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1 Standard Young Tableau

Definition 1.1. A Young diagram is a collection of boxes, where the number
of boxes increases from top to bottom and left to right.

Definition 1.2. A standard Young tableau (SYT) is a way to fill a young
diagram with numbers from 1 to n without repetition, where the numbers in-
creasing from left to right and top to bottom.

Example 1. Here’s an example of a standard Young tableau of the Young
diagram (4, 2, 1)
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Definition 1.3. The hook length of a specific box is the number of boxes to
the right, to the bottom, and the box itself.

Example 2. For the box with the number 2, the hook length is 4.

2 5|6\

’\pr—

Definition 1.4. A hook walk from u to v is a random walk where we start at
a box uin a SYT. Then, at each step, we jump from u to any other box in the
hook of u repeatedly until we reach a corner v.

Theorem 1.5. (hook length formula) The number of SYT of shape A with n
boxes is given by
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where h(x) is the hook length of the box x.
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Example 3. Applying the hook length formula to the Young diagram above,
the number of SYT of shape A is f* =7!/(6-4-2-1-3-1-1) = 35.

Proof. (hook length formula)

This is based on Greene, Nijenhuis, and Wilf’s 1979 proof of the hook length
formula.

First, we know that there is a recurrence relation for the number of SYT
because there are certain boxes that you can remove and still have a SYT. The
largest number n has to appear in one of the bottom-right corners, so if we
remove one of these boxes, we would be left with a smaller SYT. For example,
in the following SYT, we can remove any of the boxes with an O in it.
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Then, we can see that f&3! = f331 4 421 4 43 This gives us the
following general formula:
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Base case: Forn = 0 and n = 1, we have f® =1 and f! = 1.
Inductive step: For the inductive step, we want to show that
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If we multiple by H(A) and divide by n!, we get
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Since we have 1 on the left side and nonnegative real numbers on the right
side, we can try to turn this into a question about probability.
Let P(u,v) be the probability that a hook walk starting at u ends at corner

v. Then, we obtain
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where h(x) is the number of total boxes in a hook.
A key observation is that if we fix v, the entire hook walk must stay between
the top-left corner and v. If the hook walk stays in a smaller rectangle within
with corners a, b, ¢, d, we have the rectangle law, which states

h(a) + h(d) = h(b) + h(c).



Next, we get
(h(a) =1) + (h(d) = 1) = (h(b) = 1) + (h(c) = 1).

If d is a corner, then h(d) —1 = 0. Then, if we know the labels on the bottom
edge and right edge of the rectangle, we can uniquely determine all of the labels
in the rectangle.

We now want to calculate the total probability of all hook walks using the
following proposition about lattice paths. Lattice paths are hook walks where
we can only moving down or right by one square every step.

Proposition: For a given Young diagram A, let a be the upper-left corner
and b be the upper right corner of a (k+ 1) x (I + 1) rectangle in A. Label

the bottom row of the rectangle i, ey é and the right-most column of the
rectangle i, ey i Then, the total probability of all lattice paths from a to b
is
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To prove this proposition, we first induct on k + [.
Base case: k+1=2
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We can check that the proposition is true for k 4+ [ = 2 because
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Inductive step:

Suppose the equality is true for some rectangle k + . We start at rectangle
corner a, labeled fliyl. Then, any lattice path either goes down one square
from A to A’ or right one square from A to A”. Then, we determine that the

sum over all paths of w(P) is
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By the inductive hypothesis, this is equal to
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