RIEMANN’S COUNT FOR THE DIMENSION OF THE MODULI SPACE OF
RIEMANN SURFACES OF GENUS g > 2

SERKAN SALIK

ABSTRACT. We will develop some basic theory of Riemann surfaces and apply it to compute the
number of parameters on which Riemann surfaces of genus g depend on. At the end, we include a
historical discussion on how Riemann himself (without knowing this modern language and theory)
arrived at this beautiful result. Our main reference is [Mir95].

1. INTRODUCTION

Since we don’t have time to define Riemann surfaces and prove all the basic facts about them,
we use this section to list some basic facts that we will use later on in the paper. Throughout this
paper, X, Y, Z will refer to compact Riemann surfaces.

Proposition 1.1. Given a nonconstant holomorphic map F: X — 'Y of Riemann surfaces, for each
p€ X,q=F(p) €Y, it’s possible to pick coordinates around p and q such that F is given by z — 2™
for a unique n € Z — {0}. The degree of F is defined to be ZpEF_l(q) ny,, where n, is the integer
corresponding to p that makes F' of the form z w 2™».

Theorem 1.2 (Riemann-Hurwitz). Let F': X — Y be a non-constant holomorphic map. Then,

29(X) — 2 = deg(F)(29(Y) — 2) + » _ [mult,(F) —1].
peX

where mult, (F') denotes the multiplicity of F at p.

Theorem 1.3. Meromorphic functions on compact Riemann surfaces have the same number of
zeroes and poles, counted with multiplicity.

2. MAPS FROM X INTO P"

2.1. Divisors and Riemann-Roch. Divisors are meant to be a convenient method of packaging
information about the zeroes and poles of a function, which is what governs the behavior of a function
on a compact Riemann surface, modulo scaling. In this section we’ll give some basic definitions and
state without proof the main result we need for Riemann’s computation.

Definition 2.1. A divisor on a compact Riemann surface X is a function D: X — Z with finite
support. The degree deg(D) of a divisor D is 3 . D(p). D is positive if D(p) > 0 for all p € X.

There is a natural way to associate to a meromorphic function f on X a divisor div(f), namely
by saying D(p) = n > 0 if f has a zero of order n at p, D(p) = —n < 0 if f has a pole of order n
at p, and D(p) = 0 otherwise. We normally write divisors as a sum »  a, - p, where D(p) = a,,. It’s
clear that the set of divisors is the same as the free abelian group on X.

Definition 2.2. A divisor is said to be principal if it is of the form div(f). Two divisors D, D’ are
said to be linearly equivalent if D — D’ = div(f) for some meromorphic function f on X.

Are all divisors principal? No, because another way of phrasing 1.3 is that deg(div(f)) = 0, and
clearly there are divisors with nonzero degree. The most natural question to ask about divisors are
how many functions are there such that the zeroes and poles of f are controlled by D? In other
words, what is the dimension of the vector space L(D) = {f € M(X): div(f) + D > 0}? This is
the question Riemann-Roch answers. To state the theorem, we need one more bit of terminology.
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Given a meromorphic 1-form w on X, it has well-defined poles and zeroes of some multiplicity,
so we can associate to it a divisor div(w) in the obvious way. A divisor of the form div(w) is called
a canonical divisor. We then have the following.

Theorem 2.3 (Riemann-Roch). Let X be a compact Riemann surface of genus g. Then for any
divisor D and canonical divisor K, we have

dim L(D) —dim L(K — D) = deg(D) + 1 — g.
2.2. Linear Systems. We begin with a definition.

Definition 2.4. Given a divisor D, the complete linear system |D| of D is the set of positive divisors
that are linearly equivalent to D.

It turns out that |D| is naturally isomorphic to P(L(D)), the projectivization of the vector space
L(D). Then a general linear system is a projective subspace of P(L(D)), and it has dimension n if
it has dimension n as a projective subspace. A linear system is called a g} if it has dimension n and
consists of divisors of degree d (divisors that are linearly equivalent have the same degree, so this is
well-defined).

Now, I won’t get into the details, but there is a natural way to associate to a holomorphic function
X — P™ a linear system. All such linear systems are base point free, i.e. for all p € X, there exists
a divisor F in the linear system such that F(p) = 0. That is, there is no point on X that is
in the support of every divisor E in the linear system. We then have the important one-to-one
correspondence, a proof of which I won’t give, between base-point-free linear systems of dimension n
on X and holomorphic maps X — P" with nondegenerate image up to linear change of coordinates
on P".

3. THE COUNT

We finally execute Riemann’s count. First, we’ll count the number of parameters on which k
distinct, unordered points on the Riemann sphere depend up to automorphism (call this set Py .
Indeed, since the group of automorphisms of P! consists of the Mobius transformations, which act
triply transitively. Thus the “dimension” 2 of Py for k < 3 is zero. For k > 4, we have the natural
map ¢: (P! —{0,1,00})k¥73 — A — Py, where A is the (k — 3)-tuples that have two or more of the
same points. This is surjective because of the triply transitive property mentioned above (namely
that any three points can be taken to 0, 1, 00). It also clearly has finite fibers (there are only finitely
many ways to reorder k — 3 points), so it’s natural to say that dim P, = k — 3.

Now, we’re going to count the number of parameters (i.e. the dimension of the set of) branched
covers of P'. Fix an integer g, and consider holomorphic maps F': X — P! of degree 6g — 4 points,
each of which has a single ramification point of multiplicity 2. This latter condition is intuitively
the “generic” condition, in that a random map of a Riemann surface X to P! will have only one
ramification point of multiplicity 2 over each of its branch points. Denote by {F: X — ]P’l}g the
space of such maps. By Hurwitz’s formula, X will have genus g. Moreover, up to permutation, such
maps are determined by the branch points. Since the branch points are unordered, we get a natural
map ¢: {F: X — P!}, —¢,_4, sending a map to its branch points. This is surjective with finite
fibers. Thus these spaces have the same dimension (6g —4) — 3 = 6g — 7.

We will now compute the dimension of {F: X — IP’l}g in another way, using linear systems. As
shown above, a map from X — P! is given by a base-point free pencil Q of degree 2g — 1, otherwise
known as a g3, ;. The space of pairs {(X,g3, 1)} of Riemann surfaces of genus g with a degree
2g — 1 pencil on X is naturally the same as {F': X — P'},, so their dimensions are the same, i.e.
dim{(X, g},_,)} = 69 — 7.

Now, a pencil @ is just a linear subspace of a complete linear system |D| of dimension 1. If @
has degree 2g — 1, then the dimension of |D| is dim(L(D)) — 1, which by Riemann-Roch ? is equal

las T understand it, there isn’t some natural way to put a manifold structure on this, at least not in the book I'm
referring to. We just write down a natural surjection with finite fibers from a manifold onto this space, which gives
us good reason to say that this space has the same dimension as the manifold surjecting onto it

2I'm going to use this term loosely throughout the paper

3a pretty big theorem to blackbox, but we don’t have time to cover all of this!
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to deg(D) —g = (29 — 1) — g = g — 1. Now, denote by {(X, ggg__ll} the space of pairs (X, |D|) of
Riemann surfaces of genus g with a complete linear system of degree 2g — 1 on it. We then have the
natural map
5: {(th%g—l} - {(Xv ggg_—ll}

sending the pencil to its complete linear system. This is obviously surjective with fiber equal to the
Grassmannian that parametrizes lines in the projective space |D|. Since |D| has dimension g—1, this
means the Grassmannian has the same dimension as G(g,2), which has dimension 2g — 4. Hence,
the dimension of {(X, ggg__ll} is (6g—7)— (29 —4) =49 — 3.

Now, consider the space of pairs {(X, Dyg—1)} of Riemann surfaces of genus g with a divisor
of degree 2g — 1 on them. The natural map from this space to {(X, gzgg__ll} sending a divisor to
its complete linear system is onto. The fiber above a point |D| is the the complete linear system
|D|, which has dimension g — 1. Hence, dim{(X, Dag_1} = (49 —3) + (g — 1) = 5g — 4. Finally,
the projection {(X,Dyg—1)} — {X,} onto the space of Riemann surfaces of genus g has fiber the
divisors of degree 2g — 1, which has dimension 2¢g — 1. In other words, the base space has dimension
(5g —4) — (29 — 1) = 3g — 3, and we’re done.

We now give a summary of our approach. We first began by computing the number of parameters
on which the set of k-unordered points on P! depended, which were useful because they corresponded
to branch points of maps {X — P! }4. The space of such maps had the same dimension as the number
of pencils of a certain degree. We related the dimension of the pairs of compact Riemann surfaces and
pencils on them to the dimension of the space of pairs of compact Riemann surfaces and complete
linear systems on them. We then related this to the dimension of the space of Riemann surfaces
with divisors of degree 2g — 1 on them, which is related to the dimension of the space of Riemann
surfaces.

4. A HISTORICAL VIEW

So how did Riemann himself actually compute this number himself, when he didn’t know the
formal definition of a Riemann surface, the theory of divisors, or any of the other modern flavored
tools we used? This is what we will discuss in this section.

Riemann first defined Riemann surfaces as “lying over the plane”, which were meant to represent
different branches of holomorphic functions. He was particularly interested in the case of Abelian
functions, which give rise to compact Riemann surfaces (at least when you take into account their
behavior “at infinity”, which is the way Riemann would have thought about them, as opposed to
using a word like compactification). He considered pairs (S, f) as Riemann surfaces with a function
f down to C. He computes the dimension of the number of holomorphic maps of degree d from a
Riemann surface of genus g to the Riemann sphere, which ends up being 2d — g + 1. On the other
hand, such a map will always have 2(d + g — 1) critical points by Riemann-Hurwitz, and generically
these are all distinct and can be arbitrarily assigned. Thus the fiber of the map sending a pair
(X, f) of a genus g surface and a nonconstant holomorphic function of degree d on it to X has
dimension 2d — g+ 1, and the dimension of all pairs (X, f) is 2(d+g—1) %, so the total dimension is
2(d4+g—1)—(2d—g+1) =39 — 3. This seems a lot simpler than what my reference does, and I'm
not sure why my reference goes into all that complicated detail to be honest. I guess Riemann was
a lot less rigorous and the above is really what shows the correspondence between critical points of
branched coverings and holomorphic maps from X to P!. T learned this last bit from []
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4 guess this is beacuse for generically chosen branch points we can always find a Riemann surface over P! with those
branch points?
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