Cavehy's Thesrem in Grop Theory

Cavchy's Theorem establithes a useful cownectton between o group's erder amd the existence of elements
of specific orders.

Thearem
IF G is o Pnite grwp and p is & prime number dividing Hhe order of G (denoted 161,
Then G contains an element of order p.

Some prelimanaries will be inhoduced :
(1.) order of an element
L> the order of an element geGr is the smallest positive integer n such that Q" = e,
wheve ¢ is the idulh'is elevent of Gr. TP no svch h exists, g has infinite order.
(IL) qrovp erder
Ly Denoted as IG1 growp order is the number of clements in a grovp Gr .
(IL) prime divisors
Ls A prime p divides G it thewe exists an integer K suwch that IGl = kp
(TL) action of grovps
Ly if G acts on aset X, ther exists a map GxX — X (4he action) such that
for all g,h e G and xeX
GY e-x =x where e is the identihy element of Gr
(@) (ghyex = g+ (h+x)
> the action respects the group opertton
Neussars results

Theorem (Lagrange's)
IF (r is a finite group and His & subgoup, then |H| divides |Grl

Theorewm [ Orbit - Stobilizer)
It G s a group acting on & et X and xe X, then

160 = 1ot - 1SGY|

where  OCX) denotes -the orbit of an element x, the set of all dements in X —+het can be
reached from x by the oction of any element in G.



and  S(x) denotes the stohilizer of an element x, the sat of all elements in G Hwt leave
X alone under the actron

Dekinition (oyclic sobqrovps)
A cydic sobgrovp of gnvp O is & subgrovp genemted by @ single element. In other words,
it ge G, then He cyclic suhgoup generated by g (s the set

oy = {g | nen}

IF the order of g is p, then {§d oomsists of Hhe elements te,9,..,9 k;
Finally, we prove the result.

Provt (Cavcy's Theorem)
Let G be o fmite qroup with order n .
p be a prime sveh that pl n , ie. p divides n.
We'll aim to show G contains an element of order p.
Define o set X consistng of all subsels of Gr centaining p elements.
X= {AcG | IAl=pF
The size of this set Is the number of weys fo choose p elements fom n, namely,

h - -
ixi = (B) = A l)..;’(!n pr 1)

This is obvivusly finite.
Now define a qroup action of G on the set X by left mulhplication.
Specifrally, for ge b and A€ X, we have

g-h = igqulacend

Thet is, g acis on svbset R by multiplying each of its eluments fom the left by g.
R gvick obsevushon revenls, Hhiy achon presemss |A\

We mow apply the Orbit - Stubilizer Theorem.

By it, the size of the orbit of A Is given by

1 &\

oM | =
l ‘ Isedl

Sinze p divides 1Gl, we know fom Lagrnge's Theorem thet the size of the erbit of any subset
A wost be a divicor of |G,
This implies one of the orbits has size p, since p dvides 1Grl .



IF the size of an orbit is exachy p, the dements of it wrrespond 4o a cyclic svbgrovp of Gr of erder
p. Specifically, there exists ge G such that the orbit of £e% under the acton of G comsicts

of the eclements fe,q,q*,..,9"" 3.
This orbit Is cyelic, and g has order p, meaning gf = e and g“2e for kep

Thus, the fa | ired.
vs group Or contaims an element q of order p, as desired



