a signature o 4, in which C, = {0,1}, F, = {+,-}, R, = {=}, arity,,, (+) = arity,,, (-) = arity,,, (=
) = 2, the first order language over o4, is called L Ar. To get a better understanding of L; Ar, we give some
examples of terms and formulas in L; Ar from Manin’s book [1].

E.g. 0, 1, +(11), -(+(11) + (11)), -(1 + (zy)) are all terms in L Ar.

We often write ¢; +t2 instead of 4+(¢1t2) to make the text more convenient to read. But notice that the formal
notation is actually more clear when writing some long terms and formulas, and by writing the function
and relation symbols in front of the terms we can even abandon parenthesis without causing any ambiguity.
This is known as the Polish notation. However, in this text we still use parenthesis for the convenience of
reading.



E.g. = (01), = (+(x1)y) are atomic formulas. —(= (01)), = (-(+(11) + (11)) + (1 + (1 + (11)))) are formulas.
The last formula is the formal expression of 2 x 2 =4 in L Ar.

Remember that one of our goal is to make formulas in first order language meaningful in some set. This
leads us to the translations of formulas. Consider the o 4,-structure M where M = Z, +M is addition on
non-negative integers, - is multiplication on non-negative integers and = is equality. This is the standard
interpretation of LjAr. We give some examples of translations from L; Ar to argot in Manin’s book [1] (we
will use abbreviated notations without ambiguity):

e (z=0)« (x+1=1): “zero is the only addition identity.”

e Jz(x =y z): “yis a factor of z.”

e (z=0)A-(z=1)AB2(r=vy-2) = (y=1Vy=ux)): “zisa prime.”

1.1.2 L;Set

Given a signature o4 in which C, = {@}, F, = @, R, = {€, =}, arity,_.,(€) = arity,, (=) = 2, the first
order language over o4, is called L;Set.

According to Manin’s book [1] and Jech’s book [3], here are some translations from the intuitive Zermelo-
Fraenkel axioms and the axiom of choice to LiSet.

¢ Extension. “Two sets are equal if they have the same elements.”: Yu(u € z <> u€y) >z =y

e Pairing. “For all z and y there exists a set z whose elements are x and y”: VaVy3zVu(u € z > (u =z Vu =

Y))

e Union. “For any set z there exists a set which is the union of elements in x.”: Va3yVu(u € y <> Jz(z €
T AU E 2))

e Power set.“For all set = there exists a set whose elements are subsets of z.”: VzIyVv(v € y > Vu(u €
v—=UuET))

e Infinity. “There exists a set & such that @ € x and if u € z then v U {u} € .”: Jx(& € 2 AVu(u € x —
(yexAYo(v ey« (vEUVV=1))))

e Foundation. “Every nonempty set has an €-minimal element.”: Vz3Im(m € x AVu(u € z — m € u))

e Choice. “Every family of nonempty sets has a choice function.”:

Vo (x # @ — Jy (“y is a function with domain 2”7 A Vu(u €z Au# @ — v (v € u A (u,v) €y))))

1.2 Definable set

Now we know that in a structure, formulas are formal expressions that have meanings, namely truth values. It
is natural to think about elements in the structure that satisfy a certain formula, or conversely, the formulas
that are satisfied by certain elements. This leads us to the concept of definability (i.e. definable sets in a
certain structure). Before getting into the definition, we need to explain free variables and bound variables.
Informally, a free variable in a formula is a variable that has at least one occurrence in the formula which is
not landed in the scope of any quantifier before itself. A bound variable is a variable that is not free (i.e.
every occurrence of it in the formula is landed in the scope of some quantifier before itself). An important
fact is the truth value of a formula only depends on the assignments of free variables in the formula. This is
because when we check the truth value of a formula, whatever the assignments of bound variables we need
to re-assign them some or all elements in the structure and then check the truth value. So for a variable
assignment, the assignments of bound variables doesn’t matter when checking truth values. This means when
we consider elements in the structure that satisfy a certain formula, we are checking if they make the formula
truth when assigned to free variables in the formula. This almost give us the definition of definable sets. We
use FreeVar(p) to denote the set of free variables in (.



Definition 12. Given a o-structure M with domain M, A C M™ is definable if there is a L(o)-formula ¢
with FreeVar(p) C {zo,...,2n—1} such that

A={(ag,...,an-1) € M" | ME ¢(ag,...,an-1)}

Definition 13. Given a o-structure M with domain M, A C M™ is definable with parameters if there is a
L(o)-formula ¢ with FreeVar(p) C {zo,...,Tntm—1} and elements by, ...,bym—1 € M such that

A= {(ao,...,an,l) e M™ | ME cp(am...7an,1,bo,...,bm,1)}

In the definition, M F ¢(ag,...,a,—1) means for any variable assignment v for M such that v(zy) =
ag, v(x1) = a1, ... v(xn—1) = an—1, we have (M, v) E p. We give some examples of definable sets in different
structures.

E.g. Let o be the signature with binary function symbols + and x. Let (N, +, x) denote the o-structure
with domain N, where + is interpreted as addition and x as multiplication.

e O is definable.

Let o = (x # z). For all n € N,
(N, +, %) # o(n).

e N is definable.

Let p = (z =z). For all n € N,
(N, +, %) F o(n).

e {0} is definable.
Let o =Vy(z +y=y). For alln € N,

(N, 4+, x) E¢(n) <= n=0.

e {n € N|niseven} is definable.
Let ¢ = Jy(r =y +y). For all n € N,

(N, +, x) E ¢p(n) <= nis even.
e {(n,m) € N* | n < m} is definable.
Let o =3z(zx+2z=yAx #y). Forall n,m € N,

(N,+, x) E p(n,m) < n<m.
e {(n,m) € N? | m is a factor of n} is definable.
Let ¢ = 3z(x =y X 2). For all n,m € N,

(N, +, x) F p(n,m) < m is a factor of n.

e {(n,m,k) € N | k is the least common multiple of n and m} is definable.

Let

v =73yoIy1 ((x2 =21 X yo) A (2 =21 X y1) A VY (y + 22 = ¥))AVzs ((Jy1 Jys (x3 = o X y1 Ax3 =21 X y3)) = Iz (3 = 23 + 2))



For all n,m,k € N,

(N, 4+, x) F ¢o(n,m,k) <= k is the least common multiple of n and m.

E.g. Let o be the signature with binary relation symbol <. Let (N, <) denote the o-structure with domain

N, where < is interpreted as less-than relation.

o The set {2} is definable.

Let o = 3z (V2 (z+zo=2)AVz(2<z1 = 2=20) AVz(2 <22 = (z=20V2z=x1)) Axg <21 A1 < Z2).

For any n,m € Z,

(N,<)Epn)}<—=n=2.
E.g. Let o be the signature with binary relation symbol <. Let (Z, <) denote the o-structure with domain
Z, where < is interpreted as less-than relation.
e The set {(n,n + 1) € Z*} is definable.
Let o = (z < y) A (—3z(z < 2z Az <y)). For any n,m € Z,

(Z,<)E o(n,m)} <= m=n+1.

e The set {n € Z | n > 0} is not definable. However, it is definable with parameters:

Let o = (z <y)V(z =y). For any n € Z,

(Z,<) E o(n,0) <= n>0.

Here, 0 is being used as a parameter.

One of the examples above is not definable, this leads us to a question: how do we know a set is not definable?
It is impossible to go over all the formulas and check if it defines the set. In fact, there is a powerful theorem
shows us that every automorphism of a structure fixes definable sets. Using this theorem, to show a set is not
definable we just need to find an automorphism of the structure that move some elements out of the set. The
idea of the theorem is that in a certain structure we can’t tell the difference of an element and its value under
an automorphism, which means we can’t find a formula that distinguishes these two elements. Now we give
the definition of automorphisms on a structure and the theorem.

Definition 14. Given a o-structure M, an automorphism M is a bijection f: M — M such that:
e For each constant symbol c, f(cM) = cM.

e For each function symbol g of arity n and all ay,...,a, € M,
F (g™ (ar, .. a)) = ¢ (flar), ..., flan)).

e For each relation symbol R of arity n and all a1,...,a, € M,
(ala"'aG/N) GRM <:>(f(al)7"'af(a’n)) ERN

Theorem 1. Given a o-structure M and an automorphism f: M — M , for all formula ¢ and ag,...,a, €
M,
ME p(ag,...,an) <= ME ¢(f(ag), ..., f(an)).



This theorem can be proved by structural induction on the formula ¢. The proof is straight forward and
the only thing need to mention is that f o (v[z;/a]) = v[z;/f(a)] for any a € M, which means assign a to ;
first and then take its value under f is the same to take f(a) first and then assign it to x;. Now we get the
corollary we want directly from the theorem.

Corollary 1. Given a o-structure M, an automorphism f: M — M, and a definable set A C M™, for all
al,...,an € M,
(ala "'7an) €A~ (f(CLO)a 7f(a’n)) €A

Proof. Suppose A = {(a1,...,a,) € M"|ME ¢(a1,...,an)}, then by theorem 1,
(ala "'70%) EA = MF c)0([113 "'aan) — ME Sa(f(al)a 7f(an)) — (f(al)v af(an)) € A.

O

By the contrapositive of this corollary we get the conclusion that if an automorphism moves some points out
of a set then it’s not definable. We give some examples to show how this works.

E.g. Let o be the signature with binary relation symbol <. Let (Z, <) denote the o-structure with domain
Z, where < is interpreted as less-than relation.

e The set {n € Z | n > 0} is not definable.

Let f:Z —7Z, f(n) =n— 1. Since f is a bijection and for any n,m € Z s.t. n < m, we have
n<m <= n—-1<m-1 < f(n) < f(m),

so f is an automorphism. By f(0) = —-1¢ {n € Z | n > 0} we get {n € Z | n > 0} is not definable.

E.g. Let o be the signature with binary function symbols +, x and constants 0, 1. Let (C,0,1,+, x) denote
the o-structure with domain C, where + is interpreted as addition, x is interpreted as multiplication, 0 is
interpreted as 0, 1 is interpreted as 1.

e The set {i} is not definable in (C,0,1,+, x).
Let f:C— C, f(a+bi) = a— bi. Since f is a bijection and for any a + bi,c+ di € C

flla+bi)+(c+di)) = f((a+c)+ (b+d)i) =(a+c)— (b+d)i = (a—bi)+ (c—di) = fla+bi)+ f(c+ di),

f((a+bi) x (c+di)) = f((ac—bd)+ (be+ad)i) = (ac—bd)— (be+ad)i = (a—bi) X (c—di) = f(a+bi) X (c+di),

so f is an automorphism and that f(i) = —i # 4. Hence ¢ € {i} but f(i) ¢ {i}, and so {i} is not
definable.

1.3 Deducibility and tautologies

One of the most important thing in first order language is to construct a formal proof system, which is a
formal simulation of the proofs we used in other areas of mathematics. One thing need to mention is that the
formal proof system is not a replacement of the informal proofs, but a mathematical model for them. Just
like calculus is a formal way to talk about intuitive ideas like “rate of change” and “volume”, the formal
proof system is a formal way to talk about “mathematical proofs”. The only tricky part here is that we
construct the mathematical model for informal proofs by using informal proofs, which is why we should think
this formal proof system as a simulation of informal proofs instead of replacement.

One of the meaning of constructing this formal proof system is that we can see the independence of some
formulas and another clearer. This is quite vague, however we can think of an example like this: suppose
there is a statement which is not obvious and doesn’t have a proof yet. Before proving it, we want to know
if it’s provable or not. This question is not easy to answer in most cases, partly because we can use every
reasonable way in mathematics to prove it, and it’s impossible to go through all the ways. However, if
we restrict ourselves to the formal proof system with some axioms, then it’s easier to answer this question



because we only have finitely many axioms and the formal proofs are constructed under finitely many rules.
For example, if we have a set of formulas {P, @} and the only inference rule allowed to use is the axiom (i.e
we can only prove formulas that is already in the set), then the only formulas we can prove from this set is P
and . In this case, we can say, without any hesitation, that other formulas distinguished from P and @ are
not provable from this set. This example is quite trivial but it shows that saying a formula is not provable in
the formal proof system is easier than saying its provability in the general sense. This observation is useful
when the formal proof system is closed enough to informal proofs (i.e we can prove every true formula, and
every formula we proved from true formulas is still true). This is the intuitive idea of the soundness and
completeness theorem. Notice that showing a formula P is independent with a set of formulas I' in a formal
proof system which is “real” enough is meaningful, because this almost tells us that P and I" are independent
in the general sense. For example, we can prove in the formal proof system that ZFC axioms is independent
with CH. This result is acceptable in most cases because we are always working in ZFC. Now we give some
definitions and basic results in the proof system of first order language.

Definition 15. Given a signature o, a sequent is a pair < I', o > consisting of a set I' C L(0) and a formula
v € L(o).

Definition 16. Given a signature o, a proof is a list of sequents < T'g F g, ...,y F @, > where for each
i <n, I'; - p; is justified from earlier sequents in the proof using some rule of inference.

Definition 17. Given a signature o, there are three rule of inference:
o I[foel then'F .
o [fTFp—vand T+ ¢ then T' 4.

o IfT'F ¢lx — y] then T' - Vayp, where y is substitutable for x and doesn’t appear in T or ¢.

The formula [z — y] is the result of substituting y for = in . The second rule is called Modus Ponens
(MP), and the third rule is called Generalization (Gen).

There are several ways to construct a formal proof system in first order language. Our proof system is the one
in which every proof only uses three inference rules but involved a numerous amount of tautologies. This is
reasonable because with three inference rules if we want to make the proof system “real” enough the only way
is to “know” a lot of formulas at first. Another way to construct the proof system is to set many inference
rules (almost include every natural way of logic deduction) and start with a few axioms.

The definition of tautologies here is slightly different from the intuitive meaning of tautologies (i.e not every
true formula is a tautology). A tautology is a formula ¢ that can be parsed into several “atomic” subformulas
by connectives such that whenever the truth value these subformulas take, ¢ is always true.

E.g. Here are some examples of tautologies in Manin’s book [1]:
e PP

e P—(Q—P)

e -P—(P—Q)

« (PAQ) & (P> Q)

* (PVQ) & (-P = Q)

o P— (-Q—~(P—Q))

We can replace P and @ by any formula and the examples above are still tautologies, so in some sense they
can be called “tautology schemes”. Notice that some true formulas are not tautologies, so in order to make
our proof system sound and complete, we need to add more axioms to the set of formulas in proofs.

Definition 18. Given a signature o and any formula P,Q € L(0), the quantifier azioms are:



e V(P = Q) = (P = VzQ), x is bound in P.
o VP < —3JzP
o VaP — Pz — t], t is a term that is substitutable for x in P.

Given a signature o, let Ax o denote the set consists of tautologies and quantifier axioms in £(c). Now we
are ready to talk about soundness theorem.

Theorem 2. Given a signature o, a set I' C L(o) s.t. Az o CT, and a formula ¢ € L(0), if T ¢ then
I'E .

We can prove the soundness theorem by induction on the proof of T' - ¢ (i.e a list of sequents < 'y F
@0y -y L o > where T'y, =T, ¢, = ). The idea is to show T'; F ¢, for ¢ < n by induction, and prove it in
cases in which I'; - ; is an application of each rule of inference.

1.4 Godel’s completeness theorem

Theorem 3. Given a signature o, a set I' C L(o) s.t. Az o CT, and a formula ¢ € L(0), if T E ¢ then
I'F .

The completeness theorem is much harder to prove than the soundness theorem, particularly because finding
a proof for I' - ¢ is impossible for arbitrary I" and ¢. We need to find another way to prove I' F . We
can prove the contrapositive of the completeness theorem from another version of the completeness theorem.
First, we need to introduce the concept of consistency and satisfaction.

Definition 19. Given a signature o, a set of formulas I is consistent if there is no formula ¢ such that
T'FopA-p.

Definition 20. Given a signature o, a set of formulas I' is satisfactory if there exists a o-structure M and
a variable assignment v for M such that (M,v) ET.

Now we give the statement of another version of the completeness theorem.

Theorem 4. Given a signature o, if a set of formulas I' is consistent then it’s satisfactory.

Using this theorem we can prove the contrapositive of the completeness theorem like this:

I'¥F o = T U{~p} is consistent = T'U {—¢p} is satisfactory = T ¥ .

The idea of the proof of theorem 4 is as follows:
e Given a consistent set I, construct a bigger set IV which is still consistent and has the Henkin property.

e Given a consistent set with the Henkin property I', construct a bigger set I' which is maximally
consistent.

e Prove that every maximally consistent set I with the Henkin property has a model, namely the quotient
of the term model for I by a certain equivalence relation.

Maximally consistent means that for every formula ¢, either ¢ € I' or = € . Henkin property says that
for every formula ¢ there is a variable y which doesn’t appear in ¢ such that (Jzp — p[z — y]) € T'. This
intuitively means that if we proved Jzp from T' then there actually exists a plz — y] € T

In the first step, the idea of constructing I is to define a set consists of sets that have the form
T' U {some formulas that have the form (Jz¢ — @[z — y])}, and an order relation C on this set.
Then use Zorn’s lemma to show that there exists a maximal element of this set, which is the set
I’ U {every formula that has the form (z¢o — @[z — y])}. Apparently, this set has the Henkin prop-
erty.
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In the second step, the idea of getting I'" is to define a set consists of consistent sets of formulas, and define an
order relation C on this set. Then use Zorn’s lemma to show that there exists a maximal element in this set,
which is maximally consistent. Because this set is bigger than I, it obviously has the Henkin property.

In the third step, we first construct a term model for I'”. It is the o-structure with domain Terms(o) and
interpret every function symbol as itself, every relation symbol R as a set consists of elements t1, ..., ¢, such
that R(t1,...,tn) € I'. This is almost a model for '/, but notice that I might prove something like ¢t = s
which shows two terms are equal, and in the term model, two terms are equal if and only if they have the
same form. Therefore, in the example above we need to view t and s as the same element in the structure,
which means we have to take the quotient of the term model by the equivalence relation showing I F (¢ = s).
In the end, we take the variable assignment for this structure that assigns the corresponding equivalence
class to every variable. This is the structure and variable assignment that satisfies I'’, since I' C T, it also
satisfies I' which is what we want.
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