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TRANSFORM, SIGULAR INTEGRALS

JIHAO.LIU

1. FOURIER SERIES AND INTEGRALS
1.1. Some background.

Definition 1.1. Conwvolution:
[rg(x)= | felx—y)dy= [ [flz—y)g(y)dy
Rn Rn

Definition 1.2. (X, u) measure space and LP(X, 1) the banach space of function
from X to C. We say f € LP(X, ) if

/ fPdp < oo
X
Also || fllp = ([x | fIPdu)*/?

1.2. Fourier transform in L!.

Definition 1.3. Given f € L'(R™) the fourier transform is

1O = [ f)emtde

R”L
where £ € R™, x€ is the standard inner product

Proposition 1.4. Here are some nice property:
(1) linearity
(2) (f*9) =
(3) (ZL)(¢) = 2mie; (&)
(4) (=2miz; f)(€) = §L(©)
(5) f(x+h) = f(§)e*mthe
1.3. Schwartz class and tempered distributions.

Definition 1.5. Denote S(R™) the Schwartz class. Intutionally, fin Schwartz class
if 1. finfinitely differentiable. 2. its derivatives decrease rapidly at infinity.

For all a, B € N", sup,|z*D” f(z)| = pa,s(f) < 0o

We also denote S’ become bounded linear functionals on S
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Definition 1.6. S’ is also called space of Tempered Distributions.

Give linear map T from S to C, T € S if
limg—ooT(Pr) = 0 for all limg(¢x) =0 in S

Theorem 1.7. The fourier transfrom is continuous map from S to S such that

/Rnf§= Rnfg

And we have the "reverse” of fourier transform that is
fla)= [ fe)e*m=eds
Rn

Proof. [p. fi= [pn fg can be checked easily Suppose f in S

DA f(&) = ¥ (=2mi) (2P f) = —(2mie™) (2P f) = C(D*P f)
= [¢*DPf() < 1" D f(©)llc = IC(D*2” )]l < CI(D*2” f)]s

We know f in S then C|(D%z?f)]||; is bounded by finite linear combination of
seminorms of f so fourier transform is continuous map from S to S

[ t@aoaris = [ 1) [gtwe > vaydo = [ [ s@gtwe vy
= [ o) [ ) vdady = [ o) £Gu)dy
let 2 =M\y,y = A"'z = /f(x)x”g(xlm)dx
Change varibale again in [ f(z)§(Az)dz, let Az = y we have
[ 10 0g(@)ds = [ fapg(hta)da
Then take A — co we have
10) [ gta)de = 90) [ flais

This is ture for all f,g in S. Choose g(z) = e’“'“"Q, we know(lemma 1.14 in the
book) f = e~™ then fe) = e~7l6 . we have

£(0) = / £(6)de

From 1.16 in the book we know f(y+xz) = f(€)e2™¢ (f function of y). Put it back
we have done. g

Definition 1.8. T € S’ a tempered distribution, the fourier transform of it is
T(f)=T(f)
for fes

We also can define the temper distribution by f € S
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Lemma 1.9. For ¢(x) € S, we can define

1,0) = [ via)o(o)is
And some time we denote Ty as < ¢(x),— >. Also this map it injective
It is also nice to say the convolution of a distribution T and a function f is

Tx f(z) =<T,7f(—y) >
where for integrable function f and T in S’

STyt >= [ 9o fado
Theorem 1.10. The fourier transform is a bounded luner bijection from S’ — S’
whose inverse is also bounded.
Proof. Suppose Ty — T in §’, for any f € S

To(f) = Tulf) = T(f) = T(f)

So fourier transformation perserve the limit. O

Corollary 1.11. For f € S denote f(z) = f(—z) then (f) = f and the fourier
transform has period of 4.

Remark 1.12. The operation”and ~isn’t commute
1.4. Fourier transform on LP.
Definition 1.13. T € S’ then T(f) = T(f)

Fact: f € L? then f can be identified with a tempered distribution 7' such that
defined as following:

Ti(¢)= | [o

R»
for any ¢ € S

Theorem 1.14. Plancherle theorem The fourier transform is an isomertry on L?
that is

fel? [Iflz= £l
Also the fourier transform is

f(&) = limp—oo / f(z)e 2™ dy
|z|<R
With the inverse transform

F(2) = limp oo / fleyermived

€<k

Remark 1.15. Notice that the intution of this form is that we can’t ensure the
integer is finite if we don’t write the limit.

Proof. Let f,h € S and we let g = h = § = h By theorem 1.7 we know (]
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Theorem 1.16. Riesz-Thorin Interpolation
Let 1 < po,p1,q90,q1 < 00 and for 0 < 0 < 1 define q, p as following

1 1-66 6 1 1-6 0
- = + — = + —
p Po b1 q do q1
. Let T be linear operator from LP — L% such that for f € LPo

1T Fllgo < Moll llpo

And for f € LP1
1T fllq < Mullfllp,
Then for f € LP we know
ITfllq < My~ M| £l

The intution of this theorem is that if we know the end point behavior then we
can know every thing in between.

Corollary 1.17. Hausdorfj- }Afoung inequality
IffelP,1<p<2 thenfELp/ and
11l < 111

where 2 < p’
Proof. Recall that || f[lec < |[f]l1 and || fll2 = || fIl2 0
Corollary 1.18. Young’s Inequality f € LP and g € LP then f* g € L" where

1/r+1=1/p+1/q and
1 gllr < [1fllallgllq

Proof. We only need fix p, we have

1f =gl < [IflIpllgllx
And
£ *glloe < 1fllpllglly

2. HARDY-LITTLEWOOD MAXIMAL FUNCTION

2.1. Approximations of identity. Let ¢ be an integrable function on R"™, such
that [¢ = 1 and for ¢t > 0 define ¢y(z) = t "¢(t 'x). Consider ¢; a operator
define

b1(g) = / e g (@)de = [ p(x)g(tr)de

R?L
Ast — 0, ¢y — 6 € S and 0 is called the Dirac measure at origin. By D.C.T we
know

limi—o¢i(g) = 9(0) = 6(g)
Since § x g = g for g € S we have the pointwise limit
limi o1 x g(x) = 0% g(x) = g(x)
We say {¢; : t > 0} the approximation of identity.
Theorem 2.1. {¢; : t > 0} the approximation of identity then
limg—ollpe * f — fllp, =0
If f € L? 1 < p < o0. The converge is uniformly if f € Co(R"™)
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Proof. Since [ ¢ =1 we have

oux fla) = 1) = [ ot~ t9)  Fla)ldy
Since f € LP then for give € > 0,3 § > 0 s.t for all |h| < § we have

L[f(x+h) = f@)]l, < Mol

By the [,, ¢ =1 we know [ |¢(y)|dy is sufficient small in faraway. Then we have
a sufficient small t such that

) d _ ¢
2 /w/t 1eW)ldy < 37y,

Combine thie two we have

Joux £ =l =1l [ stlsta=t9) = s@)asl,
oy o)\ f(x — ty) — F(a)ldy + / oW\ f (@ — ty) — F(@)ldylly

ly|<é/t ly|>6/t

< II/ ()| f(z —ty) — f(z)|dyll, + | ()| f(z —ty) — f(@)|dyllp
ly|<é/t

ly|>4/t

S/ oI f(z — ty) —f(x)Ideer/ o)1 f (z = ty) — f(2)|llpdy
ly|<é/t

ly[>35/t

=/ |¢>(y)|||f(33—ty)—f(x)deer/ loWII f(z —ty) — f(@)llpdy
ly|<é/t

ly|>6/t

By 1. and 2. we have done U

2.2. Week-type inequalities and almost everywhere converge.

Definition 2.2. Let (X,pu) and (Y,v) measure spaces. T is an operator from
LP(X, ) into the space of measurable functions from'Y — C. T is weak (p,q),
q < oo if

Wty € ¥ ()] > A < (e,

Definition 2.3. We say T is weak (p, oo) if it is a bounded operator from LP(X, p)
to L*=(Y,v)

Definition 2.4. We say T is strong (p, q) if it is a bounded operator from
LP(X, ) to LY(Y,v)

Lemma 2.5. Strong(p,q) = weak(p,q)
Proof.

Tf(x
e Y s L5l > ) = [ < [ L)y
{yeY:|Tf(y)|>A} {yeY:|Tf(y)|>\}
T fl|a
A A
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2.3. Marcinkiewicz interpolation theorem. Here is an intutiton about the L?
space: the p means the following two things

(1) the boundary of each point
(2) the speed of decay.

Consider L' means that the speed of decay is nice but we can’t make sure every
point is bounded. In opposite L® means every point is bounded but it might
happen that the integral isn’t finite like constant

Definition 2.6. (X, u) be a measure space and let f : X — C be a measurable
function. We define the distribution function of fay : (0,00) — [0, 00] as following

ap(A) = p({z € X :[f(2)] > A})

Proposition 2.7. Let ¢ : [0,00) — [0,00) be differentiable, increasing and such
that ¢(0) = 0 then

/¢QNMMM=/MWMMAMM
X 0

Proof. We know

/0 ) ¢'(Nay(A)dA = /O N ¢'(N) /lf(w)mdudx = /X /0 o ¢ (\)dAdp

And notice that
|f ()] . ()]
[ dan=ami
0
And $(0) = 0 O
Theorem 2.8. Marcinkiewicz Interpolation
Let (X, p) and (Y,v) be measure spaces, 1 < py < p; < oco. And let T be a sub-

linear operator from LPo (X p)+ LP* (X, u) (LP(X, un)) to the measurable functions
on Y that is weak(po,po) and weak(p1,p1). Then T is strong(p,p) for po < p < p1

Proof. Given f € LP for each A > 0 decompose f as fo + fi where fo € LP° and
fl c [Pt

fo = hdir@i>en

i = Fdir@i<eny
Then we have

TN = T(fr+ fo)l < T (fo) +T(f0)l < |T(fo)l + |T(f1)]
Which implies
arf(A) = p({z € X [T f(z)] > A}) < p({z € X : [T(fo)| + [T(f1)] > A})
< arg, (A2) +arg (A/2)
1. pP1 =
By the definiton of weak (oo, 00) we know T is bounded, then there exists A; such
that || Tg|lco < A1]|g]|co- And choose ¢ = 2—}41. Then
S = hdir@i<azany

we know

ary, (A2) = p{z € X |THi(2)] > A/2}) = p({z € {[f(2)] < A/2(A1)} - [Tf ()| > A/2})
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And for z € {|f(z)] < A/2(A1)} we know || f(2)||ec = sup|f(x)] < A/2(A;) then we
have

Tf(@)] <ITf(@)lleo < Arllflloc <A/2
So we know ary, (A/2) = 0. Then use the definiton of weak(po, py) we have

ars,(V/2) = p({w € X « [T fo(w)] > A/2}) < (%)po

and Ag just a constant. Then

A

By proposition 2.7, choose ¢ = xP we have

oo oo
176l = [ o3 tar i <p [N ey, (/2)dN

o o

00 24 oo 2A.)Po Po
Sp/ /\p—l( 0|y0||p0)p0dA:p/ /\p—l(( 0))\pl‘f0|p0)d/\

—p [ Al =p [ @ag [ o) duds

o0
—p2dgy [ (@)l dpud
o {lf(@)[>cA}
Use the prop 2.7 again and computation we have
p _
TTIP < 240)PO(2A,)PPo P
1Tl < P*po( 0)” (2A1)P I £
p1 < 00

We have
2A0||f0“;l70 )po

arp(V/2) < (Z2

And
2A1 ”fl le )pl

ars, (0/2) < (2

Then we have

||Tf\|£ < p(QAo)po/ )\P—l—;ﬂo/ |f(z)[Podud\
o Hf(@)[>eA}

+ / \PTip / | f () [Prdpd
0 {1/ (@)|<er}

By the same argument in situation 1 we have done
|

2.4. Hardy-littlewood maximal function. First we want to introduce some
maximal function.

Definition 2.9. (Hardy-littlewood maizmal function) Let B, = B(0,r) be the eu-
clidan ball of radius v centered at the origin. f is locally integrable function on R™
the hardy-littlewood maximal function is

M) = upﬁ /B @ —y)ldy

This is an average function base on the circle of radius r.
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Definition 2.10. maziaml function with cube Denote Q, be the cubes of [—r,r]"

then define
1

o f(x—y)ldy
oy |, Vv
Proposition 2.11. Let ¢, and C,, be constant then

enM' f(x) < Mf(x) < CoM' f(2)

M' f(z) == sup,~o

Definition 2.12. maximal function with all cubes contained x @Q is a cube
1
M f(z) = Supxeczf/ |f ()ldy
QI Jq
Notice that x might not be the center of Q

Theorem 2.13. The operator M is weak(1,1) and strong(p,p) with 1 < p < oo

Proof. We know
1M flloo < [I.flloo
because the thought of take avergage. So M is weak(oo,00) Also from Thm 2.8,

the marcinkiewicz interpolation says that to prove this thm, we only need to show
it is weak(1,1) O

2.5. Dyadic maximal function. We have a new maximal function

Definition 2.14. Dyadic cube Qi is a family of cubes, open on the right whose
vertices are adjacent points of the lattice (27%Z)" and cubes in |J, Qi are called
dyadic cubes

To understand, it is we divide the unit cube in different ways(more and more
small). we have some simple property

Proposition 2.15. we have some simple property
(1) Given x there is a unique cubes in each family Qi which contains it
(2) any two dyadic cubes are either disjoint or contained
(3) a dyadic cube in Qy, is contained in a unique cube of each family Q; where
j < k and contains 2™ dyadic cubes of Q1

Definition 2.16. Dyadic mazximal function
First for f € L (R™) we define

loc
Buf@) = Y (7 /Q Dxela)

QEQy
which it the function of take average by the family of Qi then we define

My = supg|Er f ()]

Theorem 2.17. We have the nice property of dyadic maximal function

(1) The dyadic mazimal function is weak (1,1)
(2) f €L, then limy oo Erf(x) = f(2) a.e

loc’

Proof. We will only prove (1). Since we the defintion of M, f(x) takes the abs value,
we can suppose f is non-negative because we can always find a family of Q; who
sperate the negative and positive part. Define

QY ={reR": A< Myf(x) and E;f(zx) <AV j<k}
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So we can write
{z € R": Myf(x) > \} = UQk

Also by the construction we know the €, is disjoint. Then we can write the measure
as the following

{z € R": Maf(z) > A} = |

sZ/Qk E’”; AZ/ > |Q|/Qf)><cz(w)

O Qe

Notice that if we have a single cube we have

/Q<|§2|/Qf>XQ<x>dx=<@/Qf>/Qldw=<|§2/Qf>

Since we can write O = [Jgeg, @ So we have

e r Muf@) > 1< 53[5 g [ e

e Qeqn
1
= — <—
A%:/Qkallfll
]

Theorem 2.18. Calderon- Zygmund decomposition
Given a function f which is integrable and non-negative and given a positive
number A, there exists a sequence {Q;} of disjoint dyadic cubes such that:

(1) f(x) < X for almost every x ¢ |JQ;
(2) IUQ; < 2lflh =S4
(3) A< ﬁ%ﬂ'ﬁgjf <27\

It is a very useful technique. It says, we have a integrable function f. First we
choose a height A\, depends on this A we divide the function f into two parts. One
is some cube where the mean of in the cube is between A and 2™\ also this cube
has finite measure. And another part besides this cube has smaller value than A.

3. HILBERT TRANSFORM

3.1. The conjugate Poisson kernel.

Definition 3.1. Suppose t > 0, Define the function
u(et) = [ e o)t

Definition 3.2. Given a function fin S(R), the harmonic extension to the upper
half-plane is u(x,t) = P, * f(x) where P, is the poisson kernel. To be explicitly we
have

o ~ . 0 ~ .
= [ doemacs [ feema
0 —0o0

where z = x + it, t > 0
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Also we can define the harmonic conguate of u which is v as the following

oz) = [ —isgn(g)e > fepermig
R
if we write z = x + it we have

v(z,t) = Q¢ x f(x)

where
1 T

T2 + 12

Qi) = —isgn(§e >t = Qy(x) =
which is the conjugate of Possion kernel
3.2. Principal value of 1/x.

Definition 3.3. The principal value of 1/x is a tempered distribution where

p.v.l/x(¢) = lime_,o/ Mdm
|z|>e L
where ¢ € S
Proposition 3.4. In S’ limy_,0Q¢ = %p.v.%
Proof. First we define
e = 1
e = xX\z\>e
As a distribution we know
1
< WYe, @ >= / M = liMe_o = pv.—
|z|>e L €

Which means we only need to prove

limt—>0(Qt - %1/%) =0

For any given ¢ € S

(mQt — Pi)(¢) = /R tfq-sfjcé a /|x|>t o

[ _¢><f>)

2 2 2 2
\z|§tt +x z|>t te+x x

B zP(te) o(tx)
B /|m<1 1+ 22 /|a:|>1 z(1+ 22)

If we take t — 0 then ¢(tz) = ¢(0) as a constant, then we have 2 integral of odd
functions on symmetric domians which are zero (I

By this property we have
) 1 1
limy—0Q: * f(x) = (;pv;) * f(x)
1,1 1. flz—y)
= —(pv.—)(f(x —y)) = —lim, / —dy
e )y = time [ S5

Also since fourier transform on S’ is continuous we know

(o J(6) = (limes0Qu)(€) = limioGu(€) = ~isgn(€)
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Definition 3.5. Hilbert transform
Given a function f € S we define its hilbert transform by any of the equivalent
ETPressions:

(1) Hf = limioQq + f = tlime o [, . LE=9) gy
(2) Hf = %p.v.% x f = %lime_m f\y\>6 f(w;y)dy
(3) (H)(§) = —isgn(€) f(€)
Recall that if f € L2 then we know || f||2 = || f||2 so in L2 we have
1H flla = |1 H fll2 = || — isgn(€) flla = [ /ll2 = I fl2
(H(H)) = (~isgn(©)Hf = ~f(€) = H(Hf)=~f

s o= [ 1 o)

3.3. The theorems of M.Riesz and Komogorov.

Theorem 3.6. For f € S(R) the following are true
(1) (Kolmogorov) H is weak(1,1), that is :

o€ R: (@) > M < Sl

(2) (M. Riesz) H is strong (p,p), where 1 < p < oo that is
HH fllp < Coll £l

Proof. To prove 1 kindly use Calderon-Zygumnd decomposition(Thm 2.18) which
we write the function f as sum of g and b. Where

g(z) = {f(.’);‘), x ¢ U]j
‘T:b"f[jf J?EI]‘

Where g take f(x) when x is not in the cube(samll), and take the mean when in the
cube(big). And define b = f-g as a sum of b; on each cube. Then we use the Cheb
inequality.

And proof of 2 is a result of Macinkiewicz interpolation O

3.4. Multipliers.

Definition 3.7. Given a function m € L*°(R™) we define a bounded operator T,
on L? as following

(T f) () = m(€) F(€)

4. SINGULAR INTEGRALS

4.1. Definition and examples.

Definition 4.1. The singular integrals we are interested in are operators of the
form

T5() = lim—o | ) pe — y)ay

lyl>e Y™



12 JIHAO.LIU

where Q is defined on S"~! -the unit sphere in R™. Also integrable with zero av-
erage where y' = y/|y| Also it is a convolution of f with the tempered distribution
p.v.Q(2")/|z|* which is

P e’ /e (6) = limeso / )

|z|>e |x‘n

o(x)dx

Proposition 4.2. A necessary condition for the limit in

pvz")/|x]"(¢)
And

Tf(x)= limeao/ ) flz —y)dy

yl>e Y™

exists in Q have zero average on S™ 1

Proof. Since only need to prove necessary, choose f € S(R") s.t f(x) = 1 for any
|z| <2 we have

. Qy')
T =lime_, —y)d
f(z) =lim O/y|>e ol flz—y)dy
Qy') ‘ Q(y")
= —y)d lime_s —y)d
/. IR A 0/1>|y|>6 PR

The first part doesn’t effect by the limit consider the second part. Set

I(e) = / i |<1Q(y/'y')f<x—y> dy.

ly|™

In polar coordinates y = rw with r € (g,1) and w € S~ !, dy = r" "1 dr do(w), so

o=/ o /f do(w).

fl@—rw) = f(z) + [fl@—rw) = f(2)].

1(e) = f(x) /SHQ(W)/E T o) + /Si Q(w)/: =) 2 1@ 4y o
:f(x)</snilQ(w) do(w)) 1ng +0(1) (e —0),

where the O(1)-term is bounded by continuity of f at x. Hence

1(e) = f(x) Q/S Qw) do(w)) In % +0(1),

which shows that

time [ S oy = timea [ 0000 Yog(1/0)

1>|y|>e ‘y|n

Notice that limlog(1/€) diverge so to let it converge we need the integral be 0.
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4.2. Fourier transform of the kernel.

Definition 4.3. A function f is homogeneous of degree a if for any v € R"™ and
any A > 0 we have

fAz) = A f(x)
Given any function ¢ define ¢ = A""¢(A"1z) then

f@)ox(@)de =" [ f(z)¢(x)dx
Rn R’I'L
where f is homogeneous of degree a.

Definition 4.4. A distribution T is homogeneous of degree a if for every test
function ¢ it satisfies

T (o) = A\"T(9)

Proposition 4.5. If T is a tempered distribution which is homogeneous of degree
a then its fourier transform is honogeneous of degree —n — a

Proof. For ¢ € S(R™) and A > 0, set
ox(x) = XA ).

A change of variables y = A~z gives

RO = [ NN ) do = [ () dy = 500,

n

Since by definition T(¢) = T(QAS), we obtain
T(¢2) = T(d2) = T(3(A")).
Now write 1(£) = ¢(£). Then

~

P(AE) = P(AE) = A7" 15 (8), ) =n " ().

Hence
T(62) = T(A " hiyn) = A" T(thrya) = A" (1/N) T() = A" T(9).
This shows that 7 is homogeneous of degree —n — a. [

As a result we know the homogeneous degree of fourier transform is degree 0.

Theorem 4.6. If Q is an integrable function on S™~' with zero average then the
fourier transform of p.v.Q(x')/|x|™ is a homogeneouse function of degree o given by

1 T ,
m(©) = [ fwllon(rgy) — G son(ug o

where do(u) is the integral on surface

Notice that we know every function € on S™~! can be decomposed into even
and odd part that is
1 1

Qe(u) = 5(Qu) + Q(=v)) o(u) = 5(Qu) — Q~w))

Corollary 4.7. Given a function Q with zero average on S~ If Q,(u) € L*(S"=1)
and Q. € LY(S"=1) for ¢ > 1 then the fourier transform of p.v.Q(z')/|z|™ is bounded
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4.3. The Calderon-Zygmund theorem.

Theorem 4.8. Calderon-Zygmund Let K be a tempered distribution in R™ which
coincides with a locally integrable function on R™ — 0 and K satisfies

(4.1) K@) <A
(4.2) / |K(x —y) — K(x)|de < ByeR"
=[>2[y]

Then for 1 < p < oo we have

1K * fllp < Cull fllp
And o
Hz € R*: |K * f(z)] > AH < L [Iflh

And we say (4.2) is Hormander condition

Proposition 4.9. The Hormander condition fIE|>2|y| |[K(z—y)—K(z)|[dr < Bye€
R™ holds if for every x # 0 we have

V(@) < —o

- |Z‘|”+1
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