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1. Fourier series and integrals

1.1. Some background.

Definition 1.1. Convolution:

f ∗ g(x) =
∫
Rn

f(y)g(x− y)dy =

∫
Rn

f(x− y)g(y)dy

Definition 1.2. (X, µ) measure space and Lp(X,µ) the banach space of function
from X to C. We say f ∈ Lp(X,µ) if∫

X

fpdµ <∞

Also ∥f∥p = (
∫
X
|f |pdµ)1/p

1.2. Fourier transform in L1.

Definition 1.3. Given f ∈ L1(Rn) the fourier transform is

ˆf(ξ) =

∫
Rn

f(x)e−2πixξdx

where ξ ∈ Rn, xξ is the standard inner product

Proposition 1.4. Here are some nice property:

(1) linearity

(2) ˆ(f ∗ g) = f̂ ĝ

(3) ( ∂f
∂xj

)ˆ(ξ) = 2πiξj f̂(ξ)

(4) (−2πixjf)
ˆ(ξ) = ∂f̂

∂ξj
(ξ)

(5) f(x+ h)ˆ= f̂(ξ)e2πihξ

1.3. Schwartz class and tempered distributions.

Definition 1.5. Denote S(Rn) the Schwartz class. Intutionally, f in Schwartz class
if 1. f infinitely differentiable. 2. its derivatives decrease rapidly at infinity.

For all α, β ∈ Nn, supx|xαDβf(x)| = pα,β(f) <∞

We also denote S′ become bounded linear functionals on S
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Definition 1.6. S’ is also called space of Tempered Distributions.

Give linear map T from S to C, T ∈ S′ if

limk→∞T (ϕk) = 0 for all limk(ϕk) = 0 in S

Theorem 1.7. The fourier transfrom is continuous map from S to S such that∫
Rn

fĝ =

∫
Rn

f̂g

And we have the ”reverse” of fourier transform that is

f(x) =

∫
Rn

f̂(ξ)e2πixξdξ

Proof.
∫
Rn fĝ =

∫
Rn f̂g can be checked easily Suppose f in S

ξαDβ f̂(ξ) = ξα(−2πi)(xβf)ˆ= −(2πiξα)(xβf)ˆ= C(Dαxβf)ˆ

=⇒ |ξαDβ f̂(ξ)| ≤ ∥ξαDβ f̂(ξ)∥∞ = ∥C(Dαxβf)ˆ∥∞ ≤ C∥(Dαxβf)ˆ∥1

We know f in S then C∥(Dαxβf)ˆ∥1 is bounded by finite linear combination of
seminorms of f so fourier transform is continuous map from S to S∫

f(x)ĝ(λx)dx =

∫
f(x)

∫
g(y)e−2πiλxydydx =

∫ ∫
f(x)g(y)e−2πiλxydydx

=

∫
g(y)

∫
f(x)e−2πiλxydxdy =

∫
g(y) ˆf(λy)dy

let x = λy, y = λ−1x =

∫
f̂(x)λ−ng(λ−1x)dx

Change varibale again in
∫
f(x)ĝ(λx)dx, let λx = y we have∫

f(λ−1x)ĝ(x)dx =

∫
f̂(x)g(λ−1x)dx

Then take λ→ ∞ we have

f(0)

∫
ĝ(x)dx = g(0)

∫
f̂(x)dx

This is ture for all f,g in S. Choose g(x) = e−π|x|2 , we know(lemma 1.14 in the

book) f = e−πx2

then f̂(ξ) = e−π|ξ|2 . we have

f(0) =

∫
ˆf(ξ)dξ

From 1.16 in the book we know f(y+x)ˆ= f̂(ξ)e2πixξ (f function of y). Put it back
we have done. □

Definition 1.8. T ∈ S′ a tempered distribution, the fourier transform of it is

T̂ (f) = T (f̂)

for f ∈ S

We also can define the temper distribution by f ∈ S
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Lemma 1.9. For ϕ(x) ∈ S, we can define

Tϕ(ψ) =

∫
ψ(x)ϕ(x)dx

And some time we denote Tϕ as < ϕ(x),− >. Also this map it injective

It is also nice to say the convolution of a distribution T and a function f is

T ∗ f(x) =< T, τxf(−y) >

where for integrable function f and T in S’

< Tg, f >=

∫
g(x)f(x)dx

Theorem 1.10. The fourier transform is a bounded luner bijection from S′ → S′

whose inverse is also bounded.

Proof. Suppose TN → T in S’, for any f ∈ S

T̂n(f) = Tn(f̂) → T (f̂) = T̂ (f)

So fourier transformation perserve the limit. □

Corollary 1.11. For f ∈ S denote f̃(x) = f(−x) then (f̂)ˆ = f̃ and the fourier
transform has period of 4.

Remark 1.12. The operationˆand˜isn’t commute

1.4. Fourier transform on Lp.

Definition 1.13. T ∈ S′ then T̃ (f) = T (f̃)

Fact: f ∈ Lp then f can be identified with a tempered distribution Tf such that
defined as following:

Tf (ϕ) =

∫
Rn

fϕ

for any ϕ ∈ S

Theorem 1.14. Plancherle theorem The fourier transform is an isomertry on L2

that is

f̂ ∈ L2, ∥f∥2 = ∥f̂∥2
Also the fourier transform is

f̂(ξ) = limR→∞

∫
|x|<R

f(x)e−2πixξdx

With the inverse transform

f(x) = limR→∞

∫
|ξ|<R

f̂(ξ)e2πixξdξ

Remark 1.15. Notice that the intution of this form is that we can’t ensure the
integer is finite if we don’t write the limit.

Proof. Let f, h ∈ S and we let g = ĥ =⇒ ĝ = h̃ By theorem 1.7 we know □
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Theorem 1.16. Riesz-Thorin Interpolation
Let 1 ≤ p0, p1, q0, q1 ≤ ∞ and for 0 < θ < 1 define q, p as following

1

p
=

1− θ

p0
+

θ

p1
,
1

q
=

1− θ

q0
+

θ

q1

. Let T be linear operator from Lp → Lq such that for f ∈ Lp0

∥Tf∥q0 ≤M0∥f∥p0

And for f ∈ Lp1

∥Tf∥q1 ≤M1∥f∥p1

Then for f ∈ Lp we know

∥Tf∥q ≤M1−θ
0 Mθ

1 ∥f∥p
The intution of this theorem is that if we know the end point behavior then we

can know every thing in between.

Corollary 1.17. Hausdorff-Young inequality

If f ∈ Lp, 1 ≤ p ≤ 2 then f̂ ∈ Lp′
and

∥f̂∥p′ ≤ ∥f∥p
where 2 ≤ p′

Proof. Recall that ∥f̂∥∞ ≤ ∥f∥1 and ∥f̂∥2 = ∥f∥2 □

Corollary 1.18. Young’s Inequality f ∈ Lp and g ∈ Lp then f ∗ g ∈ Lr where
1/r + 1 = 1/p+ 1/q and

∥f ∗ g∥r ≤ ∥f∥p∥g∥q
Proof. We only need fix p, we have

∥f ∗ g∥p ≤ ∥f∥p∥g∥1
And

∥f ∗ g∥∞ ≤ ∥f∥p∥g∥p′

□

2. Hardy-Littlewood Maximal function

2.1. Approximations of identity. Let ϕ be an integrable function on Rn, such
that

∫
ϕ = 1 and for t > 0 define ϕt(x) = t−nϕ(t−1x). Consider ϕt a operator

define

ϕt(g) =

∫
t−nϕ(t−1x)g(x)dx =

∫
Rn

ϕ(x)g(tx)dx

As t → 0, ϕt → δ ∈ S′ and δ is called the Dirac measure at origin. By D.C.T we
know

limt→0ϕt(g) = g(0) = δ(g)

Since δ ∗ g = g for g ∈ S we have the pointwise limit

limt→0ϕt ∗ g(x) = δ ∗ g(x) = g(x)

We say {ϕt : t > 0} the approximation of identity.

Theorem 2.1. {ϕt : t > 0} the approximation of identity then

limt→0∥ϕt ∗ f − f∥p = 0

If f ∈ Lp 1 ≤ p <∞. The converge is uniformly if f ∈ C0(R
n)
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Proof. Since
∫
ϕ = 1 we have

ϕt ∗ f(x)− f(x) =

∫
ϕ(y)|f(x− ty)− f(x)|dy

Since f ∈ Lp then for give ϵ > 0,∃ δ > 0 s.t for all |h| < δ we have

1. ∥f(x+ h)− f(x)∥p ≤ ϵ

2∥ϕ∥1
By the

∫
Rn ϕ = 1 we know

∫
|ϕ(y)|dy is sufficient small in faraway. Then we have

a sufficient small t such that

2.

∫
|y|≥θ/t

|ϕ(y)|dy ≤ ϵ

4∥f∥p
Combine thie two we have

∥ϕt ∗ f − f∥p = ∥
∫
Rn

ϕ(y)|f(x− ty)− f(x)|dy∥p

= ∥
∫
|y|≤δ/t

ϕ(y)|f(x− ty)− f(x)|dy +
∫
|y|>δ/t

ϕ(y)|f(x− ty)− f(x)|dy∥p

≤ ∥
∫
|y|≤δ/t

ϕ(y)|f(x− ty)− f(x)|dy∥p + ∥
∫
|y|>δ/t

ϕ(y)|f(x− ty)− f(x)|dy∥p

≤
∫
|y|≤δ/t

∥ϕ(y)|f(x− ty)− f(x)|∥pdy +
∫
|y|>δ/t

∥ϕ(y)|f(x− ty)− f(x)|∥pdy

=

∫
|y|≤δ/t

|ϕ(y)|∥f(x− ty)− f(x)∥pdy +
∫
|y|>δ/t

|ϕ(y)|∥f(x− ty)− f(x)∥pdy

By 1. and 2. we have done □

2.2. Week-type inequalities and almost everywhere converge.

Definition 2.2. Let (X,µ) and (Y, ν) measure spaces. T is an operator from
Lp(X,µ) into the space of measurable functions from Y → C. T is weak (p,q),
q <∞ if

ν({y ∈ Y : |Tf(y)| > λ}) ≤ (
C∥f∥p
λ

)q

Definition 2.3. We say T is weak (p, ∞) if it is a bounded operator from Lp(X,µ)
to L∞(Y, ν)

Definition 2.4. We say T is strong (p, q) if it is a bounded operator from
Lp(X,µ) to Lq(Y, ν)

Lemma 2.5. Strong(p,q) =⇒ weak(p,q)

Proof.

ν({y ∈ Y : |Tf(y)| > λ}) =
∫
{y∈Y :|Tf(y)|>λ}

1dν ≤
∫
{y∈Y :|Tf(y)|>λ}

|Tf(x)
λ

|q

≤
∥Tf∥qq
λq

≤ (
C∥f∥p
λ

)q

□
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2.3. Marcinkiewicz interpolation theorem. Here is an intutiton about the Lp

space: the p means the following two things

(1) the boundary of each point
(2) the speed of decay.

Consider L1 means that the speed of decay is nice but we can’t make sure every
point is bounded. In opposite L∞ means every point is bounded but it might
happen that the integral isn’t finite like constant

Definition 2.6. (X,µ) be a measure space and let f : X → C be a measurable
function. We define the distribution function of f af : (0,∞) → [0,∞] as following

af (λ) = µ({x ∈ X : |f(x)| > λ})

Proposition 2.7. Let ϕ : [0,∞) → [0,∞) be differentiable, increasing and such
that ϕ(0) = 0 then ∫

X

ϕ(|f(x)|)dµ =

∫ ∞

0

ϕ′(λ)af (λ)dλ

Proof. We know∫ ∞

0

ϕ′(λ)af (λ)dλ =

∫ ∞

0

ϕ′(λ)

∫
|f(x)|>λ

dµdλ =

∫
X

∫ |f(x)|

0

ϕ′(λ)dλdµ

And notice that ∫ |f(x)|

0

ϕ′(λ)dλ = ϕ(λ)||f(x)|0

And ϕ(0) = 0 □

Theorem 2.8. Marcinkiewicz Interpolation
Let (X,µ) and (Y, ν) be measure spaces, 1 ≤ p0 ≤ p1 ≤ ∞. And let T be a sub-

linear operator from Lp0(X,µ) + Lp1(X,µ) (Lp(X,µ)) to the measurable functions
on Y that is weak(p0, p0) and weak(p1, p1). Then T is strong(p,p) for p0 < p < p1

Proof. Given f ∈ Lp for each λ > 0 decompose f as f0 + f1 where f0 ∈ Lp0 and
f1 ∈ Lp1

f0 = fχ{|f(x)|>cλ}

f1 = fχ{|f(x)|≤cλ}

Then we have

|T (f)| = |T (f1 + f0)| ≤ |T (f0) + T (f1)| ≤ |T (f0)|+ |T (f1)|
Which implies

aTf (λ) = µ({x ∈ X : |Tf(x)| > λ}) ≤ µ({x ∈ X : |T (f0)|+ |T (f1)| > λ})
≤ aTf0(λ/2) + aTf1(λ/2)

1. p1 = ∞
By the definiton of weak(∞,∞) we know T is bounded, then there exists A1 such
that ∥Tg∥∞ ≤ A1∥g∥∞. And choose c = 1

2A1
. Then

f1 = fχ{|f(x)|≤λ/2(A1)}

we know

aTf1(λ/2) = µ({x ∈ X : |Tf1(x)| > λ/2}) = µ({x ∈ {|f(x)| ≤ λ/2(A1)} : |Tf(x)| > λ/2})
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And for x ∈ {|f(x)| ≤ λ/2(A1)} we know ∥f(x)∥∞ = sup|f(x)| ≤ λ/2(A1) then we
have

|Tf(x)| ≤ ∥Tf(x)∥∞ ≤ A1∥f∥∞ ≤ λ/2

So we know aTf1(λ/2) = 0. Then use the definiton of weak(p0, p0) we have

aTf0(λ/2) = µ({x ∈ X : |Tf0(x)| > λ/2}) ≤ (
2A0∥f0∥p0

λ
)p0

and A0 just a constant. Then

∥Tf∥pp =

∫
|Tf |P dµ

By proposition 2.7, choose ϕ = xp we have

∥Tf∥pp =

∫ ∞

o

pλp−1aTf (λ)dλ ≤ p

∫ ∞

o

λp−1aTf0(λ/2)dλ

≤ p

∫ ∞

o

λp−1(
2A0∥f0∥p0

λ
)p0dλ = p

∫ ∞

o

λp−1(
(2A0)

p0∥f0∥p0
p0

λp0
)dλ

= p

∫ ∞

o

λp−1−p0(2A0)
p0∥f0∥p0

p0
dλ = p

∫ ∞

o

λp−1−p0(2A0)
p0

∫
|f0(x)|p0dµdλ

= p(2A0)
p0

∫ ∞

o

λp−1−p0

∫
{|f(x)|>cλ}

|f(x)|p0dµdλ

Use the prop 2.7 again and computation we have

∥Tf∥pp ≤ p

p− p0
(2A0)

p0(2A1)
p−p0∥f∥pp

p1 <∞
We have

aTf0(λ/2) ≤ (
2A0∥f0∥p0

λ
)p0

And

aTf1(λ/2) ≤ (
2A1∥f1∥p1

λ
)p1

Then we have

∥Tf∥pp ≤ p(2A0)
p0

∫ ∞

o

λp−1−p0

∫
{|f(x)|>cλ}

|f(x)|p0dµdλ

+

∫ ∞

o

λp−1−p1

∫
{|f(x)|≤cλ}

|f(x)|p1dµdλ

By the same argument in situation 1 we have done
□

2.4. Hardy-littlewood maximal function. First we want to introduce some
maximal function.

Definition 2.9. (Hardy-littlewood maixmal function) Let Br = B(0, r) be the eu-
clidan ball of radius r centered at the origin. f is locally integrable function on Rn

the hardy-littlewood maximal function is

Mf(x) = supr>0
1

|Br|

∫
Br

|f(x− y)|dy

This is an average function base on the circle of radius r.
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Definition 2.10. maxiaml function with cube Denote Qr be the cubes of [−r, r]n
then define

M ′f(x) == supr>0
1

(2r)n

∫
Br

|f(x− y)|dy

Proposition 2.11. Let cn and Cn be constant then

cnM
′f(x) ≤Mf(x) ≤ CnM

′f(x)

Definition 2.12. maximal function with all cubes contained x Q is a cube

M ′′f(x) = supx∈Q
1

|Q|

∫
Q

|f(y)|dy

Notice that x might not be the center of Q

Theorem 2.13. The operator M is weak(1,1) and strong(p,p) with 1 < p ≤ ∞

Proof. We know
∥Mf∥∞ ≤ ∥f∥∞

because the thought of take avergage. So M is weak(∞,∞) Also from Thm 2.8,
the marcinkiewicz interpolation says that to prove this thm, we only need to show
it is weak(1, 1) □

2.5. Dyadic maximal function. We have a new maximal function

Definition 2.14. Dyadic cube Qk is a family of cubes, open on the right whose
vertices are adjacent points of the lattice (2−kZ)n and cubes in

⋃
kQk are called

dyadic cubes

To understand, it is we divide the unit cube in different ways(more and more
small). we have some simple property

Proposition 2.15. we have some simple property

(1) Given x there is a unique cubes in each family Qk which contains it
(2) any two dyadic cubes are either disjoint or contained
(3) a dyadic cube in Qk is contained in a unique cube of each family Qj where

j < k and contains 2n dyadic cubes of Qk+1

Definition 2.16. Dyadic maximal function
First for f ∈ L1

loc(R
n) we define

Ekf(x) =
∑

Q∈Qk

(
1

|Q|

∫
Q

f)χQ(x)

which it the function of take average by the family of Qk then we define

Md = supk|Ekf(x)|

Theorem 2.17. We have the nice property of dyadic maximal function

(1) The dyadic maximal function is weak (1,1)
(2) f ∈ L1

loc, then limk→∞Ekf(x) = f(x) a.e

Proof. We will only prove (1). Since we the defintion ofMdf(x) takes the abs value,
we can suppose f is non-negative because we can always find a family of Qk who
sperate the negative and positive part. Define

Ωk = {x ∈ Rn : λ < Mdf(x) and Ejf(x) ≤ λ ∀ j < k}
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So we can write

{x ∈ Rn :Mdf(x) > λ} =
⋃
k

Ωk

Also by the construction we know the Ωk is disjoint. Then we can write the measure
as the following

|{x ∈ Rn :Mdf(x) > λ}| =
∑

|Ωk|

≤
∑∫

Ωk

Ekf(x)

λ
=

1

λ

∑∫
Ωk

∑
Q∈Qk

(
1

|Q|

∫
Q

f)χQ(x)

Notice that if we have a single cube we have∫
Q

(
1

|Q|

∫
Q

f)XQ(x)dx = (
1

|Q|

∫
Q

f)

∫
Q

1dx = (
1

|Q|

∫
Q

f)

Since we can write Ωk =
⋃

Q∈Qk
Q So we have

|{x ∈ Rn :Mdf(x) > λ}| ≤ 1

λ

∑∫
Ωk

∑
Q∈Qk

(
1

|Q|

∫
Q

f)χQ(x)

=
1

λ

∑
k

∫
Ωk

f ≤ 1

λ
∥f∥1

□

Theorem 2.18. Calderon- Zygmund decomposition
Given a function f which is integrable and non-negative and given a positive

number λ, there exists a sequence {Qj} of disjoint dyadic cubes such that:

(1) f(x) ≤ λ for almost every x /∈
⋃
Qj

(2) |
⋃
Qj | ≤ 1

λ∥f∥1 =
∫ |f |

λ

(3) λ < 1
|Qj |

∫
Qj
f ≤ 2nλ

It is a very useful technique. It says, we have a integrable function f. First we
choose a height λ, depends on this λ we divide the function f into two parts. One
is some cube where the mean of in the cube is between λ and 2nλ also this cube
has finite measure. And another part besides this cube has smaller value than λ.

3. Hilbert Transform

3.1. The conjugate Poisson kernel.

Definition 3.1. Suppose t > 0, Define the function

u(x, t) =

∫
Rn

e−2πt|ξ|f̂(ξ)e2πixξdξ

Definition 3.2. Given a function f in S(R), the harmonic extension to the upper
half-plane is u(x, t) = Pt ∗ f(x) where Pt is the poisson kernel. To be explicitly we
have

u(z) =

∫ ∞

0

f̂(ξ)e2πizξdξ +

∫ 0

−∞
f̂(ξ)e2πiz̄ξdξ

where z = x + it, t > 0
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Also we can define the harmonic conguate of u which is v as the following

v(z) =

∫
R

−isgn(ξ)e−2πt|ξ|f̂(ξ)e2πixξdξ

if we write z = x+ it we have

v(x, t) = Qt ∗ f(x)
where

Q̂t(ξ) = −isgn(ξ)e−2πt|ξ| =⇒ Qt(x) =
1

π

x

t2 + x2

which is the conjugate of Possion kernel

3.2. Principal value of 1/x.

Definition 3.3. The principal value of 1/x is a tempered distribution where

p.v.1/x(ϕ) = limϵ→0

∫
|x|>ϵ

ϕ(x)

x
dx

where ϕ ∈ S

Proposition 3.4. In S’, limt→0Qt =
1
πp.v.

1
x

Proof. First we define

ψϵ =
1

x
χ|x|>ϵ

As a distribution we know

< ψϵ, ϕ >=

∫
|x|>ϵ

ϕ(x)

x
=⇒ limϵ→0 = p.v.

1

x

Which means we only need to prove

limt→0(Qt −
1

π
ψt) = 0

For any given ϕ ∈ S

(πQt − ψt)(ϕ) =

∫
R

xϕ(x)

t2 + x2
−
∫
|x|>t

ϕ(x)

x

=

∫
|x|≤t

xϕ(x)

t2 + x2
+

∫
|x|>t

(
xϕ(x)

t2 + x2
− ϕ(x)

x
)

=

∫
|x|≤1

xϕ(tx)

1 + x2
−

∫
|x|>1

ϕ(tx)

x(1 + x2)

If we take t → 0 then ϕ(tx) = ϕ(0) as a constant, then we have 2 integral of odd
functions on symmetric domians which are zero □

By this property we have

limt→0Qt ∗ f(x) = (
1

π
p.v.

1

x
) ∗ f(x)

=
1

π
(p.v.

1

x
)(f(x− y)) =

1

π
limϵ→0

∫
|y|>ϵ

f(x− y)

y
dy

Also since fourier transform on S’ is continuous we know

(
1

π
p.v.

1

x
)ˆ(ξ) = (limt→0Qt)

ˆ(ξ) = limt→0Q̂t(ξ) = −isgn(ξ)
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Definition 3.5. Hilbert transform
Given a function f ∈ S we define its hilbert transform by any of the equivalent

expressions:

(1) Hf = limt→0Qt ∗ f = 1
π limϵ→0

∫
|y|>ϵ

f(x−y)
y dy

(2) Hf = 1
πp.v.

1
x ∗ f = 1

π limϵ→0

∫
|y|>ϵ

f(x−y)
y dy

(3) (Hf)ˆ(ξ) = −isgn(ξ)f̂(ξ)

Recall that if f ∈ L2 then we know ∥f∥2 = ∥f̂∥2 so in L2 we have

∥Hf∥2 = ∥Ĥf∥2 = ∥ − isgn(ξ)f̂∥2 = ∥f̂∥2 = ∥f∥2
(H(Hf))ˆ= (−isgn(ξ))Ĥf = − ˆf(ξ′) =⇒ H(Hf) = −f∫

(Hf) g = −
∫
f (Hg)

3.3. The theorems of M.Riesz and Komogorov.

Theorem 3.6. For f ∈ S(R) the following are true

(1) (Kolmogorov) H is weak(1,1), that is :

|{x ∈ R : |Hf(x)| > λ}| ≤ C

λ
∥f∥1

(2) (M. Riesz) H is strong (p,p), where 1 < p <∞ that is

∥Hf∥p ≤ Cp∥f∥p

Proof. To prove 1 kindly use Calderon-Zygumnd decomposition(Thm 2.18) which
we write the function f as sum of g and b. Where

g(x) =

{
f(x), x /∈

⋃
Ij

1
|Ij |

∫
Ij
f x ∈ Ij

Where g take f(x) when x is not in the cube(samll), and take the mean when in the
cube(big). And define b = f-g as a sum of bj on each cube. Then we use the Cheb
inequality.

And proof of 2 is a result of Macinkiewicz interpolation □

3.4. Multipliers.

Definition 3.7. Given a function m ∈ L∞(Rn) we define a bounded operator Tm
on L2 as following

ˆ(Tmf)(ξ) = m(ξ)f(ξ)

4. Singular Integrals

4.1. Definition and examples.

Definition 4.1. The singular integrals we are interested in are operators of the
form

Tf(x) = limϵ→0

∫
|y|>ϵ

Ω(y′)

|y|n
f(x− y)dy
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where Ω is defined on Sn−1 -the unit sphere in Rn. Also integrable with zero av-
erage where y′ = y/|y| Also it is a convolution of f with the tempered distribution
p.v.Ω(x′)/|x|n which is

p.v.Ω(x′)/|x|n(ϕ) = limϵ→0

∫
|x|>ϵ

Ω(x′)

|x|n
ϕ(x)dx

Proposition 4.2. A necessary condition for the limit in

p.v.Ω(x′)/|x|n(ϕ)

And

Tf(x) = limϵ→0

∫
|y|>ϵ

Ω(y′)

|y|n
f(x− y)dy

exists in Ω have zero average on Sn−1

Proof. Since only need to prove necessary, choose f ∈ S(Rn) s.t f(x) = 1 for any
|x| ≤ 2 we have

Tf(x) = limϵ→0

∫
|y|>ϵ

Ω(y′)

|y|n
f(x− y)dy

=

∫
|y|>1

Ω(y′)

|y|n
f(x− y)dy + limϵ→0

∫
1>|y|>ϵ

Ω(y′)

|y|n
f(x− y)dy

The first part doesn’t effect by the limit consider the second part. Set

I(ε) =

∫
ε<|y|<1

Ω
(
y/|y|

)
|y|n

f(x− y) dy.

In polar coordinates y = rω with r ∈ (ε, 1) and ω ∈ Sn−1, dy = rn−1 dr dσ(ω), so

I(ε) =

∫
Sn−1

Ω(ω)

∫ 1

ε

f(x− rω)

r
dr dσ(ω).

Write

f(x− rω) = f(x) +
[
f(x− rω)− f(x)

]
.

Then

I(ε) = f(x)

∫
Sn−1

Ω(ω)

∫ 1

ε

dr

r
dσ(ω) +

∫
Sn−1

Ω(ω)

∫ 1

ε

f(x− rω)− f(x)

r
dr dσ(ω)

= f(x)
(∫

Sn−1

Ω(ω) dσ(ω)
)
ln

1

ε
+ O(1) (ε→ 0),

where the O(1)–term is bounded by continuity of f at x. Hence

I(ε) = f(x)
(∫

Sn−1

Ω(ω) dσ(ω)
)
ln

1

ε
+O(1),

which shows that

limϵ→0

∫
1>|y|>ϵ

Ω(y′)

|y|n
f(x− y)dy = limϵ→0

∫
Sn−1

Ω(y′)dσ(y′)log(1/ϵ)

Notice that limlog(1/ϵ) diverge so to let it converge we need the integral be 0.
□
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4.2. Fourier transform of the kernel.

Definition 4.3. A function f is homogeneous of degree a if for any x ∈ Rn and
any λ > 0 we have

f(λx) = λaf(x)

Given any function ϕ define ϕλ = λ−nϕ(λ−1x) then∫
Rn

f(x)ϕλ(x)dx = λa
∫
Rn

f(x)ϕ(x)dx

where f is homogeneous of degree a.

Definition 4.4. A distribution T is homogeneous of degree a if for every test
function ϕ it satisfies

T (ϕλ) = λaT (ϕ)

Proposition 4.5. If T is a tempered distribution which is homogeneous of degree
a then its fourier transform is honogeneous of degree −n− a

Proof. For ϕ ∈ S(Rn) and λ > 0, set

ϕλ(x) = λ−n ϕ(λ−1x).

A change of variables y = λ−1x gives

ϕ̂λ(ξ) =

∫
Rn

e−ix·ξ λ−nϕ(λ−1x) dx =

∫
Rn

e−i(λy)·ξ ϕ(y) dy = ϕ̂(λ ξ).

Since by definition T̂ (ϕ) = T (ϕ̂), we obtain

T̂ (ϕλ) = T
(
ϕ̂λ

)
= T

(
ϕ̂(λ ·)

)
.

Now write ψ(ξ) = ϕ̂(ξ). Then

ϕ̂(λξ) = ψ(λξ) = λ−n ψ1/λ(ξ), ψµ(ξ) = µ−n ψ(µ−1ξ).

Hence

T̂ (ϕλ) = T
(
λ−n ψ1/λ

)
= λ−n T (ψ1/λ) = λ−n

(
1/λ

)a
T (ψ) = λ−n−a T̂ (ϕ).

This shows that T̂ is homogeneous of degree −n− a. □

As a result we know the homogeneous degree of fourier transform is degree 0.

Theorem 4.6. If Ω is an integrable function on Sn−1 with zero average then the
fourier transform of p.v.Ω(x′)/|x|n is a homogeneouse function of degree o given by

m(ξ) =

∫
Sn−1

Ω(u)[log(
1

|uξ′|
)− i

π

2
sgn(uξ′)]dσ(u)

where dσ(u) is the integral on surface

Notice that we know every function Ω on Sn−1 can be decomposed into even
and odd part that is

Ωe(u) =
1

2
(Ω(u) + Ω(−u)) Ωo(u) =

1

2
(Ω(u)− Ω(−u))

Corollary 4.7. Given a function Ω with zero average on Sn−1 If Ωo(u) ∈ L1(Sn=1)
and Ωe ∈ L1(Sn=1) for q > 1 then the fourier transform of p.v.Ω(x′)/|x|n is bounded
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4.3. The Calderon-Zygmund theorem.

Theorem 4.8. Calderon-Zygmund Let K be a tempered distribution in Rn which
coincides with a locally integrable function on Rn − 0 and K satisfies

|K̂(ξ)| ≤ A(4.1) ∫
|x|>2|y|

|K(x− y)−K(x)|dx ≤ B y ∈ Rn(4.2)

Then for 1 < p <∞ we have

∥K ∗ f∥p ≤ Cp∥f∥p
And

|{x ∈ Rn : |K ∗ f(x)| > λ}| ≤ C

λ
∥f∥1

And we say (4.2) is Hormander condition

Proposition 4.9. The Hormander condition
∫
|x|>2|y| |K(x−y)−K(x)|dx ≤ B y ∈

Rn holds if for every x ̸= 0 we have

|∇K(x)| ≤ C

|x|n+1
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