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Abstract

This paper presents various solutions to Mordell’s equation, with a focus on finding integral
solutions. This paper explores different cases and methods, including the use of the Gaussian

integer ring, 7Z[i].

1 Introduction

The Mordell’s equation are equations of the form y? = 22 + k for a nonzero k € Z. For different
k € Z, the Mordell equation always has finitely many integral solutions. For rational solutions, for
nonzero k € Z, there can be infinitely many solutions, which can be found by considering geometric

solutions.

2 No integral solution

For this paper, most of the arguments will be considering the congruence and quadratic residue con-

siderations:

—1=0 (modp) <= p=1 (mod4)
=0 (modp) < p=1,7 (mod 8)
—2=0 (modp) < p=1,3 (mod8)
Theorem 1. The Mordell’s equation y> = x3 — 3 has no integral solution. (k= —3)

Proof. Consider a proof by contradiction. That is, suppose that there is an integral solution. Suppose
that z is even; then y> = —5 = 3 (mod 8), but 3 mod 8 is not a square. Therefore,  must be odd.
And, this implies that y must be even. To have the left hand side and right hand side of the equation
agree with each other, this requires 3 = 3 (mod 4). Consider the table:



x (mod 4) 23 (mod 4)
0 0
1 1
2 0
3 3

Consider the new equation
2 _ .3 _ 2
Yy +4=2"+1=(x+1)(z"—x+1)

This means that 23 = x (mod 4), which is true for all odd x. Therefore, reducing by modulo 4, gives
0=2x+1 (mod 4), since z = 3 (mod 4). Furthermore, x + 1 must be positive, this is because the

2 — 2+ 1 must be positive as completing the square gives (z — 1/2)? + 3/4, which is

other factor, x
always positive. With the conclusion that 22 — z + 1 = 3 (mod 4), this means that there is a prime
factor p, such that p | z +1. And, so p =3 (mod 4). The equation can be reduced by modulo p, to
obtain the expression 4% +4 = 0 (mod p), which implies 2 = —1% 22 (mod 4). This implies —1 = [
(mod p), implying that p = 1 (mod 4), which is a contradiction that p = 3 (mod 4). Therefore, by

considering both parities, the Mordell’s equation has no integral solution. O
Theorem 2. The Mordell’s equation y? = x3 — 9 has no integral solution. (k= —9)

Proof. Once again, consider a proof by contradiction. First, suppose that x is even, this means that

y?> = —9 (mod 8). Therefore, 4> = 7 (mod 8), which is not a square. Hence, x is not even, and

consider if now z is odd, then y is even. Reduce the equation mod 4, gives 0 = 23— 9 (mod 4). Since

23 =z (mod 4), this implies that = 1 (mod 4). Consider the equation to be rearranged as follows

Y +1=a%—8=(x—2)(a®+ 2z +4)

. Consider the factor 22+ 2x +4, this factor is positive, which can be shown by completing the square,
which gives (z + 1)2 + 3, implies that this factor is at least 3. Since 2 = 1 (mod 4), this means that
224+22+4 =3 (mod 4). This means that Jp, such that p = 3 (mod 4). The equation can be reduced

by modulo p, such that the expression becomes
> +9=0 (mod p)

This implies y?> = —1 % 32. Furthermore, p # 3. This is because if p = 3, this means that y = 3y/.
This implies that 3 | z. Therefore, the equation can be written as 932 = 2723 — 9 so 32 = 32" — 1.
Therefore, y"? = 2 (mod 3), which is not possible. Therefore, this means —1 = [0 (mod p), implying
that p =1 (mod 4), which is a contradiction to the claim that p = 3 (mod 4). By considering both

parities, the Mordell’s equation for £ = —9 has no integral solution. O

Theorem 3. The Mordell’s equation y> = x3 — 12 has no integral solution. (k= —12)



Proof. Consider a proof by contradiction. We need to first show that x is odd. Suppose not. Suppose
that x is even, this means that 3k, such that z = 2k. This gives y?> = 8k% — 12 = 4(2k3 — 3). This
means that y? is divisible by 4. To be a perfect square modulo 4, 2k® — 3 should be divisible by 4.
However, if this is the case, 2k* — 3 = 0 (mod 4). This implies that 2k® = 3 (mod 4), which is not
possible because 2k3 has to be even. Therefore, z cannot be even, it has to be odd.

Now, suppose that z is odd and y is odd. This means that y?> =1 (mod 4) and 2* = z (mod 4).

Therefore, 1 = 2 +4 (mod 4). This makes © =1 (mod 4). Now rewrite the equation once again as
Y +a=a3—8=(x—2)(a® + 2z +4)

Because = 1 (mod 8), the first factor z — 2 = 3 (mod 4) and the second factor x? + 2z +4 = 3
(mod 8). To get a contradiction, we can first consider the second factor x? + 2z +4 = (z + 1)% + 3,
which implies that it is always positive. This means that it must have a prime factor p, such that p = 3
(mod 4). and p | 22 + 22 + 4. This means that y?> +4 = 0 (mod p). This means that y> = —1 % 22,
This implies that p = 1 (mod 4), which is a contradiction to the claim that p =3 (mod 4).

O

3 Equations with integral solution

Theorem 4. The Mordell’s equation y* = x3 — 8 has only one integral solution in Z, (x,y) = (2,0).

Proof. First, we can consider the possible parities of y. Suppose that x is odd. Consider equation
Y2 +16 =23 4+ 8 = (z +2)(2? — 20+ 4)

Because x is odd, this means that y must be odd. This means that > = 1 (mod 4) and 2% = x
(mod 4). Therefore, this means that 1 = 2 (mod 4). We can get a contradiction by considering the
factor 2 — 2z +4 = 3 (mod 4). And, so this means that Jp, such that p | 22 — 2z + 4, such that
p =3 (mod 4). Therefore, y? + 16 = 0 (mod p). And, so y?> = —1 % 4? (mod p). This implies that
p =1 (mod 4), which is a contradiction.

Therefore, z must be even and y must be even. Now, consider working in Z[v/2i].
ad =y +8 = (y +2v2i)(y — 2v/2i)

Consider that y + 2v/2i is a cube, such that y + 2v/2i = (a + v/2bi)?, we obtain the two equalities by

comparing the real and imaginary parts:
a® — 6ab® =y
3a?b — 2b° = 2

To obtain a solution for a,b € Z, b needs to be a divisor of 2. After trial and error with different

possible values for b, only b = —1, yields a solution, with @ = 0. Therefore, by considering the



first equation, we obtained that y = 0. Lastly, by considering the original equation, we obtain that
r=2,y=0.
In this proof, we consider the argument that the factor y + 2v/2i is a cube O

Theorem 5. The Mordell’s equation y* = 2® — 64 has only one integral solution in Z, (x,y) = (4,0).

Proof. First, we need to show that y is even. Suppose that y is odd. This means that = should also
be odd. Consider the equation

Y4+ T72=a23+8=(x+2)(z* — 2z +4)

By a similar argument, from Theorem 5, we can conclude that there is a contradiction that arises
when y and z are odd.

Therefore, this means that  and y must be even. Rearranging and factoring the equation gives
2% =y 4+ 64 = (y + 8i)(y — 8i)
We can argue that the two factors are cubes and also satisfies the equation
y + 8i = (m + ni)?

By equating the real and imaginary parts, the following equalities are obtained

y =m3 — 3mn?

8 = 3m?n — n® = n(3m? — n?)

Since we are considering that n,m € Z, this means that the second equation implies that n | 8.
Therefore, the possible values for n are +1, +2, +4. After trial and error with different values for n,
the only value of n that yield an integral solution for both m and n is when n = —2 and m = 0.
Therefore, the only solution to the equation is y = 0 and x = 4.

O
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