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1 Introduction

Brouwer’s fixed point theorem is a fundamental result in algebraic topology with
novel applications in fields across mathematics, economics, and game theory. L.
E. J. Brouwer’s idea for the theorem originated from his observation of dropping
a lump of sugar into a coffee mug and stirring–he noted that if one stirred the
sugar, there would always be a point in the coffee that has no motion. His
theorem states that any continuous function f mapping a nonempty compact
convex set to itself guarantees a point x such that f(x) = x. In R2, the theorem
guarantees that any continuous function mapping a disk to itself has at least
one fixed point. This paper explores Brouwer’s fixed point theorem in the first
and second dimensions using basic analysis and the Fundamental group.
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2 Brouwer’s Fixed Point Theorem in Dimension
One

If a continuous function f maps a closed interval [a, b] to itself, then there must
be at least one point x where f(x) = x. We will call this a fixed point.

2.1 Intuition

Since f maps [a, b] to itself, we know:

• f(a) is in [a, b], so a ≤ f(a) ≤ b

• f(b) is in [a, b], so a ≤ f(b) ≤ b

Now we consider the relationship between the points and the diagonal:

• If f(a) > a, then the graph of f starts above the diagonal

• If f(a) = a, then we’ve already found a fixed point at x = a

• If f(b) < b, then the graph of f ends below the diagonal

• If f(b) = b, then we’ve already found a fixed point at x = b
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2.2 Formalizing the Proof

As illustrated in the figure above, if f(a) > a and f(b) < b, then the graph of
f starts above the diagonal and ends below it. Since f is continuous, its graph
must cross the diagonal somewhere in between. This insight suggests we look
at the difference between f(x) and x. Hence we define the following auxiliary
function:

g(x) = f(x)− x

This function has the following properties:

• g is continuous on [a, b] (as the difference of continuous functions)

• g(x) = 0 if and only if f(x) = x (i.e., x is a fixed point of f)

The idea is that when f is above the line, g(x) is positive and changes signs at
least once.

Recall the famous Intermediate Value Theorem (IVT) states that if f is a con-
tinuous function whose domain contains the interval [a, b], then it takes on any
given value between f(a) and f(b) at some point within the interval. Intuitively,
one cannot go from the summit of a mountain to the base of a mountain without
traveling every elevation in between.
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We now consider all possible cases:

Case 1: Suppose that f(a) = a or f(b) = b. Then we immediately have a fixed
point at x = a or x = b, respectively, and we are done.

Case 2: Suppose that f(a) > a and f(b) < b. This gives us:

g(a) = f(a)− a > 0 (1)

g(b) = f(b)− b < 0 (2)

By the IVT, since g is continuous with g(a) > 0 and g(b) < 0, there must exist
some point c ∈ (a, b) such that g(c) = 0. This implies f(c) = c, proving that f
has a fixed point.

3 The Fundamental Group

3.1 Definition and Basic Properties

The fundamental group π1(X,x0) of a topological space X with basepoint x0

consists of equivalence classes of loops based at x0, where loops are considered
equivalent if they can be continuously deformed into one another. Formally:

Definition 1. Let X be a topological space and x0 ∈ X a basepoint. The funda-
mental group π1(X,x0) is the set of homotopy equivalence classes of continuous
maps γ : [0, 1] → X such that γ(0) = γ(1) = x0, with the group operation given
by loop concatenation.

Two loops α, β : [0, 1] → X with α(0) = α(1) = β(0) = β(1) = x0 are said to be
homotopic if there exists a continuous function H : [0, 1]× [0, 1] → X such that:

• H(s, 0) = α(s) for all s ∈ [0, 1] (at time t = 0, we have the first loop)

• H(s, 1) = β(s) for all s ∈ [0, 1] (at time t = 1, we have the second loop)

• H(0, t) = H(1, t) = x0 for all t ∈ [0, 1] (the basepoint remains fixed)

Intuitively, a homotopy H provides a continuous deformation from one loop to
another while keeping the endpoints fixed at the basepoint. This equivalence
relation partitions loops into classes, and these classes form the elements of the
fundamental group.

The fundamental group captures essential topological information about a space:
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• For a simply connected space (like the disk D2), π1(X,x0) = {e} (the
trivial group)

• For the circle S1, π1(S
1, x0) ∼= Z (isomorphic to the integers), where the

integer corresponds to the winding number of the loop around the circle

3.2 Functoriality Property

A critical property of fundamental groups is their functorial nature, which allows
us to translate continuous maps between spaces into homomorphisms between
their fundamental groups:

Theorem 1 (Functoriality of π1). Let f : (X,x0) → (Y, y0) be a continuous
map between pointed topological spaces. Then:

1. f induces a group homomorphism f∗ : π1(X,x0) → π1(Y, y0) defined by
f∗([γ]) = [f ◦ γ]

2. If g : (Y, y0) → (Z, z0) is another continuous map, then (g ◦ f)∗ = g∗ ◦ f∗

3. For the identity map idX : (X,x0) → (X,x0), the induced homomorphism
(idX)∗ is the identity homomorphism on π1(X,x0)

This functoriality is the key to our proof of Brouwer’s fixed point theorem, as
it allows us to transform a topological problem (existence of a fixed point) into
an algebraic one (existence of a certain homomorphism).

The functoriality property means that if f : X → Y is a continuous mapping be-
tween topological spaces, it induces a homomorphism π1(X) → π1(Y ) between
their fundamental groups. Importantly it satisfies:

1. If g : Y → Z is another continuous map, then (g ◦ f)∗ = g∗ ◦ f∗

2. For the identity map id : X → X, the induced homomorphism id∗ is the
identity homomorphism

This property allows us to translate topological problems into algebraic ones.

3.3 Induced Homomorphisms for Specific Maps

For our proof of Brouwer’s fixed point theorem in two dimensions, we consider
two specific induced homomorphisms:
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1. i∗ : π1(S
1) → π1(D

2) induced by the inclusion map i : S1 ↪→ D2 -
Since π1(S

1) ∼= Z and π1(D
2) ∼= {e}, this maps the generator of Z to

the trivial element - Intuitively, this means that any loop on the circle
becomes contractible when viewed in the disk

2. r∗ : π1(D
2) → π1(S

1) induced by a hypothetical retraction r : D2 → S1 -
A retraction would satisfy r ◦ i = idS1 , meaning r(x) = x for all x ∈ S1

3.4 The Retraction r(x) and Its Continuity

If a continuous function f : D2 → D2 had no fixed points, we could define a
retraction r : D2 → S1 as follows:

r(x) = intersection of the ray from f(x) through x with S1

Algebraically, this can be expressed as:

r(x) =
x− tf(x)

|x− tf(x)|

where t is chosen appropriately so that the resulting point lies on S1.

3.5 The Retraction Construction Following Hatcher

In constructing the retraction r : D2 → S1 for our proof, we follow Hatcher’s
elegant approach. As presented in his ”Algebraic Topology” textbook, Hatcher
defines the retraction as follows:

”Suppose on the contrary that h(x) ̸= x for all x ∈ D2. Then we
can define a map r : D2 → S1 by letting r(x) be the point of S1

where the ray in R2 starting at h(x) and passing through x leaves
D2.”

Regarding the continuity of this construction, Hatcher notes:

”Continuity of r is clear since small perturbations of x produce small
perturbations of h(x), hence also small perturbations of the ray
through these two points.”
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The crucial property of this retraction is that r(x) = x for all x ∈ S1. elegance
of Hatcher’s approach lies in its geometric intuition: since f has no fixed points,
we can always draw a well-defined ray from f(x) through x that will eventually
intersect the boundary of the disk. This intersection point defines our retraction.

4 Brouwer’s Fixed Point Theorem in Dimension
Two

Proof. We proceed by contradiction, using the functorial properties of the fun-
damental group.

Assume there exists a continuous function f : D2 → D2 with no fixed points,
i.e., f(x) ̸= x for all x ∈ D2.

Step 1: First, we construct a continuous retraction r : D2 → S1, which we
defined using Hatcher’s approach in section 3.5.

Step 2: Deriving the Contradiction.

We know:

• π1(S
1) ∼= Z (non-trivial)

• π1(D
2) ∼= {e} (trivial group)

Consider the homomorphism i∗ : π1(S
1) → π1(D

2). Since π1(D
2) is trivial, i∗

maps every element of π1(S
1) to the identity element in π1(D

2). Specifically, i∗
maps the generator [1] ∈ Z ∼= π1(S

1) to the identity element e ∈ π1(D
2).

Now, if r∗ ◦ i∗ = idπ1(S1), then:

(r∗ ◦ i∗)([1]) = [1]

But we also have:

(r∗ ◦ i∗)([1]) = r∗(i∗([1])) = r∗(e) = e

This gives us:
[1] = e

This is a contradiction since [1] ̸= e in π1(S
1) ∼= Z.

Step 4: Conclusion.
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Since we’ve derived a contradiction, our assumption that there exists a contin-
uous function f : D2 → D2 with no fixed points must be false. Therefore, every
continuous function f : D2 → D2 must have at least one fixed point.

This proof illustrates how the fundamental group functor π1 preserves compo-
sitional structure, making it a powerful tool for proving topological theorems.
The key insight is that we can translate the topological question of the exis-
tence of fixed points into an algebraic question about homomorphisms between
fundamental groups.

5 Extensions and Applications

5.1 Significance and Applications

Why does Brouwer’s fixed point theorem matter? Beyond its mathematical ele-
gance, this theorem has profound implications across disciplines. In economics,
it provides the mathematical foundation for Arrow-Debreu’s proof of general
equilibrium existence, fundamentally influencing how we understand market
dynamics and resource allocation. In game theory, John Nash directly applied
Brouwer’s theorem to prove the existence of Nash equilibria, revolutionizing our
understanding of strategic interaction in competitive scenarios. Engineers and
physicists rely on fixed point theorems when analyzing dynamical systems, while
computer scientists use them in algorithm design and computational complexity
theory.

5.2 Extensions and Future Directions

Brouwer’s fixed point theorem can extend to higher dimensions. For n-dimensional
spaces, the proof typically employs homology groups rather than the fundamen-
tal group, as they provide the appropriate algebraic structure to capture higher-
dimensional topological information. The generalized theorem states that any
continuous function f : Dn → Dn from an n-dimensional closed ball to itself
has at least one fixed point.

From a category-theoretic perspective, Brouwer’s theorem can be reformulated
in the language of functors and natural transformations. The functoriality of
homology and homotopy theories can be seen as instances of functors between
the category of topological spaces and the category of groups. The non-existence
of certain retractions translates to the non-existence of certain natural trans-
formations between these functors. This categorical viewpoint unifies various
fixed point theorems under a common framework.
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Algebraic geometry offers further extensions through schemes and cohomology
theories. The étale cohomology approach provides fixed point theorems for vari-
eties over arbitrary fields, extending Brouwer’s insights beyond the realm of real
manifolds. Lefschetz fixed point theory, which counts fixed points using trace
formulas, represents another sophisticated direction emerging from Brouwer’s
foundation.

As mathematics continues to grow, Brouwer’s fixed point theorem stands as
both a foundational result and a gateway to deeper explorations across topol-
ogy, algebra, and their applications. Its study not only illuminates beautiful
mathematical structures, but also provides critical tools for addressing chal-
lenges in the real world.
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